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The thermal x-rays produced by a nuclear burst in outer space cause polarization currents in the medium 
which, if distributed anisotropically, will emit electromagnetic radiation. Roughly, a burst of thermal 
X rays, equivalent in energy to 1 ton of high explosive, produces a detectable 10-Mc/sec signal at a range 
of 1 km. Since only the ratio of x-ray energy to range enters into the strength of the radiated signal, other 
ranges follow by adjusting the x-ray energy proportionately. This works up to ~ 3 10*® km; beyond this 
range, dispersive effects begin to reduce the signal received. 

The power in the electromagnetic signal varies as the square of the electron density, so this effect may 
provide a sensitive measure of the density of electrons in outer space 


T is well known that a nuclear burst in the atmos- 
phere produces electromagnetic signals of sub- 

stantial magnitude.' Such signals are attributed to the 
asymmetrical propagation of gamma and x rays in the 
atmosphere: at low altitudes, the presence of the earth 
supplies the necessary asymmetry; at high altitudes, 
it is furnished by the rapid variation in atmospheric 
density. The question now arises: What can one expect 
in outer space, where the medium is essentially spher- 
ically symmetric and uniform? Here, the x rays have a 
practically unlimited mean free path. They sweep out 
to very great distances from the burst, transmitting 
an impulsive momentum to the electrons in the medium. 
Under proper circumstances, the ensuing polarization 
current may emit electromagnetic radiation. The 
purpose of the following is to clarify the conditions 
under which this may occur and to estimate the 
strength of the signal that may be expected. 

Consider the thermal x rays emitted by a nuclear 
explosion in outer space.? We suppose the x rays are 

* Consultant, Lawrence Radiation Laboratory. 

1J. C. Mark, Nucleonics 17, 64 (1959); A. S. Kompaneets, 
J. Exptl. Theoret. Phys. (U.S.S.R.) 35, 1538 (1958) [translation : 
Soviet Phys.-JEPT 35(8), 1076 (1959). 

2The considerations that follow also apply to the y rays 
produced by the explosion, but we limit the explicit treatment to 
the thermal x rays because they carry many times the energy of 
the y rays. 


produced as a square-wave pulse of width ~1077 sec 
and we assume 10* ionized hydrogen atoms/cm as a 
model of the medium surrounding the explosion. 

Since the medium around the explosion is spherically 
symmetric,’ two cases arise: (a) if the x rays are 
emitted isotropically, no electromagnetic radiation 
results*; and (b) if the x rays are emitted nonisotrop- 
ically, electromagnetic radiation can be produced. 
Since we are interested in the generation of electro- 
magnetic signals, we assume that the bomb—either by 
reason of its intrinsic design or because it has been 
modified—emits x rays nonisotropically. In particular, 
to simplify the calculation we assume that the x rays 
are emitted uniformly in angle into a hemisphere. 

Although an impulse is given to the electrons by the 
x-ray pulse, their mean drift velocity is so small that 
there is no effective charge separation while the pulse 
is moving over them. To see this, let W be the energy 
carried by the pulse. Then the momentum in the pulse 
is W/c, and the total momentum that passes through 
a unit area at a distance R from the burst is W/(2xR?c). 


’Inhomogeneities due to solar flares or other disturbances 
would require a trivial modification of what follows. 

‘ The Maxwell field, as a vector field, carries a definite polariza- 
tion with it; if the source and the medium are spherically sym- 
metric, a unique polarization cannot be defined, and the field 
must be zero. 
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On the average, each electron acquires a fraction of this 
momentum given by the Thomson cross section, 
o(=0.6X10-"% cm’). Thus, if W equals 1 megaton 
(4X 10” ergs), the mean drift velocity imparted to an 
electron 1 km away from the explosion is ~ 10‘ cm/sec. 
Clearly, at this point, the mean charge distribution is 
essentially unchanged while the pulse is present. Farther 
away, the electrons move even more slowly on the 
average, since the impulse falls off as 1/R’. 

The mean velocity of the electrons is not zero, 
however, and shortly after the x-ray pulse has gone by, 
charge separation begins. This produces a plasma 
oscillation, which ultimately damps out, leaving the 
medium neutral again. 

Thus, we encounter two possible sources of electro- 
magnetic radiation: first, the polarization current that 
exists just after the pulse has passed and before the 
plasma oscillation has begun; and second, the currents 
that are present later due to the plasma oscillations. 
Since the pulse lasts ~10~’ sec, frequencies up to 
~10 Mc/sec will be present in the initial (polarization) 
current. With 10° electrons/cm’ in the ionized medium, 
the frequency of the plasma oscillations is ~0.3 Mc/sec. 
The initial signals originating from the polarization cur- 
rent will therefore be able to penetrate the ionosphere and 
be detectable on the earth’s surface, while the signals orig- 
inating from the plasma oscillations will only be detectable 
in space. For this reason, we shall ignore the signals gen- 


erated by the plasma oscillations from now on (though we 
may expect their strength to be about the same as the 


signals computed from the first current source). 
Incidentally, we can assure ourselves that collective 
effects are really negligible while the pulse is present, 
for the collective effects produce an acceleration® 
~w,’, while the x-ray pulse produces an effective 
acceleration w*, and w,*/w*~ 10 

With this description of the basic physics in mind, 
we turn to the calculation of the field generated by the 
initial distribution of polarization currents. If we 
calculate the magnetic field, only the curl of the current 
distribution contributes. For our assumed current 
distribution, only the currents on the base of the 
hemisphere have nonzero curl, so the remaining currents 
may be ignored. 

To simplify the calculation further, we fix the point 
of observation on the plane passing through the base 
of the hemisphere, and we consider only those signals 
that arrive from the first reception of radiation until 
one x-ray pulse width later. Because of retardation, 


5 


w,= 2X (plasma frequency); w= 2x X (signal frequency). 
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the currents that contribute to these signals are 
contained in an ellipse having the burst point and the 
point of observation as foci. 

An approximate evaluation of the signal received 
from the currents in this ellipse shows that, if m is the 
electron density and r is the distance from the burst 
point to the point of observation, then 


mc?). 


H~ E~ (neo /2rr)(W 


At 10° km, using n=10*, this yields E~6X10-" 
volt/meter; since a half wavelength at 10 Mc/sec is 
15 meters, we find that the expected signal is roughly 
~10-§ volt. This is a very small signal; however, 
continuing in the spirit of approximation employed 
so far, we shall regard it as detectable, although we 
note that it is an overestimate, if only because it 
assumes that all the electromagnetic energy appears 
at the signal frequency. A more reliable judgement of 
detectability would require more detailed information 
concerning the pulse shape, etc., of the signal. 

Thus, as a rough rule of thumb, 1 megaton of x-ray 
energy gives a detectable signal at 1 megakilometer. 
Or, since only the ratio of energy to distance appears 
in the expression giving the signal strength, 1 ton is 
detectable at 1 km. Moreover, the power in the electro- 
magnetic signal varies as the square of the electron 
density, thereby suggesting that this effect may provide 
a sensitive measure of the density of electrons in outer 
space. 

Most of the approximations involved in this caicula- 
tion have been mentioned, except for one, namely, we 
have completely ignored the dispersive nature of the 
medium through which the signal must propagate. 
An exact evaluation of this effect is very difficult, but 
a rough estimate suggests that it lowers the value of 
E at 10° km by a factor of ~17. This reduction can be 
countered by moving closer to the burst point. For 
example, we recover the required factor by detecting 
the signal at 610‘ km from the burst point. 

Moving closer to the explosion also reduces the 
influence of dispersion. In fact, for distances less than 
~3X10* km dispersive effects are negligible, so within 
this range the estimate—1 1 km—should be 
approximately valid. 

Finally, we remark that if the electron density is 
105-10°, the plasma frequency is close to the signal 
frequency we have been considering and collective 
effects then intrude. A nuclear burst in such a medium, 
with or without magnetic field effects present, would be 
a useful way to explore collective interactions in detail. 
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Comment on a Paper of Mori on Time-Correlation Expressions 
for Transport Properties 


MELVILLE S. GREEN 
Nationai Bureau of Standards, Washington, D. C. 
(Received March 21, 1960) 


An auto-correlation expression given by Mori for the thermal conductivity of a fluid is shown to be only 
apparently different from an expression previously derived by the author. 


ECENTLY, Mori,! using a method due to Kubo,’ 
has derived time-correlation expressions for the 
transport properties of fluids which are similar to ex- 
pressions derived earlier by the author,’? by a somewhat 
different method. In their classical version, Mori’s 
formulas differ from the author’s in two respects. 
Averages are taken in the grand canonical ensemble 
rather than the microcanonical ensemble with fixed 
total number, momentum, and energy, and in the case 
of the thermal conductivity, the flux whose time- 
correlation is relevant is different from the corre- 
sponding flux in the author’s expression. Mori suggests 
that, in view of the fact that the microcanonical and 
grand canonical averages usually give the same result, 
while the quantity to be averaged is different in the two 
cases, there is a contradiction between the two ex- 
pressions. The purpose of this comment is to show that 
in their classical version the two expressions differ only 
by quantities which are completely negligible for large 
systems, and that Mori’s expressions are in complete 
agreement with the earlier expressions of the author. 
In general terms, the reason why the two expressions 
agree even though the fluxes are different, is that time- 
correlations are average fluctuation products which, as 
is well known, may be different in different ensembles. 
The effect of averaging in a grand ensemble is thus just 
compensated by the changed flux. Before following this 
compensation in detail, we remark that the fluctuations 
of total number, momentum, and energy which are 
present in the grand canonical ensemble, and which 
have their source in the interaction of the system with 
surrounding reservoirs, have a much longer time scale 
than the fluctuations of the fluxes relevant to transport 
processes. Indeed, the former time-scale is the time to 
reach macroscopic equilibrium while the latter is the 
time-scale of the microscopic processes in the fluid. The 
fluxes are therefore ergodic in a particular micro- 
canonical ensemble with fixed number, momentum, 
and energy, long before enough molecules, momentum, 
and energy have flowed in from the reservoirs to move 
the system to a significantly different microcanonical 
ensemble. Thus a microcanonical average is theoreti- 
cally more relevant though, perhaps, practically less 
convenient than a grand canonical average. 


1H. Mori, Phys. Rev. 112, 1829 (1958). 
2 R. Kubo, J. Phys. Soc. Japan 12, 570 (1957). 
3M. S. Green, J. Chem. Phys. 22, 398 (1954). 


The formula for the thermal conductivity given in 
reference 2 [Eqs. (38B), (46B) ] is 


x 


kT’?K1= [ do lima~*(BB’(c)), (1) 


ih 


where K is the thermal conductivity, k, Boltzmann’s 
constant, T, temperature, 1 the unit dyadic, and a is 
the side of a cubical volume to which the system is 
confined. B is the energy flux, corresponding to Mori’s 
Ja, considered as a function of the positions and 
momenta of all the particles of the system at some 
particular time, ¢; B’(c) is the same function of the 
positions and momenta at ¢+-c.‘ In the case of point 
molecules of a single species mutually exerting pairwise 
forces 


Vv pi pe 
B=> (+4 > v(x) ) 


i=1 m\2m ixi 


N N 
+¥° ¥ (x;—x,)F,;(ps+p,;)/2m. (2) 

ix) 
[ Eq. (38c) of reference 2. ] The significance of symbols is 
the same as in reference 2. The angular brackets signify 
averaging over positions and momenta at time / in a mi- 
crocanonical ensemble in which the number N is fixed to 
be a*p, the energy Ep to be a*e, and the total momenta 
P to be 0. K is then a function of p and e. In the case of 
a single species, Mori’s expression differs from Eq. (1) 
in the replacement of B by B—(HP/Nm), where H is 
the enthalpy of the system, and by the replacement of 
the microcanonical average by a grand canonical 

average. 

In reference 2, in order that the total number, 
energy, and momentum should be strictly conserved, it 
is assumed that the system is isolated, and the boundary 
conditions are periodic. Actually, this is not essential 
and the system may be in contact with reservoirs of 
these three quantities since, as we remarked above, 
correlation between B and B’ is lost long before sig- 
nificant transfer from the reservoirs occurs. 

Now a grand canonical ensemble permits fluctuations 
of all three of the quantities NV, E, and P, and can, ina 
certain sense, be considered to be made up of micro- 


_ * We note that (B) is zero in an ensemble with total momentum 
fixed to be zero. 
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canonical ensembles with various fixed values of NV, E, 
and P. The average, in the grand ensemble, of any 
phase function F can be written 


Fee > f exp8(pV —E—pA 
\ 


x k vy pg N.P,.E)dPdE, 


(F)ypeg are the grand canonical and 
respectively. 8=1/kT, p is 
the pressure, V the volume, » the chemical potential, 
and Q(N,P,E) the phase volume per unit energy and 
momentum interval of the microcanonical ensemble. If 
(F)yw.p.e is of the order of magnitude of JN, it is well 
known that 


where (F GC and 


microcanonical averages, 


(F)ago=(F) Nok, (4) 


where N, 0, E are the grand canonical averages of 
V, P, E at the given temperature and chemical po- 
tential. If, on the other hand, (F)ypz is of the order 
V2 (or larger) for some values of N, P or E the two 
sides of Eq. (4) may differ by a quantity of order N, 
due to the fluctuations. This may be the case even if 
(F)xog is itself of order N. If we take F to be BB’, it 
is just the latter circumstance which obtains since 


BB’) vy pe~(B)ype(B))y pe. (5) 

Each of the factors on the right-hand side is of order 
N unless P=0. Thus 

(BB) cc (BB) wor. (6) 

Consider now the function B* obtained by the sub- 


stitution of p;—mv for p; in B, where v is the velocity 
of the center of gravity of all the particles,® 
1 AN 1 
> p P. (7) 
Nm i=! Vm 


B* is, then, the energy flux with respect to the center 
of gravity of all the particles. By the principle of 
Galilean relativity, we have 


B*B*’) y pe=(BB’) vor-jvme’, (8) 


i.e., the autocorrelation of B* in the microcanonical 
ensemble NV, P, E is the same as the autocorrelation of 
B in the microcanonical ensemble V,0,E—}3Nme*, where 
E—4Nmr is the intrinsic energy or the energy with 
respect to a coordinate frame moving with the center 
of gravity. Since the right-hand side of Eq. (8) is of 


*It may avoid some confusion to remark that the symbol v as 
used in this paper has a different meaning than the same symbol 
in Mori’s. Here v is a phase function, the actual velocity of the 
center of gravity. In Mori’s paper v is an intensive parameter 
analogous to the temperature and chemical potential, which fixes 
the grand canonical average of the velocity of the center of gravity. 


GREEN 


order N so is the left-hand side. Thus 
(B*B*’)¢c=(BB’ Nok, (9) 
and the thermal conductivity can be computed by 
taking the autocorrelation of B* in a grand ensemble. 
A direct computation shows that 


B*= B— Ev—A-v—Nmv’y, (10) 


where A is the momentum flux corresponding to Mori’s 
%.. The average of A is pV1 where # is the pressure 
and 1 the unit dyadic. 


N 
A=> 
i=l Mm 


x,—x,)F;,;, (11) 


[reference 2, Eq. (27A)], and E is the total energy. 
We note that in Eq. (10) the last term on the right is 
very small since the typical magnitude of the fluc- 
tuation in v is N~ and the typical magnitude of the 
term is NX(N-?)?XN-?=N-}. Similarly the typical 
magnitude of the quantity A—(A) is NV! so that neg- 
lecting (A—(A))-v which is of order of magnitude 
N*XN-!=1, we may replace A-v by (A)-v= Vv. 
The typical magnitude of E—(E) is also N’ and 
Ev~(E)v. The typical magnitude of quantities retained 
is NV’. We have, therefore, up to terms of order less 
than V3 
B*=B—((E)+-pV)v 


=B-—Hyv, (12) 


where H is the enthalpy of the system. Thus, in the 
case of a single component system, the thermal con- 
ductivity may be determined from the autocorrelation 
of B computed in the microcanonical ensemble NV, 0, E 
or from the autocorrelation of B* computed in a grand 
canonical ensemble. B* corresponds up to terms of 
negligible order to Mori’s $r. 

The case of several species requires no modification 
of our argument and the thermal conductivity as 
defined in reference 2 for a system of several species 
may be computed from the autocorrelation of B* in 
a grand ensemble. B* does not correspond to Mori’s 
Yr in this case. This difference is, however, simply due 
to a difference in the definition of thermal conductivity. 
In reference 2, the author has used a definition of 
thermal conductivity appropriate to the choice of 
fluxes corresponding to Mori’s Ya and 9; and forces 
V(1/T) and V(—u;/T), while Mori uses a definition 
appropriate to the choice of fluxes Yr and 9; and forces 
V(1/T) and —(1/T)(Vu*+s*VT). It has been pointed 
out® that for a number of reasons the latter is more 
advantageous than the former. 

6 J]. Meixner and H. G. Reik, Handbuch der Physik, edited by 


S. Fliigge (Verlag Julius Springer, Berlin, 1959), Vol. 3, Part 2, 
p. 438. 
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Studies of Plasma Heated in a Fast-Rising Axial Magnetic Field (Scylla)* 


K. Boyer, W. C. Etmore,ft E. M. Litrte, W. E. Quinn, Ann J. L. Tuck 
Los Alamos Scientific Laboratory, University of California, Los Alamos, New Mexico 
(Received March 28, 1960) 


The Scylla plasma experiment, which employs a rapidly rising 
magnetic field in a cylindrical mirror geometry to produce and 
heat a deuterium plasma, is described. Experimental studies of 
the reproducible neutron emission from the hot plasma show that 
the neutrons are emitted (1) in a symmetrical, bell-shaped time 
distribution centered on the maximum of the magnetic field, 
(2) from a limited region with a 2-cm axial length and a 1.5-cm 
diameter centered in the compression coil, and (3) in the radial 
direction with a narrow spread of energies and no significant 
anisotropy. The time distribution of the neutron emission is 
shown to be in agreement with a thermonuclear yield curve 
calculated for an adiabatic compression by the cbserved magnetic 
field. The neutron yield has been studied as a function of deu- 
terium pressure, capacitor-bank voltage, and nitrogen impurity. 
Observations of the space-time distribution of the visible light 


INTRODUCTION 


LTHOUGH attempts to produce a laboratory 
thermonuclear reaction have been prosecuted on 
a world-wide scale for eight years, there is no authenti- 
cated case of such a reaction having been produced as 
yet by electrical methods. The object of this research 
was to produce and study a thermonuclear plasma. In 
this and the accompanying papers, evidence is accumu- 
lated in various independent ways that a plasma has 
been produced with an ion temperature of ~1 kev, an 
electron temperature of several hundred ev, with a 
density of ~10'? deuterons/cc for a duration of ~0.9 
usec. We cannot exclude altogether the possibility that 
the thermonuclear effects we observe are simulated in 
some way, but that probability seems to be remote. 
The method used to produce the plasma has been 
proposed in its essentials by many independently, and 
studied by some, though not duplicated very closely 
either in physical parameters or experimental behavior. 
Such studies have been proceeding since 1951, but it is 
only since August, 1958 (Geneva “Atoms for Peace” 
Conference) that publication has been unrestricted. 
Consequently, it is hardly possible to do justice to 
what has gone before by references from the literature, 
and we shall therefore attempt to make up for this by 
slightly fuller references to unpublished work. 
+ The laws of heating by adiabatic compression of a 
plasma by a magnetic field are well known.' The plasma 
behaves like an ideal gas, which for radial compressions 
in a time intermediate between the ion-ion collision 
time and the electron-electron collision time, gives a 
of 2 for the ions and 5/3 for the electrons. All that is 


* This work was performed under the auspices of the U. S. 
Atomic Energy Commission. 

+ Present address: Swarthmore College, Swarthmore, Pennsyl- 
vania. 


1R. F. Post, Revs. Modern Phys. 28, 338 (1956). 


emission with a streak camera show that (1) a strong radial 
“shock” occurs at the beginning of the second half-cycle, (2) very 
little light is emitted from the plasma “‘fireball’’ during the time 
of neutron emission, and (3) an intense luminous flux is produced 
during the later stages of the discharge. The energy absorbed in 
each half-cycle of the discharge by the gas is presented as calcu- 
lated from the incremental damping of the driving magnetic 
field. Observations of hard x-ray emission (~200 kev) at times 
of maximum dB/dt for operating pressures in the 5- to 50-micron 
range are contrasted with the characteristics of the neutron 
emission in regard to time distribution, pressure, impurities, and 
rf pre-excitation. Magnetic probe studies of the Scylla discharge 
are reported and evidence is given that the perturbing effects of 
the probe dominate the plasma temperature. 


needed therefore in principle to reach our desired ob- 
jective is to produce a low-temperature plasma of 
temperature T; confined by a long axial magnetic field 
of value Bo. Increase of By to B increases T; to (B/Bo)T;. 
For this to be true, the compression must be rapid, such 
that the total probability that an ion shall accumulate 
a large angle deflection by Coulomb scattering and 
escape during the compression time 7 shall be suffici- 
ently small. In a distribution of energies, the low-energy 
components will be scattered out preferentially. 

An early reference to the production of high tem- 
peratures by a combination of shock heating followed 
by adiabatic compression was due to Wilson.? He pro- 
posed a rapidly rising barrel-shaped magnetic field, 
with initial ionization at the outside surface of the gas 
by electron beams, providing a magnetic implosion. 
This proposal was circulated and was studied experi- 
mentally in Los Alamos by Mather.* The magnetic 
field was produced by two single-turn coils spaced at 
rather more than one radius apart, placed around a 
50-cm diameter glass flask and excited from a 20-kv 
capacitor bank. Strong convergent shocks were pro- 
duced which built up in intensity on the first two or 
three successive oscillations of the exciting current. 

Using an apparatus known as Collapse, Colgate 
et al.,4 performed experiments in which slow radial 
shocks for preheating were followed by fast radial 
shocks for further shock heating and adiabatic com- 


?R. R. Wilson} letter to the U. S. Atomic Energy Commission, 
1953 (unpublished). 

3 J. W. Mather, Los Alamos Scientific Laboratory Progress 
Report, October, 1953 (unpublished) ; Washington Report Wash- 
184, October, 1954 (unpublished), p. 51. 

*S. A. Colgate, Conference on Thermonuclear Reactions 
[Washington Report Wash-289, June, 1955 (unpublished), p. 176]. 


S. A. Colgate and R. E. Wright, Proceedings of the Sec United 
Nations International Conference on the Peaceful Uses of Atomic 
Energy, Geneva, 1958 (United Nations, Geneva, 1958), Vol. 32, 
p. 145. 
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pression. Concurrent with this was the work on axial 
shocks at Los Alamos by Scott ef al. These shocks 
were launched at the ends of cylindrical tubes either 
by small axial compressions or by conical pinches.® In 
an experiment known as Totempole,’ the increase of 
temperature produced by colliding these shocks at the 
midpoint of the tube was followed by a radial com- 
pression in a rising axial magnetic field. Next we have 
the extensive studies of Kolb ef al. at the Naval Re- 
search Laboratory.* These initially used axial shocks 
projected from a T tube, followed by compression in 
a rising axial magnetic field. The concept of confine- 
ment in a mirror geometry with axial-field compression 
is discussed in a theoretical paper by Terletski.® A 
recent manifestation of the same axial-field compression 
geometry known as the Thetatron” is reported from 
the United Kingdom. In low-power experiments, com- 
pression and confinement were observed in a uniform 
axial increasing magnetic field, and a toroidal version 
is under construction. Various other axial magnetic 
field compression devices with mirrors are now being 
studied in many parts of the world (see note at end 
of paper). 

From the studies with Totempole,’ it became clear 
that thermonuclear temperatures could not be attained 
in that apparatus. The magnetic field rose to its maxi- 
mum value of 60 kilogauss in 10 to 20 ysec. At this rate 
of compression, there is time enough for significant 
escape of heated plasma from the compression region. 
The relation between loss probability and compression 
time takes a simple form for purely radial fast com- 
pressions with negligible electron pressure. The prob- 
ability P of scattering per unit time is given by nov, 
which with appropriate cutoff procedure for the inte- 
gration over the Coulomb scattering, amounts to 
n(2.6X10"W!)— sec", the number of 
deuterons per cm*, and W is the deuteron energy in 
kev. For a purely radial compression n/m=B/Bo 
=W/Wo, where the subscript denotes the initial 
condition. 

Let the magnetic field increase from Bo to B linearly 
in time 7; then W=W,[1+(a—1)éi/r], and n=m 
<[1+ (a—1)t/r], where a=n/mo. The scattering prob- 


where mn is 


5 Scott, Basmann, E. M. Little, and D. B. Thomson, The Plasma 
in a Magnetic Field (Stanford University Press, Palo Alto, 
California, 1958), p. 110. 

® V. Josephson, J. Appl. Phys. 29, 30 (1958). 

7E. M. Little and D. B. Thomson, Los Alamos Scientific 
Laboratory Progress Report, June, 1957 (unpublished); Los 
Alamos Scientific Laboratory Report LA-2202, 1958 (unpublished). 

8A. C. Kolb, Bull. Am. Phys. Soc. 2, 47 (1957); Phys. Rev. 
107, 345 (1957); Proceedings of the Second United Nations Inter- 
national Conference on the Peaceful Uses of Atomic Energy, Geneva, 
1958 (United Nations, Geneva, 1958), Vol. 31, p. 328. 

*T. P. Terletski, J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 927 
(1957) (translation: Soviet Phys.-JETP 5, 755 (1957) ]. 

' Gatlinburg Conference on Theoretical Physics of Controlled 
Thermonuclear Reactions, April, 1959 [Atomic Energy Com- 
mission Report TID-7582 (unpublished) J, p. 26. 
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ability is given by 


. n(t)dt 
p= an. 
0 2.6 10°C W (¢ }3 


—1) 


1 ny (a 


=——— T. (1) 
1.3X10"°W)! a—1 


For unit scattering probability, normalizing to a final 
temperature of one kilovolt, we find: 
With mp—~10"5, Wo=-0.1 kev, a= 10, 


W.=0.1 kev, a= 100, 


r= 1.6 psec. 
7r=4.4 psec. 


For a purely two-dimensional compression, these con- 
siderations apply, even to the case of a high-density 
plasma, for which B?/8z outside equals mkT in the 
plasma, such as would occur for compression in a 
mirror geometry where the length is much greater than 
the diameter. For a short mirror geometry, the axial 
compression introduces heating in the axial direction 
and it turns out that a different criterion for confine- 
ment arises. For confinement at unit 8, (= 8 nkT/ B*)" 
in a plasma with a transition region between plasma 
and compressing field of thickness 6 [given by the 
Rosenbluth and Garwin relation’ 5= (mc?/Sxmoe*)*)], 
the mean plasma half-life has been given by Grad," 


r= 10-°BR’/T, (2) 


where B is the magnetic field in gauss, T is the plasma 
temperature in ev, and R is the characteristic size of 
the confined plasma. Now from an examination of the 
peak heated region (fireball), it turns out that the 
compression is fairly closely equal in each dimension, 
3.6 in the radial direction and 3.5 in the axial direction. 
Consequently, the criterion given above is the more 
closely applicable. To evaluate T in the most pessi- 
mistic way, we shall take the final values Bs=60 
kilogauss, T;= 1000 ev, and R=0.5 cm, giving r=15 
usec. According to this, from the plasma confinement 
point of view, a slower compression than that indicated 
by Eq. (1) could be used. 

The choice of the magnetic field configuration at the 
ends of an axial magnetic compression device involves 
a compromise. A uniform axial magnetic field, falling 
at the ends, has neutral stability but no end confine- 
ment. Introduction of mirrors gives partial confine- 
ment, but if the magnetic lines are not anchored on 
conductors (which does not seem to be possible in fast 
transient devices) mirror machines are believed subject 
to hydromagnetic flute instability at high values of 8. 
Uniform compression in a torus disposes of axial losses 


1 C, L. Longmire and M. N. Rosenbluth, Ann. Phys. 1, 120 
(1957). 

2M. Rosenbluth and R. Garwin, Los Alamos Scientific Lab- 
oratory Report LA-1850, 1955 (unpublished). 


3H. Grad, New 
1957 (unpublished), 


York University Report NYO-7969, 
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but the system then is subject to hydromagnetic inter- 
change instability and gross drift to the walls. Both of 
these can of course in principle be disposed of by the 
introduction of a rotational transform." 


FIRST SCYLLA DEVICE 


From observations on shock velocities produced in 
deuterium it was believed that plasma temperatures in 
the region of 100 ev could be produced behind the 
shock. The above analysis indicated that it should be 
possible adiabatically to compress the plasma to a 
density and temperature such that a detectable ther- 
monuclear reaction could be observed. An experiment 
was devised to use an oscillating mirror field to ionize, 
shock heat, and adiabatically compress a deuterium 
plasma starting with a weakly ionized gas having a 
density of 10 deuterons per cm*. The first Scylla 
device® as described below was designed from the 
following considerations within the limitations of the 
components available. 

The fraction of deuterons confined by the magnetic 
field at peak compression and the initial temperature 
as determined by the strength of the shock should both 
be proportional in some manner to the time rate of 
change of the magnetic field B at the beginning of the 
cycle, so that it is desired to maximize this quantity. 
For a single-turn solenoid, dB/di is given approxi- 
mately by the relation 


dB 108V 
—=-___, (3) 
dt mR?(1+A) 
where B is the magnetic field in gauss, V is the capaci- 
tor potential in volts, A is the ratio of the parasitic 
inductance to the coil inductance, and R is the coil 
radius in cm. However, the particle pressure, nkT, 
which should be as large as possible, must be balanced 
by the magnetic pressure, B?/8x. The magnetic energy 
in the coil is given by the integral of the magnetic 
pressure over the coil volume and shares the capacitor 
bank energy }CV? with the parasitic inductance so that 
4X 10°CV? 
B= ————— s (4) 
R*1(1+ A) 
where C is the bank capacity in farads and / is the coil 
length in cm. The product B*dB/dt is therefore a figure 
of merit for the system and is given by 


dB 4X10"CV* 


= (5) 


dt eRU(1+A)? 


4. Spitzer, Phys. Fluids 1, 253 (1958). 

185 W. C. Elmore, E. M. Little, and W. E. Quinn, Proceedings 
of the Controlled Thermonuclear Conference [Atomic Energy 
Commission Report TID-7553, February 3, 1958 (unpublished); 
Phys. Rev. Letters 1, 32 (1958). W. C. Elmore, E. M. Little, 
W. E. Quinn, and K. Boyer, Proceedings of the Second International 
Conference on the Peaceful Uses of Atomic Energy, Geneva, 1958 
(United Nations, Geneva, 1958), Vol. 32, p. 337. 
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This shows that the capacitor bank voltage, the ca- 
pacity, the coil radius, and the leakage inductance are 
all sensitive parameters. While decreasing the coil 
length improves the nkT product, it decreases the 
volume and increases the relative leak rate so that its 
effect on the system is less clear. However, a longer 
coil makes the ratio \ more unfavorable. The initial 
Scylla was constructed using two banks of five 100-kv 
capacitors'® (C=0.87 uf, Lo~0.1 uh) placed in parallel 
and connected through three-element triggered spark 
gaps to single-turn coils surrounding a 5-cm internal 
diameter Pyrex tube. The coils consisted of copper 
bands, 0.63 cm thick and 2.5 cm wide, and were spaced 
a distance equal to the mean coil diameter of 7.0 cm. 
All connections were made with flat copper-sheet 
transmission lines insulated with polyethylene sheet to 
minimize parasitic inductance. Each coil proved to 
have an inductance of 0.08 wh, each capacitor bank and 
gap an inductance of 0.13 uh, so that 39% of the ca- 
pacitor voltage appeared initially across the coils. With 
the banks charged to 65 kv, a limit set by external spark 
breakdown, a peak central compression field of about 
38 kilogauss was obtained 1.5 usec after the spark gaps 
were triggered. The field then continued as a damped 
oscillation. 

In this and subsequent experiments, a continuous 
flow of deuterium gas was maintained through the dis- 
charge tube. Operating pressures in the 10- to 1000- 
micron range were measured using a Pirani gauge cali- 
brated for deuterium. With no gas flow the base vacuum 
pressure usually reached a value of <10-* mm Hg. In 
all experiments with Scylla the deuterium gas was 
partially preionized by applying 1 kw of 27.1-Mc/sec 
radio-frequency power to insulated wires surrounding 
the tube on each side of the coil arrangement. 

The device described produced bursts of about 10* 
neutrons, as well as hard x rays at the lower pressures. 
It was found that a discrepancy in timing of the two 
spark gaps of 0.2 usec considerably reduced the neutron 
yield, and the yield disappeared when the time dis- 
crepancy reached 0.5 usec. These observations served 
principally to emphasize the importance of plasma 
containment. The ability of the device to produce 
neutrons, together with other encouraging results that 
have since been studied in more detail, led to the de- 
sign of an improved version of Scylla. 


SECOND SCYLLA DEVICE 


The principal results reported here and in the follow- 
ing papers'’'® were obtained with the second Scylla 
device as described below. The important changes in 
design are the following: (1) To minimize the effect of 
spark-gap inductance each of the ten 100-kv capacitors 


‘6 Tobe Deutschmann Corporation, Norwood, Massachusetts. 

1 F. C. Jahoda, E. M. Little, W. E. Quinn, G. A. Sawyer, and 
T. F. Stratton, following paper [Phys. Rev. 119, 843 (1960)1. 

18D. E. Nagle, W. E. Quinn, F. L. Ribe, and W. B. Riesenfeld, 
this issue [Phys. Rev. 119, 857 (1960) ]. 
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Fic. 1. Electrical schematic circuit 
diagram of Scylla. 
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is supplied with a four-element triggered spark gap.” 
The ten gaps are connected in parallel with cables to a 
single compression coil. (2) A method was developed 
for triggering all ten gaps within 0.04 usec. (3) The ten 
capacitors are charged dynamically in a time of 50 usec 
from a five-stage cascade capacitor bank (Marx circuit). 
This avoids difficulties with high dc potentials and in- 
creases the capacitor life. (4) The two separated, 
single-turn coils were replaced by a single, shaped coil 
having greater efficiency in establishing the desired 
axial magnetic field within the active region of the dis- 
charge tube. (5) Improvements have been made in the 
choice of discharge tube material. Since the develop- 
ment of the power source (Fig. 1) to drive the com- 
pression coil was a major problem in attaining a 
workable device, this system is described in detail in 
the Appendix. 

The shaped single-turn coil whose section is shown in 
Fig. 2 led to an order of magnitude increase in the 
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Fic. 2. Axial cross section of Scylla compression coil. 


® R. S. Dike, D. W. Lier, A. E. Schofield, and J. L. Tuck (to 
be published). 
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neutron yield. The magnetic field lines cannot pene- 
trate the coil walls in the time of the experiment so 
that they define magnetic flux surfaces. The field dis- 
tribution within the coil, its mirror ratio, and its ap- 
proximate inductance are easily found using an analog 
computer.” A limited series of different coil shapes 
were studied to find the one that maximizes neutron 
yield at a fixed operating potential. Data relating the 
coil shapes studied to relative neutron yield, with 
Scylla operating at 70 kv and 100-microns pressure are 
summarized in Table I. Coil A appears to have the most 
favorable shape of those tried. In addition, a few ob- 
servations were made with a tube and coil 50% smaller 
in diameter, and with a tube and coil 38% Jarger in 
diameter, with a marked falling off in neutron yield in 
both cases. It should be appreciated that these varia- 
tions were limited by the necessity of retaining a 
ceramic tube of uniform diameter so that high mirror 
ratios result in lower compression fields. The scaling 
laws for axial compression devices show that the ther- 
monuclear yield is favored for constant energy in the 
B field by going to minimum size. However, there is a 
limit to the smallness set by the following two factors: 
(1) the constant parasitic inductance of the power 
supply eventually dominates the total inductance, and 
(2) the closer proximity of the walls increases the influx 
of impurities to the heated region. 

All the results described in subsequent sections were 
obtained either with coil A, or with a similar coil A’ 
made eight percent larger in order to fit a commercial 
size of alumina tubing. Coil A’ has an inductance of 
0.038 uh so that 49% of the capacitor voltage V appears 
across the coil terminals. The peak current is 10.6V 


2K. E. Wakefield, Project Matterhorn Report NYO-7313, 
December 13, 1956 (unpublished). 
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amperes and the peak central compression field, in the 
absence of plasma, is 0.71V gauss. The period of oscilla- 
tion with no gas is 5.17 usec, and with deuterium at 
90-4 pressure it is 5.0 usec. The time for compression, 
of course, is one-quarter period. The Q of the oscillation 
with no gas is 15, indicating that the equivalent series 
damping resistance is 6.3 milliohms. The present Scylla 
is regularly operated with capacitor voltages as high 
as 90 kv. 

The discharge tube walls undergo rather severe 
treatment, since approximately 50% of the capacitor 
bank energy is ultimately deposited at the walls via 
radiation and particle wall collisions as the externally 
applied magnetic field is sinusoidally damped. The dis- 
charge tube originally used was a heavy-walled Pyrex 
glass tube. After a few firings it became heavily crazed 
and discolored. Vycor and fused quartz, which also 
become heavily crazed, are only slightly better, lasting 
at most 30 discharges. The neutron yield from the 
Pyrex and Vycor tubes is low and erratic. However, a 
transparent tube is needed if one wishes to observe 
plasma motion from the side. 


TaBLE I. Neutron yield versus coil shape. 


Coil dimensions 
(cm) 6b (cm) 


Relative neutron 
yield (%) 





0.64 100 
0.64 11 
0.64 62 
0.64 30 

3.10 0.64 80 

1.90 1.27 59 
10.57 0 10 


2.54 
0.64 
1.59 
3.80 


Ceramic tubes have proved to last longer and give 
higher neutron yields. Much early work was done with 
a Mullite combustion tube.” Tubes of this material 
containing 60% alumina require as many as fifty dis- 
charges before a high but erratic neutron yield is ob- 
tained. This behavior is attributable to the gradual 
removal of volatile impurities from the wall. The most 
satisfactory wall material used to date is 96% vitreous 
alumina.” With this material high and reproducible 
neutron yields are obtained after only a few firings. 
One such tube lasted for 3400 discharges, its wall 
having eroded from an initial thickness of 0.3 cm to a 
thickness of 0.1 cm in the discharge region at the time 
of breaking. Figure 3 shows this tube cut in sections 
together with a compression coil. Much of the wall 
material that erodes away either deposits as a black 
material on each side of the active discharge region, or 
collects as a sand-like material at the far ends of the 
tube. 


21 McDaniels Refractory Porcelain Company, Beaver Falls, 
Pennsylvania. 
2 Coors Porcelain Company, Golden, Colorado. 
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Fic. 3. Sections of 96% alumina tube after 3400 
discharges and a Scylla coil. 


VISIBLE LIGHT EMISSION 


Visible light seen through a Pyrex end window has 
been studied both with a telescope coupled to a pho- 
tomultiplier tube to detect the time variation of aver- 
age light intensity, and with a fast moving-image 
camera, to study its space-time distribution. Light 
seen by the telescope focussed on a 3-cm diameter 
region at the center of the coil varies in intensity over 
a considerable range. The data, summarized in Fig. 4, 
required several discharges to cover the complete range 
of intensities. This record shows that negligible light 
emission occurs until after the first field reversal. During 
the second half-cycle the light intensity grows rapidly. 
Similar steps in intensity occur during the next three 
half-cycles, with maximum intensity coming at the 
end of the fifth half-cycle. This behavior will now be 
correlated with observations made with the moving- 
image camera, and with a calculation of the rate at 
which the gas discharge absorbs energy from the 
oscillating magnetic field. 

The moving-image camera which was used has a 
nominal f/4.5 (measured f/7.5) aperture and a maxi- 
mum writing speed on the film of 5 mm/usec. A blast 
shutter® was used to terminate the period of recording 
in order to eliminate rewriting on the film and to 
eliminate scattered light arising after the desired time 
interval has been recorded. The 0.15-mm slit of the 
camera was focussed on the central tube diameter 
through the end window so as to obtain a time-resolved 
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Fic. 4. Intensity of visible light emission from 
Scylla as a function of time. 


*% Berlyn Brixner, J. Soc. Motion Picture Engrs. 59, 503 (1952). 
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Fic. 5. Streak photographs of the radial motion of the light 
emitting portions of the plasma in the coil midplane. (a) and 
(b) Deuterium gas at a pressure of 90 with a capacitor bank 
voltage of 84 kv. (c) Helium gas at a pressure of 115m anda 
capacitor bank voltage of 84 kv. (d) Applied magnetic field which 
sets the time scale, 1 usec per division. 


record of the radial motion of the light-emitting por- 
tions of the plasma in this region. Figures 5(a) and 5(b) 
were taken with deuterium gas at a pressure of 90 y, 
a bank voltage of 84 kv, with a neutron yield of 7X 10°. 
Figure 5(c) was taken with helium gas at a somewhat 
higher pressure and shows the shock fronts more 
clearly. Figure 5(d) shows a current trace on the same 
time scale as that of the moving image photographs. 
In the case of Fig. 5(a) the discharge was contaminated 
because of the presence of metal rings on either side of 
the compression coil. The impurity radiation in this 
case gives a more intense image and better illustrates 
the plasma structure at the beginning of the second 
half-cycle. 

Examination of Fig. 5 reveals a pulse of light through- 
out the tube occurring at the start of the first half-cycle 
with no evidence of a shock wave. Negligible light is 
emitted during the remainder of this half-cycle. Just 
at the first field reversal, a thin luminosity travels 
radially inward with a velocity of 15 cm/ysec. In the 
case of the helium record this luminosity shows more 
clearly, and it is reflected from the central region. 
During the second half-cycle very little light comes 
from the central compressed region, but light from 
wall impurities moves inward and then outward with 
the applied magnetic field as the second half-cycle 
progresses. A slower (5 cm/usec) brighter luminosity 
initiates the third half-cycle, and impurity light now 
comes from the central region showing the presence of 
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some impurity atoms throughout the plasma. The 
record is terminated in Fig. 5(b) by the blast shutter. 
Other records lasting for a longer time show an even 
greater rise in impurity light during the fourth and 
fifth half-cycles. 

It is now clear that most of the features of the gross 
light intensity record of Fig. 4 are due to light arising 
from impurities gradually contaminating all of the 
plasma during successive oscillations of the field. The 
presence of increasing amounts of impurities appears 
also to affect the rate of energy absorption by the 
plasma. The energy absorbed in each half-cycle was 
estimated from oscilloscope traces of the oscillating 
external magnetic field. With no gas present the ampli- 
tude decreases exponentially with a logarithmic decre- 
ment of 0.209 (0=15). The energy dissipated in the 
gas per half-cycle computed in the above way is shown 
in Fig. 6, where unity relative energy input corre- 
sponds to 3900 joules per half-cycle. The energy dissi- 
pated in the first and second half-cycles is small, rising 
to a maximum in the third, fourth, and fifth half-cycles. 
This is clearly correlated with the visible light intensity 
curve. Impurities evidently increase the plasma re- 
sistance, changing the discharge from one that is pri- 
marily inductive in the second and possibly the third 
half-cycle, to one that is primarily resistive in subse- 
quent half-cycles. 


NEUTRON EMISSION 


Neutron emission from Scylla has been detected with 
a lead-shielded plastic scintillator for time-history 
studies, and with silver foils for measuring absolute 
yields. The silver detector contains four Geiger tubes 
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Fic. 6. Energy dissipated in the gas per half-cycle where 
unit relative energy input corresponds to 3900 joules per half- 
cycle. 
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surrounded by 10-mil silver foil, imbedded in a paraffin 
block 30 30X15 cm that is shielded for slow neutrons 
by 30-mil cadmium sheet. Calibration of this detector 
with d-d neutrons from a Cockcroft-Walton generator 
indicates that each count in a one-minute counting 
period corresponds to 3000 neutrons from a point source 
at the distance used with Scylla. This type of silver 
counter was developed as a secondary standard for 
absolute measurement of neutron fluxes over a wide 
range of intensity. 

The typical time distribution of neutrons from Scylla 
is shown in Fig. 7(a) (lower trace) by the oscilloscope 
trace of the photomultiplier current arising from proton 
recoils in the lead-shielded plastic scintillator. The 
rise-time of the detecting-recording system is less than 
0.1 wsec so that the trace is an accurate record of the 
neutron production rate. The other trace presents the 
magnetic field of the coil as given by the integrated 
signal frem an electrostatically shielded one-turn pick- 
up loop mounted above the compression coil. A careful 
study of this, and many other similar records for a 
variety of operating conditions, indicates that neutrons 
occur in bell-shaped, symmetrical bursts, centered on 
the second, third, and sometimes later, magnetic field 
maxima and having a 0.9-ysec width at half-height. At 
low pressures very small bursts are observed at the 











Tee eee 
+ 
4 





Tt 


we 


+ 









































woeeeeee 
TrTrr TT TTT 





Fic. 7. (a) The time distribution of neutron emission (lower 
trace) in mirror coil A with the applied magnetic field (upper 
trace). The time scale is 1 usec per division. (b) The time distribu- 
tion of neutron emission (lower trace) in mirrorless coil G with the 
applied magnetic field (upper trace). The time scale is 1 usec per 
division. 


* DP. E. Bannerman and H. J. Karr, Los Alamos Scientific 
Laboratory (private communication). 


AXIAL 


MAGNETIC FIELD: (SCYLLA) 837 
ern 
Fic. 8. The theoreti- | NEUTRON RATE a MAGNETIC FIELD | 
cal time distribution of | | 
the neutron production 7 
rate calculated for y | 1 
=5/3assumingasimple [ | 
adiabatic compression | 
and a temperature of 
1 kev at peak magnetic 
field. 


TIME 


fourth and fifth maxima (see Fig. 14), but no neutron 
emission was observed in the first half-cycle in these 
experiments. 

Figure 8 shows a theoretical curve of neutron pro- 
duction rate R calculated for y=5/3, assuming a simple 
adiabatic compression model for which the following 
equations apply: 


PV*=constant; P= $B*?/8r; PV=2NkT, (6) 
R=}3(N/V)?V(o»), (7) 


where (ov) is the Maxwell-Boltzman average of ov 
for a temperature 7, and N is the total number of 
deuterons. The temperature at peak magnetic field 
was assumed to be 1 kev. The shape of the neutron 
curve is rather insensitive to the assumed value of the 
maximum temperature. The width of the curve at 
half-maximum and its general shape agree quite well 


with observed curves of the neutron production rate 
[see Fig. 7(a) ]}. 

we An exception to the coincidence of the neutron and 
magnetic peaks is found with coil G which produces a 
nearly uniform axial field offering no mirror contain- 
ment. The neutron intensity shown in Fig. 7(b), rises 
in the usual way but breaks sharply at 0.4 usec and 
falls to zero at the time of peak compression, giving 
approximately 10% of the normal shaped-coil yield. 

The dependence of total neutron yield on deuterium 
pressure is shown in Fig. 9. These data were taken 
with the capacitor bank charged to 84 kilovolts. The 
decrease in neutron yield at the lower pressures may 
result from decreased ionization efficiency as evidenced 
by the time shift of the major neutron emission from 
the second to the third magnetic compression. The de- 
crease in neutron yield at the higher pressures may 
arise from the fact that at constant mkT, the thermo- 
nuclear yield falls with increasing m in this temperature 
range. 

In Fig. 10, the total neutron yield is shown as a 
function of capacitor bank voltage at a deuterium 
pressure of 90 microns. The dependence of total neutron 
yield on nitrogen impurity present in the deuterium 
gas is shown in Fig. 11. These observations were made 
with the capacitor bank charged to 84 kv and with a 
deuterium pressure of 90 microns. The reduced neutron 
yield is expected since the admixture of a higher Z im- 
purity gas rapidly increases the competing radiation 
losses from the plasma. 
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Fic. 9. The neutron yield as a function of deuterium pressure 
with a capacitor bank voltage of 84 kv. 


The location, size, and shape of the neutron emitting 
source or “fireball” have been established with a 
massive neutron collimator made from paraffin loaded 
with lithium to absorb neutrons without y-ray emission. 
The neutron collimator had cylindrical symmetry with ; 
an aperture diameter of 1 cm, a 56-cm collimation 
length, an outside diameter of 40 cm, and an over-all 
length of 82 cm. In order to reduce the neutron scatter- 
ing for these measurements and for the neutron energy 
experiment to be described next, the metal of the com- 
pression coil was reduced to a thickness of 0.3 cm by 
machining material from the outside of the coil. Fast 
neutrons from the source perpendicular to a plane 
through its axis pass through the 1-cm diameter cylin- 
drical aperture to a ledd-shielded plastic scintillator 
and fourteen-stage photomultiplier coupled to a cath- 


ode-ray oscilloscope. Pulses recorded for various posi- 


tions of the collimator are corrected for background 
and normalized against the total yield indicated by the 
silver counter. The data obtained at a deuterium pres- 
sure of about 100 u and an operating voltage of 84 kv 
are presented in Fig. 12, which indicates the source to 
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Fic. 10. The depend- 
ence of neutron yield on 
capacitor bank voltage 
with a deuterium pres- 
sure of 90 yw. 
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be a well-defined region approximately 1.5 cm in 
diameter and 2 cm long centered in the compression 
coil. In these graphs a small correction has been made 
for the size of the collimator aperture. The neutrons 
clearly originate in the plasma away from the tube 
walls and in the region of mirror confinement, where 
both radial and axial compression have occurred. In 
the radial direction, the neutron emitting region is 
shifted away from the coil axis toward the feedpoint 
gap. This is in excellent agreement with the weakening 
of the field produced by the current leads to the coil 
and the similar displacement observed in the soft x-ray 
emitting region as discussed in a later paper.!” 

One of the most important questions is whether the 
observed neutrons are of thermonuclear origin or are 
the result of collisions between a cold plasma and a 
small group of deuterons which have acquired large 
kinetic energies by some mechanism which is irrelevant 
to the temperature of the plasma. If it can be shown 
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Fic. 11. The neutron yield as a function of nitrogen impurity 

} I 
with a deuterium pressure of 904 and with a capacitor bank 
voltage of 84 kv. 


that the neutrons originate from fusion reactions in the 
deuterium plasma with random thermal motion, then 
neutron measurements provide a sensitive method of 
measuring plasma temperatures as well as yielding in- 
formation on plasma density and position. A powerful 
method that has been used to determine the origin of 
neutrons from linear*® and toroidal*®?? pinch devices 
involves measuring their energy spectrum by scanning 
proton recoils in nuclear emulsions or cloud chambers 

25 J. W. Mather and A. H. Williams, Proceedings of the Second 
United Nations International Conference on the Peaceful Uses of 
Atomic Enerfy, Geneva, 1958 (United Nations, Geneva, 1958), 
Vol. 32, p. 26. 

26 J. P. Conner, D. C. Hagerman, J. L. Honsaker, H. J. Karr, 
J. P. Mize, J. E. Osher, J. A. Phillips, and E. J. Stovall, Jr., 
Proceedings of the Second United Nations International Conference 
on the Peaceful Uses of Atomic Energy, Geneva, 1958 (United 
Nations, Geneva, 1958), Vol. 32, p. 297. 

27 G. N. Harding, A. N. Dellis, A. Gibson, B. Jones, D. J. Lees, 
R. W. P. McWhirter, J. A. Ramsden, and S. Ward, Proceedings 
of the Second United Nations International Conference on the Peace- 
ful Uses of Atomic Energy, Geneva, 1958 (United Nations, Geneva, 
1958), Vol. 32, p. 365. 
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as detectors. Tests of this sort with pinches have all 
revealed large anisotropies of the mean neutron energy, 
showing that the neutrons have arisen from acceleration 
processes rather than from high plasma ion tempera- 
tures. In order to test for such energy shifts in pinch 
devices, one looks for energy differences of neutrons 
leaving the pinch region tangentially parallel and anti- 
parallel to the direction of the ion current. To look for 
such a tangential energy shift in Scylla requires shield- 
ing a portion of the source above a plane parallel to its 
axis while recording neutrons from the unshielded part. 
In practice it is convenient to detect neutrons from the 
upper third of the fireball, and to reverse the magnetic 
field direction in the coil to simulate the lower third. 
Such a test should reveal whether or not the neutrons 
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Fic. 12. Relative neutron intensity from Scylla along 
the radial and axial directions. 


are produced by deuterons having a rotational velocity 
about the axis. 

For this test a thick flat paraffin plate was mounted 
with its upper surface 0.33 cm above a plane passing 
through the axis of the compression coil. Six one- 
hundred micron nuclear emulsions (Ilford C-2) were 
placed 15 cm and 20 cm from the axis. Scylla was then 
operated 1000 times, with a yield of several million 
neutrons per discharge for each direction of its magnetic 
field. Data read from the two sets of plates, shown in 
Fig. 13, demonstrate that the average neutron energy 
shifts by a small amount, estimated to be 22 kev, when 
the magnetic field is reversed. Expressed in terms of the 
rotational energy of the deuteron according to the 
model discussed below this amounts to a very small 
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Fic. 13. Neutron energy spectrum from Scylla for the 
two polarities of the applied voltage. 


deuteron energy of 60 ev. That this drift is real, how- 
ever, is indicated by a statistical analysis which gives 
it a probability of 0.99. It can be argued that since 
there is necessarily a gradient of the magnetic field 
between the outside of the plasma and its interior, the 
rotational velocity produced in the surface layer, given 
by cmv,BXVB/2eB?, is of this order of magnitude. 
Similarly the rotation could be caused by an EX B/B? 
drift from a radial electric field. For comparison, the 
anisotropy in pinch experiments may amount to 1000 
times this value. 

To relate the shift in average neutron energy with 
field reversal to average deuteron motion in the direc- 
tion of observation requires some sort of model. For 
example, if one assumes that all particles rotate with 
uniform angular velocity about the axis of the coil, the 
average neutron energy shift is 


AEn=2m,200-((r/a) sind), (8) 


where m, is the neutron mass, v is the velocity with 
which a d-d neutron is emitted in the center-of-mass 
system, v, the peripheral velocity of the rotating 
plasma (assumed to be a cylinder of radius a), and r 
and @ are coordinates of a point in the cylinder. The 
energy of a peripheral deuteron is then 


W a=} (2m,)02= (AE,)*/8Eof?, (9) 


where Eo=3mnv?=2.45 Mev, and f=((r/a) siné), 
with the average taken over the portion of the plasma 
cylinder between the plane of the paraffin shadow bar, 
and the outer radius (0.75 cm) of the cylinder. A calcu- 
lation shows that for this model f*=0.4, and Wg is 
approximately 60 ev. This sample calculation serves to 
demonstrate the exceedingly small center-of-mass deu- 
teron motion necessary to account for the observed 
shift in average neutron energy. The energy shift is 
too low by more than a factor of 10 to have an appreci- 
able effect on the observed d-d reaction rate. 

The neutron energy distributions of Fig. 13, in addi- 
tion to showing the small energy shift discussed above, 
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TABLE II. Inferred ion temperature (kev) from the 
widths of the neutron energy curves. 


Curve Cinstr hae kT 


Tuncor 


86.4 80.0 
100.4 80.0 
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also show appreciable widths. It is instructive to de- 
termine the ion temperature to which these widths 
might correspond if they were due to thermal broaden- 
ing of the neutron energy spectra because of random 
motions of the reactant deuterons in a Maxwellian dis- 
tribution. The result, though necessarily crude, can be 
compared with that determined much more precisely 
in a later experiment'® on the thermal broadening of 
the proton and triton energy spectra from the d-d 
reaction. It is shown in reference 18 that the standard 
deviation of the neutron energy distribution would 
then be given by (E.kT/2)!, where Ey>=2.45 Mev is 
the mean neutron energy determined by the Q value of 
the reaction. 

The observed standard deviations of Fig. 13 include 
a large “instrumental” contribution arising from the 
statistics and the resolution of the nuclear emulsion 
technique. This was determined independently from 
an exposure®® with equal statistical uncertainty to d-d 
neutrons from a Cockcroft-Walton generator. The in- 
strumental neutron width was found to be about 80 
kev. Table II lists the observed standard deviations of 
Fig. 13 and also the standard deviations corrected for 
the instrumental width. The inferred ion temperature 
has a value in the neighborhood of 2 kev. However, in 
the case of the solid curves of Fig. 13, all of the neutron 
widths could be instrumental within the statistical un- 
certainty. This is in satisfactory agreement with the 
temperature determined from the proton and triton 
axial velocity distributions. 


Solid (1) 
Dashed (2) 


0.9+0.9 


3.0+1.5 


1.9+1.2 


HARD X-RAY EMISSION 


At deuterium pressures below 504 the emission of 
x rays whose energy is many times the voltage across 
the coil terminals is observed. These x rays arise pri- 
marily at the tube walls about 13 cm from the mid- 
plane of the coil, as shown by the darkening of film 
placed along the tube. The Pyrex tube used in early 
experiments was darkened in this region as if by elec- 
tron bombardment. 

The time distribution of x rays as well as neutrons is 


shown in Fig. 14. The asymmetric peak occurring just 


after the first field reversal is due to x rays, whereas 
the remaining peaks of decreasing amplitude centered 
on succeeding peak compressions represent neutrons. 
The deuterium pressure was 25 wu. A 3-mm lead shield 
surrounding the plastic scintillator removed the x-ray 
peak, and a crude absorption experiment using thin 


ELMORE, LITT 


QUINN, AND TUCK 

lead shielding showed that the maximum x-ray energy 
was at least 200 kev. For other operating conditions 
x-ray peaks were observed just before, as well as just 
after, magnetic field reversals. 

These low-pressure .x rays are attributed to electrons 
accelerated by the induced electric field in orbits de- 
scribed by a single-particle model and subsequently 
scattered out of the mirror to strike the tube walls 
some distance from the coil. With increasing deuterium 
pressure the hard x rays disappear, whereas the neutron 
yield increases as shown in Fig. 9. It was observed that 
impurities, which quenched the neutron yield, in- 
creased the x-ray yield. The absence of rf pre-excitation 
has the same effect. 

The difference in time of occurrence of x rays and of 
neutrons, the difference in shape of the production-rate 
curves, and in general the contrasting behavior of the 
two radiations with regard to pressure, impurities, and 
rf excitation all tend to support the hypothesis that the 
mechanisms responsible for the x rays and the neutrons 
are quite different. 


MAGNETIC PROBE STUDIES 


Attempts to study the plasma by means of magnetic 
probes were found to be limited by the following diffi- 
culties: (a) the probes are either shattered or melted 
by the discharge, depending upon the material used, 
and (b) the presence of the probes in the region of the 
hot plasma severely affects the properties of the dis- 
charge itself. As a preliminary test of the perturbing 
effect of magnetic probes, a 2.0-mm diameter tungsten 
rod was placed parallel to the axis with its tip at 
various positions inside the Scylla coil. When the tip 
was at the center of the coil, the neutron yield was 
reduced to about 8% of its normal value. Actual 
probes jacketed with stainless steel, tantalum, or high 
alumina ceramic reduced the yield until it was not de- 
tectable above background. The most successful probes, 
capable of enduring as many as nine discharges, con- 
sisted of pickup coils cast into alumina jackets by 
means of epoxy resin. Those with electrostatic shields 


Fic. 14. The time distribution of hard x-ray emission and of 
neutrons (center trace) at a deuterium pressure of 25 w with the 
applied magnetic field (upper trace). The time markers occur at 
3-ysec intervals. 
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made of slotted hypodermic tubing had a diameter of 
4.5 mm. Those without the shields, which were equally 
successful, had a diameter of 3.0 mm. Metal-jacketed 
probes were less durable and had the disadvantage that 
phase shifts were introduced into their signals because 
of the finite time required for the magnetic field to 
penetrate the metal jackets. In making the measure- 
ments, the probes were run into the discharge axially 
and were capable of both radial and axial adjustment 
so that the axial component of magnetic field at any 
position in the coil could be measured. 

Figure 15 is a composite of magnetic probe signals 
and streak photographs adjusted to a common time 
scale. Figure 15(a) is an oscillogram in which the upper 
trace is the applied magnetic field and the lower trace 
is a typical magnetic probe signal with the probe 
centered in the plasma region. In Fig. 15(d), the mag- 
netic probe signal is compared with the coil current in 
the absence of gas, showing that the probe signal faith- 
fully records the magnetic field. With the magnetic 
probe inserted into the region of the fireball, Fig. 15(a) 
(lower trace), we observe the following phenomena: 
The magnetic field follows the vacuum or applied field 
during the first half-cycle, showing that the gas currents 
are small and have a negligible effect on the magnetic 
field. At the beginning of the second half-cycle the mag- 


Fic. 15. (a) Magnetic probe signal (lower trace) with probe cen- 
tered in the compression coil. The upper trace is the applied 
magnetic field. (b) Streak photograph of the radial motion of the 
light emitting portions of the plasma in the coil mid-plane with 
the probe centered in the coil. (c) Streak photograph with the probe 
removed from the compression coil. (d) Magnetic probe signal 
(lower trace) in the absence of gas with the applied field (upper 
trace). 
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netic field is excluded for approximately 1 usec, during 
which time however, a pip is observed whose sign is the 
same as that of the magnetic field in the preceding 
half-cycle. The time of occurrence of the pip corre- 
sponds closely to the time of arrival at the probe of 
the luminosity observed in the streak camera photo- 
graph [see Fig. 15(c) ]. Near the current maximum of 
the second half-cycle the magnetic field indicated by 
the probe shows a sudden break and assumes the value 
of the driving field. In the third half-cycle the magnetic 
field of the second half-cycle is seen to be carried over 
until the sudden break occurs. 

The breakthrough seen by the probe is a matter of 
critical importance in the interpretation of the Scylla 
experiment, since it occurs at the time the neutron 
emission would have been a maximum in the absence 
of the probe, and the presence of this magnetic field 
would be totally incompatible with the existence of a 
ball of high-6, high-temperature plasma at this time. We 
have therefore to decide whether this sudden rise in the 
magnetic field is an artifact due to the presence of the 
probe when the neutrons are in fact absent or whether 
this magnetic field is in reality present even when there 
is no probe there to observe it. 

Figure 15(b) is a streak photograph showing the 
radial motion of the light emitting portions of the 
plasma in the coil mid-plane. This photograph was 
taken simultaneously with Fig. 15(a). Figure 15(c) is 
a streak photograph taken with the probe retracted 
from the plasma region. A comparison of the streak 
photographs, Fig. 15(b) and Fig. 15(c), shows a large 
increase in the intensity of visible light emitted during 
the times of interest with the probe inserted. Figure 
15(b) indicates that the probe injects impurities into 
the plasma. Intense visible light appears in the probe 
region as the compressed residual first half-cycle field 
approaches zero, 0.8 usec after the beginning of the 
second half-cycle. No such light is observed in the 
absence of a probe, Fig. 15(c). This light emitting 
region rapidly grows to a diameter of at least 1 cm, or 
about two-thirds the diameter of the normal fireball. 
As the sudden break of the magnetic field occurs at the 
second half-cycle current maximum, the visible emis- 
sion decreases appreciably and remains at a lower level 
throughout the duration of the break (0.3 usec). As the 
magnetic field attains the driving field value, the visible 
emission increases and the region which it occupies 
expands radially. At the beginning of the third half- 
cycle, the discharge appears to be dominated by 
impurities. 

It is believed that the observed probe signal is repre- 
sentative of the magnetic field which exists in the cen- 
tral plasma region up to the time of the break. The 
break is interpreted as being due to the rapid loss of 
plasma pressure due to cooling by impurities from the 
probe. The pip is a reproducible characteristic of the 
probe traces and is interpreted as due to the compres- 
sion of a vestigial magnetic field from the first half- 
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cycle by an incoming shock. Much further progress 
has been made in probe studies to be deferred to other 
papers. We conclude that the break characteristic of 
signals with the magnetic probes immersed in the 
plasma is indeed an artifact not present when the probe 
is absent. 


SUMMARY 


The results of the foregoing experiments on a deu- 
terium plasma, which was produced and heated in a 
rapidly rising axial magnetic field with a mirror ge- 
ometry, show the following: (1) Essentially no hydro- 
magnetic effects nor radiations are observed during 
the first half-cycle oscillation. (2) A strong radial 
“shock” occurs at the beginning of the second half- 
cycle with a velocity of 1.5107 cm/sec. (3) Neutron 
emission from the D(d,n)He* reaction occurs on the 
second half-cycle and to a lesser extent on subsequent 
half-cycles with a symmetrical time distribution cen- 
tered on the peak magnetic compressions. (4) The 
neutron emitting source has an ellipsoidal shape with 
a 1.5-cm diameter and a 2-cm axial length and is 
symmetrically located in the center of the compression 
coil. (5) The neutron yield increases with increasing 
residual deuterium pressure up to about 85 microns of 
Hg, decreases by approximately 50% and is relatively 
constant out to 250 microns as the pressure is increased 
further. (6) The neutron yield increases with increasing 
capacitor bank voltage in the range of 65 to 90 kv. 
(7) The d-d reaction rate decreases with the admixture 
of nitrogen impurity. (8) The neutron emission is 
isotropic with a narrow spread of energies in the radial 
direction. (9) The shape of the neutron emission time 
distribution is in good agreement with the theoretical 
shape predicted on the basis of initial “shock” heating 
followed by an adiabatic compression. (10) Wall im- 
purities contaminate the discharge after the second 
half-cycle and increase the plasma resistance. (11) 
High-energy x-ray emission occurs at low deuterium 
pressures at times of maximum circumferential elec- 
tric fields. 

This paper reports the results of the experimental 
studies on Scylla from its inception up to the early 
months of 1959. Continuing studies with the same 
apparatus are reported in the papers which follow. 
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APPENDIX 


The schematic diagram, Fig. 1, shows the method by 
which the ten 100-kv capacitors, C; to Cio, are connected 
through the spark gap switches, S$; to Sj, to the com- 
pression coil. The gaps are individually mounted on 
their respective capacitors and are each connected with 
eight 4-meter lengths of RG-17/U cable to a common 
oil-immersed junction from which a short, tapering, 
parallel-plate transmission line leads to the compression 
coil. The parasitic inductance, as seen from the coil 
terminals, is 0.04 wh. The ten gaps are triggered within 
0.04 usec by direct cable connections, also 4 meters 
long, to the gap So mounted on capacitor Co. One of 
three dc bias voltages (+40 kv) on So also serves to 
bias the central electrodes of the other gaps. The ca- 
pacitors that are connected to the spark-point elec- 
trodes in the channel through the central electrodes 
consist of short lengths of stripped RG-17/U cable 
wrapped around the cylindrical metal housings of the 
100-kv capacitors. The charging of these capacitors 
(capacitance ~ 150 yuf) through the spark points serves 
to illuminate upper and lower gaps at the time of 
triggering. Triggering occurs when an input pulse from 
an ignitron and capacitor fires gap So, thus simultane- 
ously changing the central electrode potentiai of the 
ten gaps from an initial +40 kv to —50 kv. A transient 
analysis of the triggering circuit shows that the small 
stray inductance of the triggering leads at each gap 
slightly delays, but increases the rate of potential 
change of the central electrode, in fact tending to make 
it overshoot the value —50 kv by a considerable 
amount. Each lower gap therefore is overvolted by 
several times its breakdown potential, and all lower 
gaps fire with negligible jitter. The potential of the 
central electrode now changes to +80 kv, and therefore 
each upper gap is overvolted more than fifty percent 
and is again highly illuminated by the spark-point 
electrode and the discharge in the lower gap. The upper 
gaps now fire, and all ten capacitors are thus connected 
to the compression coil. The 4-meter cable lengths 
electrically isolate the ten capacitors from each other 
for 0.04 ysec, so that a jitter in spark-gap firing ap- 
proaching this amount can be accommodated. The 
extremely high reliability of the triggering system indi- 
cates that the actual gap firing jitter is always much 
less than 0.04 psec. 

It is worth noting that the result of one gap not 
firing with the others may lead to destruction of a 
100-kv capacitor. If this gap fires after approximately 


one half-cycle of oscillation, a transient analysis of the 


normal modes of oscillation, neglecting damping, shows 
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that the potential on the capacitor whose gap has 
misfired may reach a maximum reversed potential ap- 
proaching 2.6 times the initial potential to which it is 
charged. 

The five-stage cascade charging circuit consists of 
five banks of seven 7.5-uf pyranol capacitors of 20-kv 
rating that are charged in parallel and discharged in 
series through a 50-uh inductance from which ten 
RG-17/U cables 10 m long lead to the individual 100-kv 
capacitors. Five four-element spark gap switches carry 
out the switching operation. The 100-kv capacitors are 
charged in 50 usec to the potential 5.25 V., where V, 
is the potential to which the cascade bank is charged. 
The capacitors in this bank are found to have a long 
life since they do not oscillate in potential. The charging 
inductor serves to isolate the cascade bank from the 
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oscillating potential of the 100-kv capacitors during 
the operation of Scylla. 

Note added in proof.—Reference to the work on axial 
magnetic field compression devices would not be com- 
plete without mention of recent work at the General 
Electric Research Laboratory*® as wel! as that in 
Aachen, Germany,” in Fontenay-aux-Roses, France,® 
in Rome, Italy,# and in Sukhumi, U.S.S.R.” 


*8 H. C. Pollock, L. M. Goldman, and F. Westendorp, Bull. Am. 
Phys. Soc. 5, 367 (1960). 

*H. Fay, E. Hintz, and H. L. Jordan, 4th International Con- 
ference on Ionization Phenomena in Gases, Uppsala, Sweden 
(North-Holland Publishing Company, Amsterdam, 1960). 

% M. Alidieres, R. Aymar, C. Etievant, P. Jourdan, P. Langer, 
and A. Samain, see footnote 29. 

31 J. E. Allen and S. Segre, see footnote 29. 

®2T. F. Kvartshava, K. N. Kervalidze, and J. S. Gvaladze, see 
footnote 29. 


NUMBER 3 AUGUST 1, 1960 


Continuum Radiation in the X Ray and Visible Regions from a 
Magnetically Compressed Plasma (Scyila)* 


F. C. JAnona, E. M. Lirtte, W. E. Quinn, G. A. SAwyYER, AND T. F. StRATTON 
Los Alamos Scientific Laboratory, University of California, Los Alamos, New Mexico 
(Received March 28, 1960) 


The identification of a sharp low-wavelength cutoff in the spectrum of x rays emitted from deuterium 
discharges in Scylla has resulted in the assignment of an electron temperature of 240-+-40 ev at the time 
of peak magnetic field compression. Simultaneous time-resolved absolute intensity determinations in the 
visible continuum, when coupled with the temperature measurement, yield an upper limit electron number 
density of (5+1)X10"*/cm* at peak compression. The absolute value of dE/dX in the soft x ray region is 
two hundred times larger than bremsstrahlung from a pure deuterium plasma at the temperature and 
density quoted, and it is postulated that the large experimental d#/d) is the result of recombination radiation 
from about 2% of oxygen contaminant from the discharge tube walls. 


I. INTRODUCTION 


T is possible, in principle, to determine many of the 

properties and characteristics of a plasma from an 
examination of the electromagnetic radiation emitted 
from the plasma itself. In particular, if the plasma 
temperature is greater than about 100 ev, the most 
characteristic radiation from pure deuterium is brems- 
strahlung from electrons accelerated in the Coulomb 
field of the ions, and the electron temperature and 
density can be estimated from the spectrum shape 
and the total radiated power. If impurities are present, 
recombination and line radiation obscures the free- 
free radiation, particularly near the shorter wave- 
lengths, and an interpretation of the experiment must 
be modified to include these processes. Spectral lines, 
where present, can be analyzed in terms of thermal or 
pressure broadening to yield information about the 
temperature and density, respectively. These techniques 
have been applied to the Scylla plasma compression 


*Work performed under the auspices of the U. S. Atomic 
Energy Commission. 


experiment to measure the temperature, density, and 
purity of the deuterium discharge. 

The Scylla experiment has been described pre- 
viously.'~* In addition, detailed descriptions of other 
aspects of the apparatus and experimental results are 
presented in the articles preceding and following this 
account.*® The data reported there show that the 
magnetic field compressing the plasma reaches 50 
kilogauss in 1.25 usec, and that about 3 cm? of volume 
is raised to a number density approaching 10'7/cm? 
and a deuteron temperature of 1.3 kev. In addition, 
at the time of neutron emission, soft x rays are detected 


1W. C. Elmore, E. M. Little, and W. E. Quinn, Phys. Rev. 
Letters 1, 32 (1958). 

2W. C. Elmore, E. M. Little, and W. E. Quinn, (with K. 
Boyer), Proceedings of the Second United Nations International 
Conference on the Peaceful Uses of Atomic Energy, Geneva, 1958 
(United Nations, Geneva, 1958), Vol. 32, p. 337. 

’D. E. Nagle, W. E. Quinn, W. B. Riesenfeld, and W. Leland, 
Phys. Rev. Letters 3, 318 (1959). 

*K. Boyer, W. C. Elmore, E. M. Little, W. E. Quinn, and 
J. L. Tuck, preceding paper [Phys. Rev. 119, 831 (1960)]. 

5D. E. Nagle, W. E. Quinn, F. L. Ribe, and W. B. Riesenfeld, 
following paper [Phys. Rev. 119, 857 (1960)]. 
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which have an energy of about one kev and are produced 
in the gas.®? 

The analysis reported here of the x-ray spectrum, 
as well as the associated visible continuum, shows that 
the electron temperature is less than the ion temperature 
and that the electron density is in agreement with the 
observed geometrical compression and also with the 
deuteron density inferred from the measured nuclear 
reaction rate, deuteron temperature, and volume of 
neutron emitting plasma. 

A preliminary report on some sections of this work 
was given at Uppsala, and appeared in the published 
proceedings of the conference.® 


II. FREE-FREE AND FREE-BOUND 
CONTINUUM RADIATION 


The bremsstrahlung emission per unit frequency 
interval and unit volume for JN, electrons per unit 
volume with temperature 7, resulting from the inter- 
action with N; ions per unit volume of effective nuclear 
charge Z is?: 

E,=CN.N 2 (Xu/kT.)'Ge-™"***, (1) 
where 
C= 27 (2/3) 4a*X yay'?= 1.7 X 10-” erg-cm?. 


a is the fine structure constant, do is the Bohr radius, 
and Xy is the hydrogen ionization potential. g is the 
Gaunt factor, which represents the departure of the 
quantum-mechanical calculation from the classical 
result, averaged over the Maxwell velocity distribution 
at electron temperature 7,. The Gaunt factor for an 
unscreened Coulomb potential has been evaluated 
numerically by Karzas and Latter" and is an important 
correction in the visible wavelength region for the 
high temperatures considered here. Converting to 
emission per unit wavelength, 


E,=1.9X 10 28N.N.Z°9(RT.) d 2¢ 12395/AkT. 


watts/cm*-angstrom. (2) 
The total radiation power for a hydrogen plasma, 
obtained by integrating over all wavelengths, is: 


0 


f FE,d\=1.5X 10-2 (RT.)*G1:N.N; watts/cm*. (3) 


In Eqs. (2) and (3), RT, is in ev, and J is in angstroms. 
Figure 1 shows the classical bremsstrahlung ,energy 
spectra, i.e, @=1, in the wavelength range of 1 to 
100 angstroms for temperatures of 0.2 to 1.0 kev. The 


*K. Boyer, E. M. Little, W. E. Quinn, G. A. Sawyer, and 
T. F. Stratton, Phys. Rev. Letters 2, 279 (1958). 

* H.R. Griem, A. C. Kolb, and W. R. Faust, Phys. Rev. Letters 
2, 281 (1958). ’ 

8 F. L. Ribe, Proceedings of the Fourth International Conference 
on Ionization Phenomena in Gases, Uppsala (North-Holland 
Publishing Company, Amsterdam, 1960). 

* G. Elwert, Z. Naturforsch. 9a, 637 (1954). 

©W. J. Karzas and R. Latter, The Rand Corporation Report 
\ECU-3703, rev., 1958 (unpublished) 
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spectra peak between 5 and 15 angstroms, and an 
appreciable fraction of the total emission is in the 
soft x-ray region. The strong exponential dependence 
of the spectrum in the neighborhood of the short 
wavelength cutoff implies that the most sensitive 
temperature measurement can be made in the x-ray 
region, whereas the density is most readily measured 
in the visible, where the temperature dependence 
reduces to T~1. 

If impurity ions are present, there will also be 
free-bound (recombination) and bound-bound (line) 
radiation from the impurities. The recombination 
emission per unit frequency interval per impurity 
ion of charge i+1 for V, electrons per unit volume with 
temperature 7, is’: 


E, Xu \8/ Xn \ En 

pend) (2) 

Nai n kT, Xy "1 
where C is as before, X,=/v, is the ionization potential 
from the nth shell of the ion of charge 7, » is the principal 
quantum number of the final state, &, is the number of 
empty places in the nth shell, and f; is the free-bound 
Gaunt correction." Aside from small effects due to 
the Gaunt factor, recombination radiation has the 
same spectral shape as free-free radiation except for 
the fact that there are low-frequency cutoffs when the 
energy of the emitted quantum equals an ionization 
energy of the emitting ion, that is, when a zero energy 
electron falls into the mth shell. Because of the factor 
n-"(X_/Xq)%e*"/*Te, ion species with large ionization 
potentials and low quantum numbers are particularly 
effective sources of free-bound radiation. 

Impurity line radiation is much more difficult to 
express in closed form, but Knorr” estimates that 
even for such a low Z impurity as oxygen, the electron 
total 
line radiation becomes less important than recombina- 


temperature must approach one kev before the 


tion radiation. These estimates are based on the assump- 
tions that the plasma dimensions are so small that 
the optical thickness is negligible and that the density is 


fe 
sv \ Fic. 1. Bremsstrahlung 
\ spectra as a function of 
\ electron temperature. The 
} curves are to the same scale 
but the ordinate is in 
arbitrary units. 
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"W. J. Karzas and R. Latter, The Rand Corporation Report 
RM-2091-AEC, 1958 (unpublished) 
2G. Knorr, Z. Naturforsch. 13a, 941 (1958). 
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low enough to allow all excited states to fall radiatively 
to the ground state before any further electron excita- 
tion occurs. 


Ill. X-RAY MEASUREMENTS 
Experimental Apparatus 


Figure 2 is a drawing of the geometry for the experi- 
ments in the soft x-ray region. A pinhole aperture one 
mm in diameter 60 cm from the midplane of the driving 
coil limited the solid angle to 2.2X10-® steradian. 
With the pinhole 60 cm from the midplane of the 
discharge, there was no clogging of the aperture with 
discharge tube debris and the solid angle remained 
constant with time. In order to eliminate the possibility 
of fast electrons passing through the pinhole and 
producing a signal in the detector, a magnetron magnet 
with a field strength of 1000 gauss was placed so that 
its field was across the pinhole. 20 cm behind the 
pinhole was the detector, which consisted either of an 
x-ray sensitive photographic emulsion or a scintillator 
material mounted on the face of a 6810A photomultiplier 
tube. The photomultiplier tube was protected from 
the stray magnetic field of the electron deflecting 
magnet by five 0.005-in. thick sleeves of high permeabil- 
ity iron, and was screened from the strong leakage 
pulsed magnetic field of the driving coil by a 2 mm 
thick brass cylinder enclosing the detector assembly. 
Electrostatic pickup in the photomultiplier was 
eliminated by enclosing the entire detector and the 
coaxial voltage and signal leads in copper tubing leading 
to a shielded room containing the oscilloscope and 
photomultiplier high-voltage power supply. Because 
the discharge becomes contaminated with wall materials 
after the first ten usec, it was necessary to protect the 
detector from the intense visible light emitted at late 
times in the discharge cycle by placing a thin meta! 
foil in front of the photographic film or scintillator 
material. Foil holders which were mounted interchange- 
ably on the front of the photomultiplier assembly 
formed a field stop to limit the region viewed by the 
detector to a diameter of two centimeters at the 
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Fic. 2. Apparatus for observing soft x rays. The ceramic discharge 
tube is 5.1-cm inside diameter. 
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Neutrons 


Fic. 3. X-ray and neutron correlation with the driving magnetic 
field. One large division of the oscilloscope grid is 1 ysec. The 
two oscillograms were recorded for the same discharge. 


midplane of the coil. In addition to excluding visible 
light, the foils prevented low-energy neutral or ionized 
atoms from reaching the detector. The volume between 
the pinhole and the detector was differentially pumped 
to a pressure of about 10-* mm Hg. 

The time dependence of the x-radiation was estab- 
lished by displaying the signal produced by the scintil- 
lator and photomultiplier directly on a Tektronix 
Model 551 dual-beam oscilloscope. Figure 3 shows 
oscilloscope records of the driving-coil magnetic field, 
neutron emission, and x-ray emission. The scintillator 
was protected from visible light by 1.5 mg/cm? of 
aluminum. The signal cable was terminated in its 
characteristic impedance so that the voltage signal 
displayed by the oscilloscope was a faithful representa- 
tion of the photomultiplier output current. It is 
apparent from the traces that neutrons and x rays are 
emitted during the peak compression of the second 
half-cycle of the magnetic field, and that the x rays are 
emitted at the same time as the neutrons. The precau- 
tion of making the plastic scintillator'* only 0.1 mm 
thick reduced the counter efficiency for hard x rays 
sometimes produced by acceleration of runaway 
electrons in the induction field. Neutrons and protons 
of about three Mev energy from the d-d reaction were 
an additional possibility for the origin of the signal, but 
simple considerations of numbers and geometry in the 
case of protons, and detector efficiency in the case of 
neutrons, were sufficient to eliminate these particles 
as signal sources. 

8 Pilot Scintillator B. 


Pilot Chemicals, Inc., Watertown, 
Massachusetts. 





FAHODA;, LITTLE, @ 


Fic. 4. Pinhole photograph of soft x rays emitted along the 
discharge tube axis. The circular boundary corresponds to the 
5.1-cm inside diameter of the discharge tube at the mid-plane of 
the driving coil 


The area and location of the emission region was 
determined by replacing the scintillator and photo- 
multiplier by a photographic emulsion to record a 
pinhole photograph of the discharge in soft x-ray light. 
The field Stop was removed for these observations so 
that the entire discharge tube was imaged. A typical 
photograph obtained under these conditions is repro- 
duced in Fig. 4. 1.5 mg/cm? aluminum protected the 
film from visible light, and the negative was masked in 
exposing the print so that the circular boundary of the 
picture corresponds to the inner wall of the ceramic 
discharge tube at the midplane of the driving coil. 
The photograph reveals that the x-ray emitting region 
that its diameter is 
about 1.5 cm, and that there is no x-ray production at 
the tube wall. 

The position of the x-ray emitting region in the tube 


is centered in the discharge tube, 


« zpends on the way the coil is connected to the parallel 
plate transmission line. When the transmission line 
leaving the coil has the same width as the coil itself, 
the x-ray region is centered as shown in 
Fig. 4. However, if the transmission line is wider than 
the coil so that an abrupt change in width occurs at 
the feedpoint, the x-ray photographs show that the 
emitting region is displaced about 0.5 cm toward the 


emission 


feedpoint. This behavior can be easily understood in 
terms of magnetic field gradients, because when the 
width of the transmission line is greater than the width 
of the driving coil, the magnetic field in the coil is 
greater than the magnetic field between the plates of 
the line and the plasma is pushed toward the feedpoint. 

Among all the characteristics of x radiation, the 
best known experimentally are the mass absorption 


coefficients as a function of wavelength and absorber 


a 
material (Fig. 5). Measurement of the transmission of 


x rays through absorbers of various thicknesses and 
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materials is therefore a technique for the spectral 
analysis of the incident radiation. 

Thin free foils of beryllium," polyethylene, aluminum, 
and nickel were used for the absorption measurements. 
The thinnest polyethylene and Ni samples were 0.5 
mg/cm? thick while the thinnest Be and Al foils were 
1.2 and 1.5 mg/cm’, respectively. The foil thicknesses 
were determined by weighing a measured area of the 
material on an analytical balance, and were accurate 
to three percent. It was important to establish the 
purity of the materials, particularly with respect to 
high Z contaminants because the x-ray mass absorption 
coefficient is a strong function of atomi 
Spectrochemical analysis'® of the Be, Al, and Ni 
revealed no contaminant of sufficient concentration 
to require correction of the mass absorption coefficients. 
Combustion and infrared analysis'*® of the polyethylene 
revealed that it was 99.5 percent CH, with oxygen as 
the principal impurity. Because the absorption coeffi- 
cient of hydrogen is negligible compared to that of 
carbon, the CH, absorbers were treated as carbon of 
the appropriate density. They were rendered opaque to 
visible radiation by evaporating Al onto both sides of 
the CH» film to a total thickness of 50 ug/cm?, and a 
correction to the CH» mass absorption coefficient was 
applied for the aluminum. 

Absorption measurements yield information about 
the spectrum of incident x rays by the shape of the 
plot of transmitted intensity vs absorber thickness. In 
addition, if the signal can be referred to an absolute 
scale, information about the number density of the 
emitting plasma, and the presence, or absence, of 
impurity ions can be derived. For this purpose, both a 
Nal scintillation counter and an argon-filled ionization 
chamber were calibrated on an absolute energy scale. 
The Nal detector was calibrated by establishing the 
end points of the gamma-ray spectra of Co®, Mn*, 
Cs!87, and Am**!, which provide gamma-rays ranging 
in energy from 0.018 to 1.3 Mev. A straight line passing 
through these calibration points was extrapolated to 


number. 


10, ——_—_—- 


Fic. 5. Mass absorption 
coefficients for various ab 
sorbers. The K and L edges 
allow sensitive comparisons 
of experimental transmis 

i sions with calculated source 
{ characteristics 


MASS ABSORPTION COEFFICIENT 
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14 Supplied by J. A. Northrup, C \lamos 
Scientific Laboratory. 

18 Analyzed by Spectrochemical An 
Scientific Laboratory. : 

16 Analyzed by R. Rogers, Group GMX-2, Los Alamos Scientific 
Laboratory. 
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the origin. For the calibration, the pulse height from 
the gamma-ray was integrated by a simple RC network 
so that the total charge produced in the scintillation 
counter for a given deposited energy in the crystal was 
obtained. The RC time constant was sufficiently long 
(10 usec) to integrate the x-ray pulse from Scylla 
(0.8 usec half-width) without appreciable correction. 
Since a typical x-ray signal on the detector corresponded 
to 10-* erg (~ 10" ev) it was necessary to adjust the 
gain of the detector with the photomlultiplier voltage, 
so that in combination with the oscilloscope amplifier 
sensitivity, a total dynamic range of about 10° was 
obtained. The photomultiplier gain as a function of 
voltage was measured by examining the pulse produced 
in the multiplier by a xenon flash lamp, as a function 
of distance and photomultiplier voltage. Because the 
energy from a single gamma ray was deposited in the 
Nal in an infinitesimal time compared to the 0.8-ysec 
x-ray pulse from Scylla, there was the possibility of 
calibration error because of the time response of the 
electronics. To eliminate this possibility, a betatron 
x-ray source’ with a pulse shape similar to the Scylla 
x-ray pulse provided calibrations for finite pulse widths. 
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Fic. 6. Experimental beryllium absorption curve compared 
with calculated transmissions for bremsstrahlung spectra from 
different temperature sources. The experimental data correspond 
in time to the peak magnetic field compression. 

17R. R. Stevens, Group GMX-11, Los Alamos Scientific 
Laboratory, operated the betatron and supplied us with the 
spectral and calibration data. 
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Fic. 7. Experimental polyethylene absorption curve compared 
with calculated transmissions. The carbon transmission has been 
corrected for the thin evaporated aluminum films necessary to 
exclude visible light and for the hydrogen fraction of polyethylene. 


The betatron and the radioactive source calibrations 
agreed within 20%. 

The response of scintillation crystals to very low- 
energy quanta has not been experimentally determined, 
and those experiments that are available indicate 
nonlinearities below 100 kev.'® Ionization chambers, 
on the other hand, are known to be linear from 300 kev 
to 300 ev for electrons as primaries.’® In addition, 
absolute values for the energy required to produce a 
single ion pair are well known experimentally. Accord- 
ingly, a parallel plate, argon filled, ionization chamber 
was constructed to supplement the absolute intensity 
measurements with the scintillation counter. The 
calibration was absolute, i.e., the voltage signal appear- 
ing on the measured total circuit capacitance gave the 
total electron charge collected. 26.3 ev was taken for 
the energy required to produce one ion pair in argon. 
Bias curves were run to establish that the chamber was 
being operated in the plateau region of the intensity 
vs voltage characteristic. The argon filling pressure 
was adjusted so as to absorb 90% of the incident 
radiation in the active volume of the chamber. The 
absolute intensity of Scylla x rays transmitted through 
thin absorber foils as measured with the argon ionization 
chamber was found to be ten percent larger than that 
derived from the Nal scintillation detector. The 

18H. W. Fulbright, in Handbuch der Physik, edited by S. Fliigge 
(Springer-Verlag, Berlin, 1958), Vol. 45, Chap. 1. 

9 W. E. Mott and R. B. Sutton, Handbuch der Physik, edited by 
S. Fliigge (Springer-Verlag, Berlin, 1958), Vol. 45, Chap. 3. 
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Fic. 8. Experimental aluminum absorption curve compared 
with calculated transmissions. 


difference is not considered significant because the 
calibrations of the scintillator had already indicated 
that the absolute value of the sensitivity was subject 
to at least 20% error. Absorption curves obtained with 
the ionization chamber were the same shape, within 
experimental error, as the integrated signal data from 
both Nal and plastic scintillators, ind:cating that the 
response of the scintillators to quanta of 500 ev_to 
2000 ev energy was sufficiently linear to allow them to 
be used for this application. 

The transmission curves which were obtained 
for the x rays emitted from Scylla during the second 
half-cycle of operation are drawn on the same relative 
scale in Figs. 6 to 9. All exhibit some degree of curvature 
on a logarithmic plot, indicating that a spectrum of 
energies is involved, and all indicate x-ray quantum 
energies of the order of one kev. Each experimental 


point was established by averaging ten or more separate 


discharges and the errors indicated are mean deviations 
from the mean. All data were obtained for operating 
conditions of 85 kv on the capacitor bank, 90 microns 
of Hg deuterium pressure, neutron production of a 
few million per discharge, and a 96% alumina discharge 
tube. Care was taken to return periodically to a 
standard absorber thickness throughout any set of 
observations to ascertain that the x-ray yield of the 
machine was constant. 
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Analysis 


The self-collision time for particles in a plasma is 
given by Spitzer™ as: 


t-= (11.44!T1)/(nZ* nA) seconds, (5) 


where T is in degrees Kelvin, » is the number density 
cm’, A is the atomic weight and Z the charge state of 
the colliding particles, and InA is a slowly varying 
function of m and T, with a value of approximately 10. 
For electrons this reduces to 

te= (0.2674) /(n,. INA) seconds. (5’) 
Over the entire range of the variation of m and T for the 
Scylla discharge, the electron-electron collision time is 
sufficiently short compared to the experimental time 
scale that a Maxwell distribution of electron velocities 
is expected. In the spectrum analysis, therefore, it is 
safe to assume that the electrons are at some tempera- 
ture T,. 

The relative transmission through foils of beryllium, 
polyethylene, aluminum, and nickel was numerically 
calculated on an IBM-704 computer for bremmstrah- 
lung spectra, without Gaunt factor corrections, corre- 
sponding to electron temperatures of 0.1 to 1.4 kev. 
The details and the results of these integrations are 
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Fic. 9. Experimental nickel absorption curve compared 
with calculated transmissions. 
2. Spitzer, Physics of Fully Ionized Gases (Interscience 
Publishers, Inc., New York, 1956). 
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presented in the Appendix. The experimental trans- 
mission data can be compared with these calculations 
in two ways. First, shapes of the measured absorption 
curves can be fitted. This type of comparison is shown 
in Figs. 6 to 9 for the four absorber materials. It is 
apparent from visual examination that the experimental 
data fit best an electron temperature between 0.2 and 
0.3 kev. The aluminum absorber is not very sensitive to 
temperatures in this range because the K edge at 7.9A 
makes the mass absorption coefficient from 3A to 8A, 
nearly the same as it is from 8A to 15A. A second 
comparison which depends on another property of the 
absorbers is to compare the relative transmission 
through foils of different materials so as to take advan- 
tage of the selective transmission of aluminum above 
its K edge at 7.9A, of nickel above its L edges at 
12.5A to 14.6A, and of carbon above its K edge at 
44.5A. The calculated transmission ratios as a function 
of temperature can be obtained from the results 
tabulated in the Appendix for all pairs of absorber 
materials and thicknesses. Figure 10 shows these 
calculated ratios for four pairs of materials in the 
temperature range of 0.1 to 1.0 kev. The experimentally 
measured ratios are plotted as triangles on the calculated 
curves. Similar evaluation of a total of twelve ratios 
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Fic. 10. Ratios of intensities transmitted through different 
absorber materials of the same mass thickness for bremsstrahlung 
spectra from different temperature sources. The triangles are 
the experimentally observed ratios for the appropriate absorbers. 
Calculations involving CHz were corrected for the 100 yug/cm? 
aluminum film excluding visible light. 
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TaBLeE I. Absolute integrated soft x-ray yield in the second 
half-cycle as determined with three types of detectors. In the 
third column, the yield is the energy radiated into 4x steradians 
which is transmitted through 1.46 mg/cm? aluminum. 


Yield into 4x 
steradians (joules) 
(3.51) 107 
(3.2+1)X10-% 
(3.341) X10 


Foil 
(mg/cm?) 
1.46 Al 


1.46 Al 
1.46 Al 


Detector 


Ion chamber 
Plastic PM 
Nal PM 


averages to 230+40 ev as the best fit of the experimental 
absorption data to the transmissions expected for 
deuterium bremsstrahlung. Correction for the free-free 
Gaunt factor would raise the temperature 13% to 
260 ev. 

In addition to the indirect methods of inferring the 
experimental x-ray spectrum described above, it is 
possible to unfold the absorption curves back to an 
incident spectrum, within certain bounds. Analytic 
techniques have proved unsuitable, but a graphical 
procedure applied to the carbon absorption data allows 
the experimental curve to be unfolded into a mono- 
tonically increasing intensity function from 3A to 12A. 
3A corresponds to the highest energy radiation which 
is appreciably attenuated by the thickest carbon 
absorber and 12A is the softest radiation which is 
appreciably transmitted by the thinnest foil. The 
unfolded spectrum, to an absolute scale, is plotted in 
the form of logdE/dy vs v in Fig. 11. If the radiation 
spectrum is the result of bremsstrahlung, or of recom- 
bination radiation beyond the low-frequency cutoff, 
the resulting plot will be a straight line of slope —h/kT. 
It should be noted that the solid lines drawn in Fig. 11 
correspond to the recombination spectra, for frequencies 
greater than the low-frequency cutoff, from sources 
with temperatures of 200 ev, 240 ev, and 280 ev, and 
have been corrected for the free-bound Gaunt factor. 

With the assignment of an electron temperature it is 
possible to calculate back from the yield to derive a 
density assuming that the radiating volume has been 
measured and that the radiation is due to deuterium 
bremsstrahlung. Three sets of absolute yield determina- 
tions integrated over the second half-cycle pulse and 
corrected for detector sensitivity and solid angle are 
tabulated in Table I. 

Since the temperature and volume determinations 
are valid only at the time of peak magnetic field, the 
unintegrated signals from the scintillators must be 
used for a calculation of the density. The number of 
watts radiated into 4m steradians at the time of peak 
magnetic field is tabulated in Table IT. 

If the emitting region is a prolate spheroid 2-cm 
long and 1.5-cm diameter, the volume is 2.4 cm’. 
Substituting in Eq. (3), T=260 ev, vol.=2.4 cm’, and 
JS0?(E)/9)dk=7.6X10° watts, one obtains V.V;=1.3 
X10, or N.=N;=1.1X10' cm. Such a large 
density, nearly two hundred times greater than the 
initial deuterium atomic number density, is clearly in 
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disagreement with the ion and electron densities radiation has the same frequency distribution as the 


derived by techniques involving the geometrical com- 
pression and the absolute intensity of the visible 
continuum. From the point of view of the radiation 
intensity, the power radiated in the soft x-ray region is 
260 times greater than pure deuterium bremsstrahlung 
at the temperature and density determined from other 
information. Therefore radiation processes in addition 
to pure bremsstrahlung are indicated. 

The presence of high-Z impurity atoms is the most 
likely cause of the large radiated power. In addition to 
increasing the free-free radiation because of the Z? 
dependence of the radiation intensity, impurities give 
rise to recombination and line radiation. Beyond the 
low-frequency cutoff, the intensity of recombination 


PaBLe II. Absolute soft x-ray intensity at the peak compression 
of the second half-cycle. The fourth column is the extrapolation 
factor to zero absorber thickness. assuming that the spectrum is 


the result of bremsstrahlung from a deuterium plasma at an 
electron temperature of 260 ev 


Yield into Extrapo Total yield 


free-free radiation, but the absolute intensity is very 
much greater than the free-free radiation because of the 
discrete final state. Line radiation has even greater 
total integrated intensity than recombination radiation 
but because it involves transi bound 
states, the frequency of the emitted lines is necessarily 
than arising from free 
electrons falling to the ground state of the particular 
ion species. Because of these properties, a valid tempera- 
ture determination is possible even in the 


ions between 





less recombination radiation 


presence of 
impurity ions and line radiation if the continuum at 
the high-frequency limit of the spectrum is identified. 
A slight adjustment of the interpretation of the spec- 
trum in terms of a temperature is necessary because of 
the different for 
radiation. 

Two experiments were performed to substantiate the 
assumption of impurity atoms as the source of the 
high-frequency limit continuum. First, line radiation 
trom likely impurity materials was surveyed with a 
photoelectric 


Gaunt correction recombination 


recording vacuum-ultraviolet mono- 


Thickness i a nal chromator. Of the most probable impurities, carbon 

Absorber (mg/cm?) watts absorber (watts) from the oil diffusion pumps, oxygen and nitrogen 
- from air contaminant, and oxygen and aluminum 

on, io pre a Md oat from the ninety-six percent alumina discharge tube, 
Be 1.45 9.8X 10 79 7.7X105 only oxygen was detected at the center of the discharge 
Ni 0.55 19.4X 10 10 7.8X 108 during the second half-cycle of current. Spectra of low 


ionization states of oxygen appeared just after the 
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peak of the current and then increased steadily in 
intensity until the end of the half-cycle. OY! appeared 
just before the second half-cycle current peak, decreased 
to a low level at the current maximum, and then rose 
to a high level with the current decay. Such behavior 
suggests that the population of the OY! species was 
depleted as the impurity atoms were more completely 
stripped by the increasing electron temperature, and 
after the maximum electron temperature was passed 
with the peak magnetic field, OY! was repopulated. 
A heretofore unobserved triplet in the helium-like 
spectrum of OY" corresponding to the 2s *S—2p *P 
transitions”! was identified, confirming the existence of 
very highly ionized oxygen species. The presence of 
the OY" triplet is itself a valuable confirmation of the 
high electron temperature because the final state of 
the transition lies 561 ev above the ground state of 
OY", Oscillograph records of the time history of lines 
of O'Y to OY" are shown in Fig. 12. The increase of 
intensities with the third and subsequent half-cycles 
is typical and reflects the growth of impurities in the 
discharge. 


As the second test for the presence of impurity in the 


ov 


2s 3S —2p 4P 1624 A 


ov! 


2s*S—2p*P 1031.9A 


ov 
2p 'P —2p?'D 1371.3 A 


or 


2p? 4P —2p3 4S 625.1 A 
625.8 A 


Fic. 12. Time resolved spectra of oxygen impurity. One large 
division of the oscilloscope grid is 1 wsec. The top trace of each 
photograph is the driving magnetic field. The highest electron 
temperature occurs at the maximum of the second half-cycle. 


2B. Edlen, Arkiv Fysik 4, 441 (1952). 
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Fic. 13. X-ray amplitude transmitted through 1.5 mg/cm? 
aluminum absorber as a function of added impurities. The 
amplitude is normalized to unity in the absence of added impurity. 


discharge, known fractions of nitrogen, neon, and 
argon were added to the deuterium filling. For example, 
the addition of about one percent of argon to a pure 
deuterium discharge is expected to give rise to recombin- 
ation radiation of several hundred times greater 
intensity than the deuterium x-ray bremsstrahlung, 
and should reduce the electron temperature consider- 
ably. The actual change of x-ray intensity for nitrogen 
and argon contaminants is shown in Fig. 13 where it is 
seen that only factors of two or so were the actual 
increases. In addition, absorption measurements taken 
for both five percent nitrogen and five percent argon 
showed that the high frequency cutoff shifted to longer 
wavelengths by only about ten percent, so that the 
electron temperature was still in excess of 200 ev. 

These experiments provide strong evidence that 
the Scylla discharge is contaminated by the order of 
two percent impurity, and that the impurity is mainly 
oxygen. The soft x rays are then mainly due to re- 
combination radiation from highly ionized oxygen 
atoms instead of free-free bremsstrahlung from deute- 
rium, and the temperature must be corrected by about 
three percent from 230 ev (the best fit to the classical 
bremsstrahlung spectrum) to 240-+40 ev to allow for 
the free-bound Gaunt factor. Corrections for the low- 
frequency limit of recombination radiation are unimpor- 
tant because the absorbers have already filtered the 
spectrum so that the longer wavelength portion of the 
bremsstrahlung spectrum makes a negligible contribu- 
tion to the transmitted energy. 

In order to calculate the spectral shape and intensity 
from an oxygen contaminated deuterium discharge for 
comparison with the observed spectrum, it is necessary 
to first estimate the populations of the oxygen ion 
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TABLE III. Ionic populations and radiation intensities from 
oxygen contaminant in a deuterium plasma at an electron 
temperature of 240 ev. x, and \,; are the ionization energy and 
corresponding cutoff wavelength of each oxygen ion species. 
The populations are derived from Eq. (6). The fifth column is 
the ratio, per atom, of recombination radiation from oxygen ions 
to deuterium bremsstrahlung. The last two columns are the ratio 
of oxygen bremsstrahlung to deuterium bremsstrahlung and 
the ratio of the total radiation intensity, for \<),, to deuterium 
bremsstrahlung, for each ion component, assuming 2°) oxygen 
contaminant in the discharge. 


f—b)0 Ex(f-f)O FE, (total) 
)D K(f-fyD E(f—f)D 
(per (2% w// 


atom oxygen) 


X Relative (/ 
ang- popula 
stroms __ tion 


(2% 
Species oxygen) 
0.00002 0.00004 
0.065 0.14 
0.46 34. 


0.56 155. 


ovi 
OV iu 
ov" 
or 


89.8 
16.8 
14.2 


0.00004 22 
0.09 41 
0.47 3620 
0.44 17500 


species and then calculate the spectrum and intensity 
from each ion species. 

Elwert”.?5 gives an equation for the calculation of the 
relative population of the ith and i+1th ionized states 
for a case where equilibrium is obtained through 
collisional excitation and photo-recombination (photo- 
ionization and three-body collisional recombination 
negligible). It is: 


Niat 3V3 fe Eno / Xn\ 2e-%n0/#7e 
Ni 1608 f; a) Xno/kT. 
Xno is the ionization energy of the ground shell of 
total quantum number mp, Xy is the hydrogen ioniza- 
tion potential, Eno is the number of electrons in the moth 
shell, a is the fine structure constant, g is a factor of 
order 2 to account for recombinations into higher 
shells, and f; and f: are quantum mechanical correction 
factors of value f2/f;~1.25. The multiplier (3! f2) 
(16a*f:g) is, to good approximation, 510°. If one 
assumes that oxygen impurity ionic populations are 
governed by Eq. (6), and that the total oxygen 
impurity is two percent, the results of Table III apply 
for an electron temperature of 240 ev. The values of the 
ionization potentials are taken from Allen.”® 
From this table it is clear that the calculated radiation 
intensity below the 14.2A recombination spectrum 
limit for two percent oxygen impurity is in good agree- 
ment with the observed yield, especially when it is 
recognized that no account has been taken of radiation 
arising from m values greater than the ground state. 


(6) 


2 G. Elwert, Z. Naturforsch. 7a, 432 (1952). 

23 G. Elwert, Z. Astrophysik 41, 67 (1956). 

* The early and symmetric appearance of the OV" radiation is 
experimental support for this assumption. The calculated collision 
ionization cross sections of Knorr” imply that it is marginal 
whether steady state concentrations have been reached with the 
Scylla experimental conditions. 

2°C. W. Allen, Astrophysical Quantities (The Athlone Press, 
London, 1955). 
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The effect of these shells is typically to increase the 
intensity 15 or 20%. 

For regions of the spectrum where the wavelength 
is longer than the recombination limit, and which are 
free of emission lines, 2% oxygen at the assumed 
temperature, adds 109% to the deuterium free-free 
bremsstrahlung, in addition to increasing the electron 
density 15% over the deuterium ion density. 

Figure 14 shows a reconstruction of the general 
features of the spectrum of radiation anticipated from a 
deuterium discharge contaminated with 2% oxygen, 
at an electron temperature of 240 ev. In addition to the 
continua, some of the resonance line radiation is 
indicated, with intensities taken from Elwert'® who 
estimated the matrix elements for application to the 
solar corona at T=260 ev. The resonance lines from 
OV"! and OV" are at sufficiently long wavelengths to 
require no correction to the temperature assignment 
from the absorption data. 


IV. VISIBLE LIGHT MEASUREMENTS 
Experimental Apparatus 
The Scylla discharge was viewed axially with the 
coil center imaged (demagnified approximately 20%) 
on the 400 micron wide, one mm high slit of a grating 
spectrograph. Six photomultiplier detectors utilized 
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Fic. 14. Composition of the radiation spectrum of Scylla. An 
examination of the spectral shape and absolute intensity below 
the free-bound limits and in the visible, together with a search 
for contaminant spectral lines, is sufficient to determine the 
electron temperature and density, and percentage and nature of 
contaminating materials. 
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subsidiary optics to view 150 micron wide slits in the 
film plane of the 11A/mm dispersion instrument. Three 
6328 photomultipliers set for wavelengths between 
4000 and 6500 angstroms, each with a Corning filter 
No. 3389 to eliminate the second order of lower wave- 
lengths, and three 1P28 photomultipliers set for wave- 
lengths between 3500 and 4000 angstroms covered the 
visible spectrum. The 1P28 tubes observed in the 
second order (higher grating efficiency) and a Corning 
filter No. 4305 eliminated the first order spectrum. 
The wavelength separation of the detectors was fixed 
and wavelength changes were made common to all 
units by rotating the grating. Wavelength calibrations 
were made with the 5460A line of mercury. 

The output signal cables, shielded with copper pipe, 
were led to oscilloscopes inside a shielded room in 
order to reduce pickup from the main capacitor 
discharge. The low signal levels made it necessary to 
reduce noise levels with low-pass sharp cutoff (~3 Mc 
sec) electrical] filters at the cable terminations. Two 
four-beam oscilloscopes*® displayed the six signals, 
with one beam on each oscilloscope recording the 
magnetic field. In addition, a dual-beam oscilloscope 
displayed the magnetic field and the soft x rays mon- 
itored by a scintillator-photomultiplier detector in 
fixed geometry within the Scylla tube. This monitor 
provided time correlation with the soft x rays in the 
data reduction. The oscilloscope deflections were 
calibrated with single pulse square waves of known 
voltage from a Hewlett-Packard 212A pulser with 
fixed attenuation steps. . 

The optical alignment was accomplished with the 
aid of a point light source at the object point. Two 
separate alignments were made during the course of the 
experiment-—once on the geometrical center of the 
coil and once displaced two mm toward the electrical 
feedpoint. No differences were observed in the spectrum, 
in agreement with the fact that a 1.5-cm diameter 
hot core is seen on the soft x-ray photographs. 

Absolute intensity calibrations were made with a 
tungsten ribbon filament operated at controlled bright- 
ness temperature placed at the source position. The 
true temperature and the spectral intensity distribution 
were computed with the emissivity data of DeVos.?’ 
The dc output level of the detectors was adjusted 
during calibration with a wavelength-calibrated neutral 
density filter to give an adequate signal-to-noise ratio 
while still being well within the region of linear response. 

The largest error in the calibration was an uncertainty 
in the correction factor for the transmission of the 
Pyrex end window of the discharge tube. The window 
transmission changed after every discharge because of 
deposits of impurities driven from the tube walls. In 
order to minimize this correction, the end window was 
always protected by a flap valve except during dis- 


267. Winston, Los 
LA-2281 (unpublished). 
27 J. C. DeVos, Physica 20, 690 (1954). 
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Fic. 15. Four-beam oscilloscope traces of magnetic field (top 
trace) and photomultiplier signals for three different wavelengths. 
One large division of the oscilloscope grid is 1 usec. Light signals 
were read just before the peak of the second half-cycle; saturation 
in the third half-cycle is due to impurities. 


charges when data were taken, and was replaced after 
a maximum of fifteen discharges. At the end of the 
experiment the transmission of each window was 
measured as a function of wavelength and proportional 
corrections were applied to the data, with the assump- 
tion that the total transmission loss was the result of 
equal decrements for each discharge. The largest 
correction was 30%. 

The primary uncertainty in the experiment was due 
to the lack of a clearly defined peak signal at the time 
of interest. The signals usually showed a short plateau 
in a rising signal which was partly obscured by the 
noise characteristic of the photomultipliers in the 
presence of a signal. One example of a four-beam 
oscilloscope trace is shown in Fig. 15. The period of the 
magnetic field (top trace) is 5 usec and neutrons and 
x rays were produced for about one usec near the peak 
of the second half-cycle. Failure to observe a decrease of 
the light signal after peak magnetic compression was 
the result of competition between decompression of 
the plasma, producing decreased intensity, lower 
temperature, producing increased intensity, and arrival 
of impurities, producing greatly increased intensity. 
The situation is further complicated by the possibility 
of varying intensity contributions from the large tube 
region through which the core is viewed. The very 
large rise in light intensity seen at the end of the 
second half-cycle in Fig. 15, appeared 1.2 usec earlier 
when the discharge was viewed one cm off center, 
indicating that this was an impurity influx from the 
wall. The same impurity influx from the walls was 
observed in streak camera pictures.‘ 


Analysis 


In analyzing the visible light data, the six channels 
were read at the time corresponding to the x-ray peak, 
and the maximum and minimum within 0.2 usec of 
this time recorded to give a range of the uncertainty. 
Figure 16 shows the data obtained from two discharges 
of Scylla. The intensity recorded in each of the channels 
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Fic. 16. Brightness vs wavelength for two separate discharges. 
The solid and dotted lines are best \~ fits. The difference is 
typical of the variation between discharges 


is plotted with the possible range assigned to each point. 
The central dot is the value obtained at the presumed 
correct time from the x-ray monitor. Through each 
set is fitted a theoretical \~* curve [Eq. (2) ]. That 
these curves differ in absolute value reflects the differ- 
ence in conditions between separate discharges. The 
points near the Balmer discontinuity which fall above 
one of the curves are typical and are due to line emission 
and free-bound emission in cooler outer layers of the 
discharge. Of sixteen discharges analyzed in this manner, 
only two could not be fitted with a \~* curve when 
neglecting the one or two points near the Balmer 
discontinuity. While the ranges of uncertainty are so 
large and the wavelength spread covered is so small 
that these data cannot be regarded as proof of a 
behavior, the data are consistent with the expected 
bremsstrahlung spectral shape. 

The averages at the various wavelengths covered by 
the sixteen discharges are shown in Fig. 17. The ordinate 
is in units of measured brightness, i.e., it must still be 
divided by an optical depth before being compared with 
Eq. (2). The solid bars are the root mean square 
errors of the central dots, and the broken bars are 
independent averages for the maximum and minimum 
signal values within the 0.2 usec interval discussed 
The small numbers indicate the number of 
data points contributing at each wavelength. The A~? 
curve has been drawn to represent an average of the 
points above 4500 A. The fact that three points below 
4500 A fall below this line is primarily a consequence 
of the fact that these happen to be averages of just two 
discharges, both of low absolute value. Neither the 
high intensity of Dg (4860 A), nor the shift in the 
Balmer discontinuity (the result of the merging of the 


above. 


upper discrete levels through Stark broadening), are 
consistent with the core temperature derived from the 
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soft x rays or the core density derived from the visible 
continuum. They are, however, readily explained by 
assuming their origin is in a cooler, less dense, outer 
layer of the discharge. 

In contrast to the x-ray intensity, the visible con- 
tinuum is in fair agreement with pure deuterium 
bremsstrahlung. Because of the strong dependence of 
the free-bound spectrum on the ionization potential and 
the principal quantum number of the final state, and 
because of the small population of lowly ionized atoms 
at the center of the discharge, recombination radiation 
is not an important contribution to the continuum 
for quantum energies much less than k7T,. 

The light intensity obtained from Fig. 17, together 
with the electron temperature of 240 ev obtained from 
the x-ray measurements and an optical depth of the 
hot plasma of two cm obtained from the neutron 
collimation measurements provide sufficient data so 
that Eq. (2) can be solved for the electron density. 
With a Gaunt factor g=3 at 5000 A, the electron 
density is found to be (71) 10'*/cm® before correc- 
tion for the oxygen impurity. If two percent oxygen 
contaminated the fireball, Table III that the 
highly ionized states of oxygen contributed as much 
to the visible continuum as did the deuterium, so that 
the electron density was 5+1X10'*/cm*. In addition, 
15% of the electrons came from the oxygen so that the 
deuterium density was about 4.3X10'*/cm*, corre- 
sponding to a magnetic compression of about ¢ 
agreement with observations of the size of tl 
x-ray and neutron emitting region. 

The first half-cycie of the discharge when there are 
no neutrons or soft x rays showed prominent Dg 
radiation on the axis of the discharge. The observed 
intensity indicated that the electron temperature was 
less than 10 ev at that time. The density in the first 
half-cycle derived from a modified Holtsmark distribu- 
tion** applied to the observed line broadening was about 
half that in the second half-cycle. 
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V. DISCUSSION 


The experiments herein reported show that tech- 
niques are available for the diagnosis of extremely 
high-temperature plasmas. In review, by an analysis 
of the continuum radiation from Scylla, the maximum 
electron temperature and density have been established, 
as well as the state of the discharge with respect to 
impurity ions. In addition, the deuteron density was 
inferred from the measured electron 
suitable correction for the impurity ions. 

Although the exact heating mechanism of the 
discharge has not been conclusively established, these 
results are in agreement with the proposal that a 
hydromagnetic shock serves as the preheater 
the adiabatic compression of the plasma by 


density by a 


strong 
before 


28M. Lewis and H Modern Phys 
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Margenau, Revs 31, 569 
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Fic. 17. Brightness vs wavelength—composite results for 
sixteen discharges fitted to a \* curve. The high value at 4860 A 
is Dg line radiation. The numbers indicate how many data 
points contribute at each wavelength. 


the rising magnetic mirror field.’ In particular, 
since the peak electron temperature is only about one- 
fifth of the deuteron temperature at the same time, 
the shock preheater is particularly attractive as a 
mechanism to provide greater energy to the ions than 
to the electrons, as opposed for example, to a process 
involving joule heating before the adiabatic compres- 
sion. Because of the density and time scale of the 
Scylla experiment, equipartition of energy between 
light and heavy particles cannot have taken place, so 
that a difference in the ion and electron temperatures 
reflecting the initial heating mechanism should be 
observed. The electron energy loss by radiation is 
not large enough to invalidate the argument that the 
electron temperature reflects the preheater mechanism. 
Spitzer” gives the equipartition time between groups of 
particles of mass numbers A and A, at temperatures 
T and T; °K, and density n/cm?: 


SSiAA. 27 TKS 
beqg=—— (<+ ) seconds, (7) 
nZ*Z;" InA A A, 


where InA is the same factor of order ten appearing in 
Eq. (5). For the discharge temperatures and densities, 
the electron-electron thermalizing time is the order of 
10~* second; the deuteron-deuteron thermalizing time 
is the order of 10~® second; and the electron-deuteron 
thermalizing time is the order of 5X10-® second. 
The individual particle groups therefore have Maxwel- 
lian velocity distributions but different temperatures. 
The oxygen impurity may be a basic contaminant of 
most high power deuterium discharges. In this partic- 
ular experiment, the discharge tube wall material is 
96% Al,O;, and spectral evidence indicates that 
although oxygen is present early, aluminum is not. 
This suggests that the oxygen is not from the alumina 
directly, but perhaps comes from D,O formed as the 
discharge dies out and absorbed on the wall after each 
shot. A monatomic layer of D,O released from the wall 
would produce about ten times as much oxygen per 


ISIBLE 


REGIONS FROM SCYLLA 855 
unit length as is observed. More careful spectroscopic 
studies should resolve the question of the source of the 
early oxygen contaminant. 

The presence of oxygen impurity in the discharge 
increases the radiated energy loss by a large factor over 
the uncontaminated deuterium bremsstrahlung loss. 
Knorr” calculates that at 240-ev the free-bound 
radiation from oxygen exceeds the free-free oxygen 
radiation by a factor 6, and the bound-bound radiation 
exceeds the free-free radiation by a factor 25. In all, 
then, since Table III shows that the free-free radiation 
from the oxygen is about equal to the free-free radiation 
from the deuterium, the total radiated energy loss is 
about 30 times greater than bremsstrahlung from an 
uncontaminated deuterium plasma at the same tem- 
perature. The plasma therefore radiates a total of 
about 7X10‘ watts at the time of peak compression. 

In addition to the value of the Scylla experiment as 
an approach to controlled thermonuclear research, its 
application as a source of radiating plasma at a tempera- 
ture near that of the solar corona should lead to funda- 
mental results of interest to the study of stellar surfaces. 
Not only can equilibrium processes be examined, but 
nonstationary systems can be studied for the measure- 
ment of excitation and ionization cross sections which 
are poorly known. 
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APPENDIX 


The transmission of thin films of beryllium, CH, 
(polyethylene), aluminum, and nickel has been calc- 
ulated for classical bremsstrahlung spectra in the 
temperature range of 0.1 to 1.4 kev. The absorption 
characteristics of these materials are such that the 
entire transmission occurs in the range of wavelengths 
of 1 to 100 angstroms. The quantum-mechanical 
(Gaunt) correction is neglected in the calculations of 
relative transmission in the belief that calculations 
without the correction will in general be more useful. 
Neglecting the Gaunt factor results in a temperature 
estimate about ten percent low if these calculations are 
applied to a free-free spectrum and an estimate about 
three percent low for a free-bound spectrum. 

Polyethylene is transparent to visible radiation, and 
some precaution must be taken to assure that visible 
wavelengths are not transmitted. 
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PasB.e IV. Fraction 


Thickness 
Absorber mg/cm? Ts 100 ev 400 ev 
CH: 0 1 1 
2.02 ( —2) 1.08( —1) 
4.04( —3) 5.03 ( —2) 
9.98( —4) 
2.38( —5) 
3.91 ( 7) 


1.32(—2) 
6.60( —3) 


ON ee 


1.21 8) 
1.85( —3) 
1.37(—3) 
1.04( —3) 
5.85( —4) 
2.39( —4) 
6.73(—5) 


ne 


1 
1.51(—1) 
9.73( —2) 
7.19( —2 
3.95( —2 
2.35(—2 
1.60( —2 
1.17(—2 
9.05( —3) 
5.85( —3) 


RIwWwWUIt 
We UID Ge Un OO 


) 
) 
) 
) 


Se) 


3.00( —3 
3.20( —4) 
8.53 5) 
9.38( —6) 
1.57 6) 
4.13(—7) 
1.36 7) 


uae 


9.35 9 


1 
1 
3 
s 
7 


* The number in parentheses is the power-of 

The absorption coefficients have been obtained from 
the literature and the K and L edges have been included 
in the ‘transmission calculations. Where Victoreen’s 
empirical formulas*® are applicable, the IBM 704 has 
calculated the absorption coefficient; just below the 
L edge and at all longer wavelengths, the tabulated 
experimental absorption coefficients of Gilmore® are 
interpolated by the 704. 

The transmitted intensity is the result of numerically 

* J. A. Victoreen, J. Appl. Phys. 20, 1141 (1949). 

* F. R. Gilmore, preliminary version, The Rand Corporation 
Report RM-2367-AEC, 1959 (unpublished). 
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3.10( —2) 


2.63( —3) 
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absorber foils—classical bre 


600 ev 800 ev 1000 ev 1400 ey 


1 
1.69( —1) 
1.11(—1) 


4.69( —2) 
2.85( —2) 
1.97(—2) 
1.46( —2) 
1.14(—2) 
9.10( —3) 
7.54( —3) 
4.93( —3) 
2.75( —3) 
1.02(—3) 


NWI eb 


4.34( —2) 
3.59( —2) 
2.62( —2) 


99( —2) 

.63( —2) 

.55(—3) 

85( —3) 

.09( —3) 
2.92( —4) 


1 
9.33( —2) 
3.05 ( —2) 
1.40( —2) 
3.46( —3) 
1.14( —3) 
5.07 ( —4) 


2.08( —2) 
8.28( —3) 
1.49( —3) 
4.11(—4) 
1.61(—4) 


ten multiplier of the transmisson. 


integrating in 0.1A intervals the product of the 
bremsstrahlung spectrum and the exponential absorp- 
tion factor, with normalization to unity at zero absorber. 
The results of these calculations are presented in tabular 
form in Table IV, and are expressed as the fraction 
of the total energy transmitted through the absorber 
foil. From these calculations, it is possible to prepdre 
absorption curves for a given material and electron 
temperature and also the ratios of the transmission 
through foils of different materials and thicknesses as a 
function of temperature. The number in parentheses is 
the power-of-ten multiplier of the transmission. 
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Velocity Spectrum of Protons and Tritons from the d-d Reaction in Scylla* 
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(Received March 28, 1960) 


A diagnostic experiment has been carried out on the d-d reactions produced by fast magnetic compression 
of a deuterium plasma. A determination of the velocity spectra of protons and of tritons from the d-d re- 
action was made by magnetic analysis and nuclear plate detection of the particles. The observed distribu- 
tions are Gaussian, with widths which correspond to a deuteron temperature of 1.3 kev. Comparison of 
the mean proton and triton momenta indicates that no plasma drift in the (axial) direction of observation 
is present, nor any potential difference between the source plasma and detector greater than a few volts. 
These results, coupled with previous ones on the neutron yield, duration, source extent, and lack of circum- 
ferential drift argue against any of the simple, physically plausible non-Maxwellian acceleration mechanisms 


for the d-d reactions so far proposed. 


INTRODUCTION 


CYLLA, the Los Alamos experiment on fast mag- 
netic compression of a plasma, has been shown to 
produce about 10’ neutrons per pulse from the reaction 
D(d,n)He’®.!* An equivalent ion temperature of about 
1.5 kev corresponding to this yield can be computed, 
using our measured values of the ion density, volume of 
the emitting region, and mean duration of the neutron 
pulse, as well as the previously measured values of the 
d-d cross section. As has often been remarked, however, 
temperatures based on the reaction rate alone deserve 
little credence until the rate is so high as to be inex- 
plicable on any other assumption than the thermal one. 
The other branch of the reaction, namely D(d,p)T, 
produces 3-Mev protons and 1-Mev tritons, particles 
which are conveniently detected with nuclear emul- 
sions.’ Problems of the origin of thesé d-d reactions, 
whether thermonuclear or from acceleration by electric 
fields, have been studied using these reaction products, 
both charged and neutral. Cranberg and Boyer have 
emphasized the improved resolution possible by using 
magnetic analysis of the charged products.‘ 

If we have a thermal plasma at a temperature 7, the 
velocity distribution of the d-d reaction products is 
nearly gaussian if kT is small compared to the reaction 
Q value, and the width of the gaussian is proportional 
to the square root of T. It is a good approximation to 
say that the width is the rms velocity of the center of 
mass of the d-d system. For temperatures high enough 
to give appreciable reaction yields, the width is easily 
measurable, the precision depending on statistics rather 
than on the resolving power of our experimental 
arrangement. 


* Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

1 W. C. Elmore, E. M. Little, and W. E. Quinn, Phys. Rev. 
Letters 1, 32 (1958). 

2K. Boyer, W. C. Elmore, E. M. Little, W. E. Quinn, and J. L. 
Tuck, this issue [Phys. Rev. 119, 831 (1960). 

3 T. E. Allibone, D. R. Chick, G. P. Thomson, and A. A. Ware, 
Proceedings of the Second United Nations International Conference 
onthe Peaceful Uses of Atomic Energy, Geneva, 1958 (United 
Nations, Geneva, 1958), Vol. 32, p. 169. 

*L. Cranberg (private communication). 


Comparison of the spectra of the protons and the 
tritons affords a test for consistency of the thermal 
hypothesis. In addition if there are mass motions of the 
plasma, they can be determined from the difference of 
the mean values of the two momentum distributions. 

We find for the first model of Scylla an ion tempera- 
ture of 1.30.2 kev. No mass motions in the axial 
direction are observed. The velocity spectra obtained, 
coupled with the lack of observable mass motion in 
either the radial? or axial direction, argue against many 
of the mechansims for spurious, nonthermal, d-d 
reactions. ® 


THE VELOCITY SPECTRUM 


We consider a hot homogeneous plasma for which the 
velocity distribution function is f(v). The probability 
that a pair of ions have a relative velocity v, and a 
center-of-mass velocity v. is f(V¥e+3V,)f(V¥e—}V¥,), and 
the inelastic collision rate per unit volume for ion 
density mq is 


d°N = }3n/0,0(0,) f(Ve+3V,) f(Ve—3 VE VV. (1) 


The product of the normalizable f factors above sepa- 
rates into a product of functions involving only v, and 
v, if and only if Inf(v) is a quadratic form in the com- 
ponents of vy; normalizability requires that this form be 
negative definite. If f is gaussian in the components of 
v, the product becomes a product of Maxwellian dis- 
tributions in v, and v,. The average of ov, is gotton by 
integrating this expression over all velocity space. The 
experimental cross sections for the D(d,p)T and 
D(d,n)He® reactions are given by Arnold et al.’ Their 
results for the cross section for both these reactions 


5For preliminary accounts of the present experiments see 
D. E. Nagle, W. E. Quinn, W. B. Riesenfeld, and W. Leland, 
Phys. Rev. Letters, 3, 318 (1959) ; See also articles by F. L. Ribe 
and J. L. Tuck, in 4th I:iternational Conference on Ionization 
Phenomena in Gases, Uppsala, Sweden (North Holland Publishing 
Company, Amsterdam, 1960). 

*Q. A. Anderson, W. R. Baker, S. A. Colgate, J. Ise, and R. V. 
Pyle, Phys. Rev. 110, 1375 (1958). 

7W. R. Arnold, J. A. Phillips, G. A. Sawyer, E. J. Stovall, and 
J. L. Tuck, Phys. Rev. 93, 483 (1954). 


857 





E, QUINN 


_-'LFORD L-2 
“NUCLEAR PHOTOGRAPHIC 
SOACEMULSION 


ENTRANCE i 
. SLIT Ft 


MAGNET POLE 
PIECE 


ALUMINA TUBE 


Fic. 1. Experimental arrangement for measuring the spectra 
of protons and of tritons from the d-d reaction in Scylla. The 
reactions have been shown to occur in a region of volume 3 cm? 
near the center of symmetry for the coil. The charged tritons and 
protons enter the spectrometer through a slit and follow the 
trajectories shown as dotted lines. 


may be summarized as follows: 
Caa= (A E) exp(— BE t) (2) 


where for energies less than 10 kev A has the value 
187 10-*4 cm? kev and B the value 44.2 (kev)!; for 
energies greater than 10 kev A equals 288X 10~* cm* kev 
and B equals 45.8 (kev)'.* The average of oagv over a 
Maxwell distribution we denote by (ov)sy. One finds 
approximately 


gv) ay=CT-! exp(— DT), (3) 


where the corresponding values of C and D are, re- 
spectively, 240 10~'* cm*/sec and 18.6 at low energies 
and at high energies 370 10~'® cm*/sec and 19.2. The 
observed velocity spectrum of protons in the laboratory 
system is obtained by integrating d°N with the con- 
straint v,= vit. where 2 is the proton speed in the 
center-of-mass system. The reaction products are as- 
sumed to be distributed isotropically in the center-of- 
mass system. The result for a plasma with ion tem- 
perature 7 is 


aN neov)ay fo Ma Ma 
- expy ———(9— 8) 
dE M pVo iekT kT 


where for the protons, 


M p00" m, 
QO, 


2 Mpt+m: 


—(- In{ov)ay < 
1 

20\ dinkT 2 
The triton velocity spectrum is obtained from the above 
expressions by interchanging the subscripts p and ¢. The 
logarithmic derivative is about 4.5 at k7=1 kev, so 
that @ is about 0.1% larger than v. Terms quadratic 
in this deviation have omitted in the 
expressions. 


been above 


8 E. J. Stovall, Jr. (private communication). 
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According to expression (4) the shape of the distribu- 
tion is gaussian, with a width depending on T and mg 
only. The effect of dependence of the cross section on 
energy, in the present approximation, is merely to shift 
slightly the center of the distribution. The Q value of 
the reaction is 4.022+0.016 Mev, corresponding to 
Vop= 2.4078 10° cm/sec (1+0.002) Voe= 8.0429 
108 cm/sec (140.002). 


and 


EXPERIMENTAL ARRANGEMENT FOR MEASURING 
THE SPECTRUM 


The axial direction was chosen for a first experiment 
because no window in the side of the discharge tube is 
required, and because the interpretation of the data is 
somewhat simpler. The rest of the geometry was fixed 
by the parameters of a magnetic spectrograph which 
was available. The Scylla discharge takes place inside 
the alumina tube at the center of the coil. The region 
from which the neutron, proton, and x-ray emission 
appears to come is roughly spheroidal of diameter 15 mm 
and length 21 mm.?* The entrance slit is placed as close 
as possible to the discharge, the practical limitation 
being that the slit, if too near the discharge is damaged 
by heat and wall material which strike it during late 
stages of the discharge. Several trials resulted in the 
design of the protective baffle shown in Fig. 1 with 


TABLE I. Spectrograph exposures 


A. Scylla G operation First Second 


Tube 
Pressure 
Bank voltage 
No. of discharges 
Total neutrons 
(measured by 
silver counter) 


Alumina 
90 u 

85 kv 

1888 

1.13 +0.07 


Alumina 
85 kv 
1617 


(0.992+0.06) «* 10 XK 109! 


B. Spectrograph operation 


Magnetic field 6.762 10° gauss 6.762X 10° gauss 
intensity 
28.00X 10° cps 


40.0 cm 


= 28.00 10° cps 

Standard radius of 40.0 cm 
curvature 

Deflection (standard) 60 60 

Energy of proton of 3.20 Mev 3.20 Mev 
standard radius 


Entrance aperture Rectangle 


2.5 mmX6 mm 


5 mm diam circle 
located 2 in. 
from edge of 
coil, on the axis 

Centered on coil 
center 


1.2 mm toward 
feed point of coil 


Line of sight 
C. Type of plate 


: Ilford L-2 


Protective foil 


100 uw thick, 3.92 
g/cm? with extra 
plasticizer 

1 mg/cm? poly- 
ester double 
aluminized 


100 uw thick, 3.92 
g/cm? with 
extra plasticizer 

0.55 Img/cm? 
grade A nickel 


9 F, C. Jahoda, E. M. Little, W. E. Quinn, G. A. Sawyer, and 
T. F. Stratton, preceding paper [Phys. Rev. 119, 843 (1960) ]. 
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TABLE II. Range identification of tracks, Plate S-4. 





E 
Energy 
from 
calibration 
(Mev) 


Horizontal 
position 
on plate 

(mm) 


range 


Dav 
Projected 


SL ¢ 
Rms Dip 
deviation angle 


(u) (calculated) 





33.9 to 38.7 
Av=36.3 
88.1 to 88.7 


57.31 
63.95 





which the erosion of the slit is negligible. The slit was 
10 cm from the center of the discharge. 

The entrance slit forms the object for the ion optical 
system shown in Fig. 1, and the image is formed at the 
nuclear plate. A “radial” stop near the entrance to the 
magnet limits the angle in the plane of figure to 0.01 
radian, and in the plane normal to the plane of the figure 
the angle is limited to 0.01 radian by the vacuum cham- 
ber walls. 

Table I gives some characteristics of the mass spectro- 
graph. Details of its design, which was done by Leland, 
will be published elsewhere. The magnetic field of the 
spectrograph is held constant by controlling the current 
in the magnet windings from a servo amplifier operating 
on the proton resonance frequency. An independent 
proton resonance unit was used to monitor the field 
visually. The observed magnetic field fluctuation during 
a data run was less than one part in 10°. 


SPECTROGRAPH PLATE EXPOSURES 
AND SCANNING 


In the initial phases of the experiment we searched 
for the emergent protons using instead of the spectro- 
graph a simple pinhole camera. A pinhole 2.5 mm in 
diameter was located at 12.5 cm from the center of the 
discharge. At 7.7 cm on the opposite side of the pinhole 
a nuclear emulsion was located inclined at 40° to the 
axis of the discharge tube. The plate was exposed for 
180 discharges. Upon development and scanning, the 
3-Mev proton tracks were easily identified in the manner 
discussed below. By plotting the tracks per unit area 
found on the plate we obtain an image of the emitting 
source. The diameter is approximately 15 mm which is 
in good agreement with the neutron collimation experi- 
ment,” and soft x-ray pinhole photographs.® The density 
is roughly uniform throughout the image, falling off 
monotonically from the center. A computer study of the 
trajectories to be expected showed that the magnetic 
field reduces the image size by a few percent, and this 
correction has been applied above. The density of tracks 
indicated that the yield was lower by approximately a 
factor of 3 than that determined by the neutron silver- 
counter detector. This discrepancy is not understood. 

Two runs were made with the spectrograph and 
charged particles from Scylla. The second differed from 
the first mainly in the use of a narrower entrance slit 


3.19 25°30’ 


2.93 25°3’ 


and a thinner protective metal foil covering the emul- 
sion. The essential data are given in Table I. The dis- 
charge tube pressure was 90 u of D» gas, and the voltage 
on the condenser bank 85 kv. The resonance frequency 
fres Was that of the proton magnetic moment. 

The neutron yield as measured by the silver counter 
was recorded for every discharge. The total number of 
neutrons during the exposure of each plate is listed in 
the fifth row of Table I with its standard deviation. 

The first plate after development showed a large 
number of tracks having the following properties: (a) 
Their projected range:was between 55 and 75 microns. 
(b) They entered the emulsion at about 24° to the 
emulsion. (c) On entering they were parallel to the long 
axis of the plate. (d) The grain density of the track was 
roughly consistent with 3-Mev protons. The tracks all 
came in the region of the plate where 3.0+0.2 Mev 
protons should appear. Accordingly they are identified 
with the protons from the d-d reaction (energy 3.022 
Mev). 

Further details of the identification of two selected 
groups of tracks according to range are shown in Table II. 
One group of tracks was chosen to lie between 88.1 and 
88.8 mm on the plate, with an average position 88.4 mm. 
This position, according to an energy vs position calibra- 
tion previously done with a beam from an electrostatic 
generator, corresponds to 3.082-Mev energy for protons. 
The projected range was 63.95+2.93 u, the rms devia- 
tion being partly due to errors in measurement of pro- 
jected range and partly due to straggling. It will be 
demonstrated that the spectrograph itself contributes 
negligible spread. This range is divided by the cosine of 
25.3°, the angle of dip, to get the true range in the 
emulsion. To this must be added 7 uw, the path length 
equivalent of the protective foil covering the emulsion 
to get the total observed range of 77.7 u. This agrees 
with the value 78.44 expected from the range energy 
relation for 3.08-Mev protons in Ilford L-2 emulsion. A 
similar situation is shown in Table II for a second posi- 
tion on the plate, where the agreement is again good. 
One can already see from Table II that the spread of the 
track distribution genuinely indicates an energy spread 
in the beam. We concluded that these indeed are the 
protons from the d-d reaction, and we adopted the fol- 
lowing criteria for scanning: (a) The range is between 
55 and 80 microns. (b) Their dip is roughly consistent 
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Fic. 2. The experimental track distribution from Scylla is 
shown in the dashed curve. The solid histogram is the result of 
a calibration with Pu™® alpha particles, performed to check the 
energy calibration and the resolution of the instrument. The re- 
solving power is determined by the finite width of the entrance slit. 


with 25° entry. (c) They enter the emulsion going from 
left to right and parallel to the long axis of the plate 
within +10°. (d) The grain density is about right. 

With these criteria the plate (2 in.X10 in.) was 
scanned from one end to the other. Figure 2 shows the 
observed distribution, based on 1858 tracks. About 40 
tracks were rejected. Most of these came from cosmic- 
ray stars in the emulsion, or else went clear through the 
emulsion. The number of tracks found per unit area at 
a given location along the plate is plotted as a function 
of the location along the plate. (It happens that the 
energy of the particle at this position is very nearly a 
linear function of distance along the plate to the track, 
the rate of change having approximately the value 
3 kev/mm). 

From analytical geometry considerations, one com- 
putes that the effective resolution of the spectrograph 
is set essentially by the width of the entrance slit suit- 
ably projected on the image plane. This is shown as the 
semicircle in Fig. 2. One sees that the proton distribution 
is much wider than the resolution width. 

As a further experimental check in situ, plates were 
exposed using the alpha particles from separated Pu*” 
isotope. There are two main alpha lines for this isotope, 
of energies 5.118 Mev and 5.162 Mev and of relative 
intensities 1 and 3.1, respectively. Their computed 
separation is shown in Fig. 2 by means of the vertical 
bars, and the histogram shows the observed alpha parti- 
cle distribution. Although the lines are not resolved, the 
observed distribution is consistent with the quoted 
resolution. One concludes therefore that the observed 
width of the proton distribution is not instrumental 
in origin. 

The second plate (Fig. 3) shows the same distribution, 
but with the improved resolution the results are more 
dramatic. Again an alpha particle exposure was made; 
this time the alpha lines are clearly resolved. The energy 
separation of the alpha lines, 44 kev, corresponds to 
28 kev on the proton energy scale. The predicted resolu- 
tion is 9 kev. The protective nickel foil (0.55 mg/cm?) 
was thin enough to allow the tritons to register on the 
plate with a residual range of 5 microns. A total of 
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2569 protons and 2138 tritons were found. Figure 3 
shows the track distributions of protons, alphas, and 
tritons. The smaller number of tritons may reflect some 
scanning loss for these particles. The triton curve is 
seen to be about three times wider than the proton curve, 
a consequence of the triton to proton mass ratio. 

The reduction of these curves to distributions in 
velocity, and their comparison with the expression (1) 
is given in the following section. 


REDUCTION OF THE DATA TO VELOCITY 
DISTRIBUTION 


Figures 2 and 3 have as ordinate the number of 
tracks found by the scanners, and as abscissa location of 
the track, measured in mm along the plate. We trans- 
form the ordinate into number of particles per unit of 
energy and the abscissa into particle velocity. This 
transformation is done analytically, starting with the 
spectrograph parameters. The transformation of the 
ordinate involves computing the variation along the 
plate of lateral magnification, length of the trajectory, 
and angle of incidence of the tracks. In the interval 
between the half-value points of the proton distribution, 
the order of magnitude of these corrections is as follows: 
The energy calibration is linear to one half percent, and 
the track density function is changed by five percent. 

An experimental check of this computation was made 
using the Pu” alpha source and several magnetic field 
settings. In this way we found that the energy scale was 
shifted by 12 kev for protons. This we attribute to 
imperfect alignment of the axis of Scylla with the spec- 
trograph axis. The alpha calibration was adopted as 
standard. The density function was measured by making 
time exposures with alpha particles for two different 
magnetic field values. We found that the density func- 
tion measured in this way differed from the prediction 
by an amount which would introduce an uncertainty of 
one half percent in making the above correction. The 
principal effect of this reduction on our distributions is to 
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Fic. 3. Track distribution for the second exposure. The thinner 
protective cover on the emulsion permits the tritons to be detected. 
The Pu aq particles used for calibration are seen to be well re 
solved. The triton curve is wider than the proton curve because 
of the greater mass of the tritons. 
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shift the mean velocities slightly toward higher energy. 
The widths of the distributions are little changed. 

Figures 4 and 5 give the results for the first and 
second exposures, respectively. One notices immediately 
that the widths of the proton and triton distributions 
are very closely the same. The solid curves are computed 
from Eq. (4) for the values 7=1 and 1.5 kev as indi- 
cated. The curves do not pass through the 20 anoma- 
lously low-energy proton tracks, which may result from 
scattering off the edge of the slit. In Fig. 4 the value of 
} was chosen to be the computed value of 2.412 10° 
cm/sec for 1 kev, and 2.411 for 1.5 kev. The peak of the 
observed distribution is about 2.411 10° cm/sec. The 
discrepancy is within the quoted error for the Q value 
of the reaction. For the second plate, Fig. 5(A), the 
center of the solid curves was chosen for best fit, namely 
2.412 10° cm/sec. For the tritons, Fig. 5(B), the pre- 
dicted 6 is 0.8057 10° cm/sec and the observed mean 
of the distribution is 0.8041 10° cm/sec. Inspection 
of these curves indicates that a temperature of about 
1.3 kev gives a good fit io all the data. 

The results of the mean velocity determinations may 
be summarized in the following way: In the absence of 
any motion of the gas as a whole toward the observer, 
Eq. (6) predicts 0,/i,=m,/m,= 2.994. Experimentally 
},/0,=2.999 (10.005) where the error quoted is a 
statistical one. An error in the absolute energy scale 
does not affect the ratio. The discrepancy in these values 
would correspond to an energy in the mass motion of 
only a few electron volts. 


DISCUSSION 


The most straightforward interpretation of the ve- 
locity spectra is that the d-d reactions arise from colli- 
sions in a plasma with an ion temperature of 1.30.2 
kev. An uncertainty in fitting the temperature is intro- 
duced by the low-energy tail to the proton distribution. 
However, this tail involves only about 1.5% of the 
reactions and might be accounted for by slit effects or 
by a streaming of a small portion of the plasma away 
from the direction of observation. 
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Fic. 4. Velocity spectrum of protons, from the first plate. 


The solid curves are computed from the expressions given in 
the text. 
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Fic. 5. Velocity spectra of protons and of tritons, from the 
second plate. The curves are computed from expressions given in 
the text. A temperature of about 1.3 kev for the deuterium ions 
is inferred from these data and from the data of Fig. 4. 


A streaming in the axial direction of the plasma as a 
whole would manifest itself as a shift of the mean 
velocity from the value predicted by Eq. (6) for both 
protons and tritons, and if such a shift exists it is below 
the experimental sensitivity of 5 parts in 10‘. The 
existence of an electrostatic sheath near the plasma 
boundary would also generate velocity shifts, and the 
fact that these would be different for protons and tritons 
renders them even more amenable to experimental de- 
tection. The experimental spectra place an upper limit 
of a few ev on the magnitude of such sheath-induced 
energy shifts. 

There remains, of course, the question of the unique- 
ness of our interpretation of the spectra. While a given 
velocity distribution of the reactant (deuteron) particles 
leads to a unique product particle (proton and triton) 
distribution, the converse is not the case. Therefore, the 
procedure to be followed in analyzing the data consists 
of making educated guesses about the form of the deu- 
teron distribution and comparing the calculated re- 
sultant charged particle distribution with the experi- 
mental one. The forms of the assumed deuteron dis- 
tributions are dictated by possible physical models 
describing the heating or accelerating mechanisms in 
Scylla during the first two half-cycles. Most distribu- 
tions in which an appreciable fraction of the nuclear 
reaction rate is caused by the relative motion of two 
deuteron groups with different mean velocities are de- 
cisively ruled out by the data. No explicitly calculated 
model of this type could simultaneously account for the 
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shape of the reaction product distributions and the yield. 
More difficult to rule out is a model which would vary 
the relative velocity vector between the two groups from 
discharge to discharge, corresponding to a random 
acceleration mechanism. The center-of-mass velocity 
vectors of the groups could conceivably be made to 
vary in such a way that the average over many dis- 
charges reproduces the distributions of Figs. 4 and 5. 
This interpretation, however, seems contrary to other 
evidence, for example the reproducibility of the neutron 
yield versus time curve! which argues against a mecha- 
nism which differs between successive discharges. 

At this point, we compute the ion temperature which 
is necessary to account for the neutron yield as measured 
in this experiment. The average neutron yield Y was 
(6.0+0.36)X10* per discharge. The statistical error 
quoted above we believe to be small in comparison with 
the uncertainties in the silver counter calibrations 
arising from geometry and room scattering, which we 
estimate to be as large as a factor of 2. The volume V 
of the emitting region can be determined from the neu- 
tron, proton, and x-ray images to be 3.0+1.5 cm*?° The 
ion number density ” has been determined by studies 
of the electromagnetic radiation’ to be (4.31.7) X 10"6 
cm~*, The mean time of neutron emission A/, (0.9+0.2) 
X10-* sec, is based on oscillogram records from a 
plastic scintillation neutron detector.? The neutron yield 
is given by 

Y= $n(ov)avV Al. (7) 


Using Eqs. (7) and (3) we find T= (1.5_0.4*°*) kev. 
This is in satisfactory agreement with the. spectral 
temperature value quoted above. 

The only models quantitatively consistent with the 
data seem to be those which produce most of the nuclear 
yield as a consequence of randomized deuteron motion. 
This does not necessarily imply that the deuterons are 
in true thermal equilibrium. For the time scale and 
densities involved, the ions are certainly not in thermal 
equilibrium with the electrons, and the time available 
for ion-ion collisional equilibrium is marginal. But a 
Maxwellian deuteron distribution with fixed, isotrepic 
temperature is the simplest and mathematically most 
tractable model to try and leads to results remarkably 
in accord with the data by fitting only one parameter, 
the temperature. Additional valuable information would 
undoubtedly be obtained by examining timeresolved 
distributions which might display such effects as cooling 
and relaxation of the ions. 

If a distribution could be obtained from a single dis- 
charge, as for example by using the larger yield obtain- 
able from the d-T reaction, the possibility of the 
gaussian distribution having been simulated by the 
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summation of random events, as discussed above, could 
be ruled out. 

We have seen that the ion temperature determined 
from the proton and triton spectra is consistent with 
that deduced from the neutron yield. It remains to 
determine if the requirement of pressure balance be- 
tween the plasma particles and the external magnetic 
field is satisfied. The plasma pressure is given by 
> kT; where the summation extends over all particle 
species present at their respective temperatures. The 
electromagnetic radiation measurements’ have shown 
that at peak magnetic compression: the electron density 
n= (5+1)X10'* cm~*, the electron temperature 7, 
= 240+ 40 ev, the deuteron density ma= (4.31.7) X 10'8 
cm~, and the oxygen impurity ion density mo= (9+4) 
X10" cm~*. Taking the deuterons and oxygen ions to 
have the same temperature J7= (1.30.2) kev, we find 
the following partial pressures: p,= (1.90.6) joule 
cm, pa= (8.93.2) joule cm™, po=(0.2+0.1) joule 
cm~*, The total particle pressure is (11.0+ 3.3) joulecm73. 

Vacuum probe measurements’ show that the magnetic 
field at the time of peak compression during the second 
half-cycle is (56+4) kgauss in the mirrors and (49+3) 
kgauss at the midplane. In estimating the magnetic 
pressure B?/8xr with plasma present we use the value 
(56+4) kgauss, since the mirror magnetic field is not 
affected by the plasma, and obtain a magnetic pressure 
of (12.5+1.8) joule cm~*. Comparing with the plasma 
pressure value of (11.0+3.3) joule cm™*, we see that 
the requirement of pressure balance is satisfied within 
experimental error. The ratio 8 of particle to magnetic 
pressure in a magnetic confinement experiment could 
a priori lie between zero and unity. The above result 
indicates that in Scylla the particle pressure approaches 
the maximum that can be attained. 
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Using a model of liquid water in which a molecule, in its 
equilibrium position, performs an oscillatory motion for a mean 
time ro, and then diffuses by continuous motion for a mean time 
71, and repeats this sort of motion, the differential scattering 
cross section for cold neutrons has been calculated. It is found 
that the shape of the “quasi-elastic” scattering is, in general, not 
Lorentzian. The formula for the broadening of the quasi-elastic 
peak assumes a simple form in two limiting cases: In case (i) 
T1>>T9, it reduces to the formula derived on the simple diffusion 
theory; and ia case (ii) r1<ro, the broadening is the same as in 
case (i) if x°-Dro<1, and it approaches the asymptotic value 2h/ro, 
if x*Dro>>1, where fix is the momentum transferred to the system 


and D is the diffusion coefficient of water. The observed value 
of the broadening can be explained for a value of r>=4X10"" 
sec. Besides, the theoretical quasi-elastic scattering in case (ii) 
has certain interesting features which are in general agreement 
with experiment. In part II of this paper, inelastic scattering 
(hindered translations only) of cold neutrons has been calculated 
using two different models of water: (a) a gas model and (b) a 
Debye model; and the results have been compared with experi- 
ment. 

The general shape of both the quasi-elastic and inelastic 
scattering of cold neutrons and the magnitude of the diffusive 
broadening seem to support a quasi-crystalline model of water. 





I, INTRODUCTION 


6é OLD” neutron scattering has proved to be a 

powerful tool in the study of the dynamics of 
atomic motions in solids! and it is only very recently 
that this technique has been used to study the atomic 
motions in liquid water.?~* In contrast to solids, the 
atomic motions in liquids are very complex and there 
does not exist any satisfactory theory of the liquid 
state. Water, as compared with ordinary liquids, has 
many anomalous physical properties. It behaves in 
some respects more like a solid than like a liquid and 
this behavior, fortunately, makes water more easily 
amenable to a mathematical treatment. An important 
problem is to understand the nature of diffusive motions 
of the molecules in water. The present paper is an at- 
tempt in this direction and makes use of the available 
neutron scattering experimental results. 

A general theory of neutron scattering by an arbitrary 
system of particles has been given by Van Hove.® In 
this theory, the differential scattering cross section is 
expressed as a four dimensional Fourier transform of 
the generalized distribution function, usually denoted 
as G(r,t). In the classical limit, the interpretation of 
this function is that given an atom at the origin at 
time /=0, it defines the probability of finding an atom 
within a unit volume at the point r, and at time f/f. 
The atom at the position (r,t) may be the same that 
was at the origin at time ‘=0, or may be another atom. 
In the case of solids, it is possible to calculate the 


* Based on work performed under the auspices of the U. S. 
Atomic Energy Commission. 
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Trombay, Bombay. 

1 For a general review of the subject see; L. S. Kothari and 
K. S. Singwi, Solid State Physics, edited by F. Seitz and D. 
Turnbull (Academic Press, New York, 1959), Vol. 8, p. 109. 

2 B. N. Brockhouse, Suppl. Nuovo cimento 9, 45 (1958). 

3B. N. Brockhouse, Phys. Rev. Letters 2, 287 (1959). 

‘D. J. Hughes, H. Palevsky, W. Kley, and E. Tunkelo, Phys. 
Rev. Letters 3, 91 (1959). 

5 L. Van Hove, Phys. Rev. 95, 249 (1954). 


G(r,t) tunction fairly exactly, which, unfortunately, is 
not the case for liquids. 

The total scattering can be divided into a coherent 
part and an incoherent part, the former is given by 
the Fourier transform of G(r,/) and the latter by the 
Fourier transform of the self-diffusion function G,(r,/). 
G,(r,t) defines the probability of finding a particle at 
the point (r,/), if at time ‘=0, the same particle was 
at the origin. In water almost all the scattering is due 
to hydrogen for which the scattering is incoherent. The 
scattering, in the case of a solid, can be further divided 
into an inelastic part (phonon exchange) and an elastic 
part (no phonon exchange), the former arising as a 
result of rapid fluctuations in the distribution function 
for short times (¢10- sec) ; and the latter as a result 
of the distribution function being independent of time 
for long times (>10~" sec). Physically this means that 
after a time 4>>10-" sec, the mean square displacement 
of an atom has attained its equilibrium value or in 
other words the atom has fully developed its thermal 
cloud. This physical fact is expressed by the familiar 
Debye-Waller factor in the expression for the scattering 
cross section. In liquids, on the other hand, the mean 
position of an atom is not stationary, but moves slowly, 
in other words the atom diffuses. Such a diffusive 
motion of an atom in a liquid gives rise to a broadening 
of the elastic peak. Thus in a liquid there is no true 
elastic scattering but only “quasi-elastic.” The broad- 
ening of the elastic peak depends on the nature of the 
diffusive motions. In general, the diffusive motions 
may be quite complex but the two simple cases are: 
(i) diffusion by large independent jumps and (ii) 
diffusion by small motions according to the simple 
diffusion equation (continuous diffusion). Using the 
expression for the self-diffusion function obtained as a 
solution of the classical diffusion equation, Vineyard® 
has calculated the broadening in case (ii). Earlier, 


6 G. H. Vineyard, Phys. Rev. 110, 999 (1958). 
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Brockhouse’ had also derived the same expression for 
the broadening. 

Recent measurements of Brockhouse* for water 
show that the observed line broadening is somewhat 
less than that given by the simple diffusion theory and 
he concludes that case (ii) does not completely represent 
the mechanism of diffusion in water; and he further 
adds that a variety of diffusive motions must occur. 
More recent measurements of Hughes and collabo- 
rators‘ indicate that the experimental broadening is at 
least less than the theoretical value of Vineyard by a 
factor of three if not more. In fact, these authors con- 
clude that their experiment shows no evidence of broad- 
ening related to diffusive motions and they further add 
that their result is in sharp contrast to that of Brock- 
house.’ In view of this contradiction and in view of the 
importance of the nature of the diffusive motions in the 
commonest of all liquids like water, the subject needs 
a more detailed theoretical study. 

Using a model of liquid water in which a molecule 
executes an oscillatory motion for a mean time 70, and 
then diffuses by continuous motion for a mean time 7}, 
and then repeats this sort of motion, we have calculated 
the differential scattering cross section for cold neutrons. 
The general formula for the broadening of the quasi- 
elastic component of the scattering that we have 
derived reduces in the case (i) 71;>>ro, to the formula 
for the simple diffusion broadening deduced earlier by 
Vineyard®; and in the case (ii) 7:x<ro, to a somewhat 
more complicated formula. The latter has some inter- 
esting features which should be checked experimentally 
and gives for r¢7~~4X 10~" sec a value of the broadening 
which is consistent with the experimental value of the 
Brookhaven group.‘ This value of the time 7o is sup- 
ported by other independent experimental observations. 
An important feature of the theory is that it does not 
depend on the details of the model assumed. Cold 
neutron scattering in water should in principle enable 
us to determine not only the diffusion coefficient but 
the mechanism of diffusion. The form of the 
quasi-elastic scattering and the magnitude of the line 
broadening seem to suggest a quasi-crystalline model of 
water, originally proposed many years ago by Bernal 
and Fowler.’ In part II of this paper inelastic scattering 
of cold neutrons for a quasi-crystalline model and a gas 
model of water has been calculated and compared with 
the experiments of Hughes et al.‘ On the basis of this 
comparison, we conclude that a gas model for water 
for low neutron energies is a poor approximation and 
that a quasi-crystalline model is a better one to use. 


also 


2. MODEL FOR WATER 


The model of water that has received considerable 
attention is the one originally proposed by Bernal and 
Fowler’ and later modified by Lennard Jones and 


7B. N. Brockhouse, Acta Cryst. 10, 827 (1957). 
8 J. D. Bernal and R. H. Fowler, J. Chem. Phys. 1, 515 (1933). 
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Pople.’ In this model each water molecule is surrounded 
tetrahedrally by four other water molecules held 
together by hydrogen bonds, which can bend. The 
higher the temperature, the more is the bending. In 
water such a network of bonds extends throughout the 
liquid and they are continually breaking and reforming 
such that at any given instant all the molecules have 
their full quota of bonds. Based on such a model, 
Pople” was able to explain satisfactorily the tempera- 
ture variation of the dielectric constant of water. It 
has also been proposed by Frank" that in contrast te 
the model of Lennard Jones and Pople, liquid water 
consists of flickering clusters of bonded molecules 
mixed with nonbonded fluid. In the former model one 
would expect that the diffusion mechanism will be 
primarily through big jumps corresponding to the mean 
distance between water molecules, whereas in the latter 
model the diffusion mechanism will be more complex. 
In Frank’s model, a water molecule besides making an 
oscillatory motion, will also move as a free diffusing 
particle for a finite length of time. The parametric 
times ro and 7; introduced in the present theory would 
take care of this fact. 


3. MATHEMATICAL FORMULATION 


Van Hove’ has shown that the incoherent differential 
scattering cross section per atom per unit solid angle 2 
and per unit energy #w is given by 


do Ri s«-e , ‘ 
———_—_=— — f J exp[i(x-r—w/) |G, (r,t)drdt, (1) 
dQdw Ro 2¢ 4. Y_« 


where a is the bound incoherent scattering length, ko 
and k denote, respectively, the initial and final wave 
vectors of the neutron. The energy and momentum 
transfers are, respectively, given by 


hiw= (h?/2m)(ke—k), hax=h(ko—k), (2) 


m being the mass of the neutron. The self-diffusion 
function G,(r,/) is complex if quantum effects are taken 
care of and satisfies the relation® 


G,(r,/) =G,*(—r, —2). (3) 


The main problem is to calculate G,(r,/) or its 
Fourier transform. It is the latter which we shall 
calculate in the classical limit. We shall first define the 
following quantities: (a) g(r,/) is the probability of 
finding a particle at the position r at time /, when it is 
performing an oscillatory motion about an equilibrium 
position, starting from the origin at time ‘=0; (b) 
starting from an oscillatory motion at time ‘=0, p(t) 
gives the probability that the particle remains in the 
same oscillatory state at a later time ¢; (c) A(r,t) is the 
probability of finding a particle at the position r at 

9 J. Lennard Jones and J. A. Pople, Proc. Roy. Soc. (London) 
A205, 155 (1951). 


10 J. A. Pople, Proc. Roy. Soc. (London) A205, 163 (1951). 
11H. S. Frank, Proc. Roy. Soc. (London) A247, 481 (1958). 
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time /, when it is performing a diffusive motion between 
two equilibrium positions, starting from the origin at 
time ‘=0; (d) starting from a state of diffusive motion 
at time ¢=0, g(t) gives the probability that the particle 
remains in the same state of diffusive motion at a later 
time ¢; (e) p(t)—p(t+dt)=—p’(t)dt gives the proba- 
bility that the particle has left its oscillatory state 
during the time interval ¢ and ¢+d/, and has gone into 
the diffusive state; and (f) ¢(/)—q(t+dt)=—q’ (dd 
gives the probability that the particle has left its 
diffusive state during the time interval ¢ and ‘+d, 
and has gone into the oscillatory state. 

We now ask the question: what is the probability of 
finding a particle at the point rat time /, if at time /=0, 





Step 0, Fo(r,t)=g(r,t)p(d), 


Step 1, 


Step 2, 


H:0O 


~t 
F\(r,t)= ~f ats fa, g(t—h)h(r—ni, f—t) p 
0 
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the particle under consideration was at the origin; i.e., 
we ask for G,(r,t)? Let us divide the motion into steps 
numbering 0, 1, 2, ---2N, ---. Starting from the origin 
where we assume that the particle is making an oscil- 
latory motion, it could have arrived at the point r in 
time ¢ after making 0, 1, 2, --- steps. The zeroth step 
corresponds to the oscillatory motion, step 1 to the 
succeeding diffusive motion, step 2 again to the oscil- 
latory motion, step 3 to the diffusive motion and so on. 
Then G,(r,/) is given by 
G.(r,)=>d; Fi(r,), (>0; (4) 


where the various F,’s are given by 


“(tg (tits), 


t te 
Falt)=(—1f ats f ats f drat, p(t—te)g(r—re, t—te)q' (ta—ti)h(te—t1, to—ti) p’ (ts) g (11,1), (5) 
0 sl 


t ton te 
Step 2N, Fav(r)=(—1) f dew f dtaxa-+ f ats f «++ f deoxdre — 
0 0 0 


X p(t—tew)g(t#—ren, t—len)q! (tan —ten—1)h (tan —Ton-1, toy—ten-1)°- 


An important assumption which has been made in 
writing the expression (5) is that when the particle 
makes a transition from one step into the other, say 
from an oscillatory motion into a diffusive motion or 
vice versa, there is no correlation between the motions 
in the two steps. This seems to be a reasonable assump- 
tion in the particular case of water where the mean 
life time for the oscillatory motion is assumed to be 
large (~10~" sec) compared to the period of vibration 
(~10-* sec) and where the diffusion, as we shall see, 
is mainly through big jumps. 


f drives) dray-+- f drs f dtaves f dtaw-+ fats 
0 0 0 


- p' (ti) g (1,41). 

By substituting (5) in (4), it is possible in principle 
to calculate G,(r,/). However, what we are interested 
in is not G,(r,t) but its Fourier transform and therefore 
the Fourier transforms of the F,’s, which are easy to 
handle. 

Let us consider the integral 


f at fa Fy (r,t) expli(x-r—w!) ], 
0 


which can be written as 


X p( rew41)g (Eon 41, 72v 419 (ran) A(Ean,t2n)* ++ p’ (71) g(E1,71) expli(n-r—wt) ]. (6) 


Expression (6) follows immediately by making the following change of variables for the time integrals; 


t—len = T2N41, 


len—len-1=To2N, 


le—h=T2, h=71; 


and a similar change of variables for the space integrals. Hence, 


f at f ar expLi(e-r—al) Fav(es)= f arf at exp[i(x-E—wr) |p(r)g(E,7) 
*¢ 0 


x|-f ar! [ae exp[i(x-&’—wr’) |p’ (7’)g(E’,7’) | 


N 


6) N 
x|- f az!" f ae” expLi(u 8" wr!) (r")h(8"2")| =AC'D*; (7) 
0 
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and similarly, it can be shown that 


f at fae exp[i(x-r—wt) |Foyii(r,t)= BCD, (8) 
0 


where 


A= f at a exp[i(x-r—wt) |p(t)g(r,t) 
0 
-{ at fa exp[i(x-r—wf) |q(h(r,0), 
0 
-f at fa exp[i(x-r—wt) |p’ (¢)g(r,1), 
0 


-f at fa exp[i(x-r—wt) ]q’ (é)h(r,t). 
0 
Now 


f af” dr exp[i(x-r—w!) | 1X F(a) 


=A > (CD)"+BC 3 (CD)* 


V=0 0 


A+BC 
=——+ 
1—CD 


(9) 


ite, 
(10) 


where we have made use of the relation (3). 

In deriving (10) we have tacitly assumed that at 
time ‘=0, all particles start with an oscillatory motion. 
This is in general not true and some of the particles 
will start their motion as free particles (i.e., with 
diffusing motion). In following the same 
procedure as above, it can be shown that the corre- 
sponding expression to (10) is B+AD/1—CD+c.c. 
Hence, the differential scattering cross section, using 
(10) and (1), is given by 


da a’ k T0 (—) 
Mile - Pe bel e420 1~CD 


T1 B+AD 
( — ——~)+ee. . (11) 
Ti +7) \1—CD 


this case, 


In (11), ro/(ri +70) gives the fraction of particles 
performing an oscillatory motion, and 7;/(71+70) gives 
the fraction of particles performing a diffusive motion 
at time /=0. 

We shall now assume the following forms for the 
various functions occurring in (9): 


g(r,t)=[2ry(t) 1 exp[—r?/27(0)], 
pi=e"'", 


h(r,t) = (44D,t)“ exp[—r°/4D,1], (12) 


AND A. 


SJOLANDER 
and 
q(t) =etln 
where y(¢) is the same as in a solid. 

The form assumed for the function g(r,t) is the same 
as for an atom in a solid. It is thus possible to calculate 
this function rigorously. It is reasonable to take such a 
form for water, since we assume that during the time 
79 the motion of the molecule is very similar to what 
occurs in a solid. The time 7» is much greater than the 
period of vibration. Physically, this means that the 
thermal cloud of the atom has fully developed long 
before it had the chance to leave the oscillatory motion. 
For a normal liquid such a form of g(r,t) will probably 
be incorrect. The function /(r,/) is the solution of the 
usual classical equation of diffusion. In evaluating the 
expressions B and D in (9), we need to know the 
function A(r,t) for all times from 0 to ©. But the form 
of h(r,t) assumed here is valid only for large times. 
For small times («10~" sec), we know that the square 
of the width of the Gaussian distribution should vary 
as the square of the time; whereas for the function 
h(r,t) it varies linearly with time. Thus, our A(r,/) 
does not have the right form for very small times. To 
rectify this defect, one could use the distribution 
function obtained from the solution of the classical 
Langevin’s equation, which forms the basis of the theory 
of the Brownian motion. The distribution function” so 
obtained has the correct limiting form for times both 
large and small compared to the characteristic time” 
8 of the liquid. It does not, however, mean that the 
distribution function for intermediate times is the 
correct one since the validity of the simple Langevin’s 
equation for a liquid, where there are strong correlation 
effects, is rather doubtful. Besides, it is a classical 
equation of motion. An exact solution of the problem 
is probably very involved and has not been attempted 
so far. Fortunately, for water for which the foregoing 
theory is intended to be applied, the form of /(r,t) as 
given by (12) is quite satisfactory. The use of the 
assumed h(r,t) gives a correction to the broadening of 
the quasi-elastic peak [see Eq. (19) | which is of second 
order, the first order term depends only on 7». 

We have treated the scattering classically, but it can 
be shown that quantum effects are negligible in the 
present case where we are interested in diffusion 
broadening which corresponds to an energy transfer 
much less than kgT. 

Using (12), the integrals in (9) are easily evaluated 
and we get 

TO 
=exp[— }x2y(« Re 
itiwrs 


T1 


~ (148D,9:)+ier: 
C= (1/70) A, 
D= (1/71)B. 


7 2S. Chandrasekhar, Revs. Modern Phys. 15, 1 (1943). 
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In evaluating the expression A we have written 
expl—3*y()] as expl—}ey(~)] exp{—3«L7() 
—+()]}, and have expanded exp{ —3°[7()—v(~) ]} 
as a power series and have retained only the first term. 
The first term gives the whole of the elastic peak in the 
broadening of which we are interested. The higher 
terms, which correspond to inelastic scattering, give 
only a smooth background. 

The Debye-Waller factor in a solid, usually denoted 
by 2W is defined by the equation 


2W = 3x°y(). (14) 


Substituting the values of A, B, C, and D from (13) in 
(11) and using (14) we obtain, after some simplification, 


do (c+dw?r9?)b 


ak e?¥ 7 


a eae , (15a) 
dQdw  & ky 1+ 11/70 BPW? 7? ( f+? 707g) 





where 
an 2 —2W 
$= 1+k Diri—e ’ 


c= 14+0Dyr14+271/To+ (72/72), 
d= (r;2/7re?)e", 
f= (1+Dir1)?+ 12/7 +2(71/r0)e?", 


g=rr/rTe. 


(15b) 


We observe from (15a) that the shape of the quasi- 
elastic scattering is, in general, not Lorentzian. 

The diffusion coefficient D,; as it occurs in (12) is 
defined by ?/6r,, where P is the mean square displace- 
ment in time 7; during which continuous diffusion takes 
place. The actual diffusion coefficient D is given by 


R°+P 
D=—_—, 
6(To+ 71) 


where R? is the mean square radius of the fully devel- 
oped thermal cloud in the oscillatory motion. (16) 
follows directly from our G,(r,f) for large values of 
time. From (16) follows the relation 


Dyri~Dr0(1+ 11/70), 


(16) 


(17) 
since R*<P. 

We shall now consider the two limiting cases of 
(15a): (i) 71<ro and (ii) 71>>70. 


Case (i). 1<*o 


Using (17) and neglecting 71/7) compared to unity, 
(15a) reduces to 


@o ak [1—e?"/(1+Dr9) ] 


=— —r, 62" a . (18) 
dQdw x ko wre +[1—e?"/(1+KDro) P 


The shape of the quasi-elastic peak is Lorentzian whose 
width at half maximum is given by 


2h et 
de=—(1- ——). 
TO 1+xDro 





(19) 
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Now from (14), we have 


2W =he2R? 


( i? —) 
~<| ——__— ], 
2MkzO O 


which follows from an analogy with solid. © is the 
Debye temperature of quasi-crystalline water, M is the 
mass of the water molecule, T is the temperature and 
kp is the Boltzmann’s constant. Expression (20) is 
valid for T>@, which is true for water (Q9=135°K, 
see Part IT). Also 


(20) 


eDro=KP/6. 
From (20) and (21), we have 
2W =Dro(R?/P)<KieDr0. 
If eDroK1, (19) reduces to 
Ae=2hx*D, 


(21) 
(22) 


(23) 


the broadening, which, as we shall see, is obtained 
when one uses the simple diffusion theory. If, however, 
“Dro>1, the broadening approaches the asymptotic 
value 

Ae= 2h/ to. (24) 
Case (ii). <> 


In this case, using (17), (15a) reduces to 


fe €h «D 
=—— —, (25) 
dQdw =m Ry (x*D)?+a" 
The broadening is thus given by 
Ae= 2heD. (26) 


The expressions (25) and (26) were obtained earlier 
by Vineyard.® 

Equation (25) follows immediately from (1) if we 
take for G,(r,/), the function A(r,t) given by (12). We 
had mentioned earlier that /(r,t) does not have the 
correct form for small times. Below, we shall derive 
an expression corresponding to (25) using for G,(r,t) 
the function as obtained from the solution of the 
Langevin’s equation. The expression for G,(r,/) can be 
put in the form” [see Eq. (175), page 26 of reference 


12]. 
G,(1,t)=[2ry(t) 7"! exp[—r?/2y(0)], 


(4) = (2D/8) (Bt—1+e-*'), 
and where the characteristic time 6 is given by 
B=kpT/MD. 


Substituting the foregoing expression for G,(r,f) in 
(1), it is easy to show that 


&o k «@ (—1)’ 


——_ = g’—¢* z. 
dQdw Ro = yp! 


where 


‘>0, (27) 


x’G,(w), (28) 
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where 
(29) 


and 
(30) 


The term corresponding to v=0 in (28) is the same as 
(25). The higher terms give a correction to the simple 
diffusion formula (25). The broadening is less than 
that given by (26). The magnitude of the correction 
depends on the value of x and is on the whole very small. 


4. DISCUSSION 


Formula (15a) for the differential scattering cross 
section is somewhat involved to see the main features 
of the scattering. Let us now compare the expressions 
(18) and (25), the former is valid for case (i) m1x<ro, 
and the latter for case (ii) 7:>>7o. There is an important 
difference between the two formulas, (18) has a form 
factor e?”, analogous to that in a solid, whereas in 
formula (25) there is no such factor. If we integrate 
(18) and (25) over an energy interval #Aw around the 
incident neutron energy such that #Aw is greater than 
the width of the quasi-elastic peak and if x can be 
taken as constant within the range of integration, it 
will be seen that the intensity as given by (25) is 
independent of the scattering angle, whereas the 
intensity from formula (18) depends on the scattering 
angle through the factor e~?”. Thus by measuring the 
intensity as a function of the scattering angle of the 
quasi-elastic peak, it should be possible to decide which 
of the two formulas (18) and (25) confirms to obser- 
vations. Brockhouse,? using neutrons of wavelength 
1.52 A has, indeed, observed that in the case of ordinary 
water the angular distribution of the quasi-elastic 
scattering is governed by a factor of the type e?” and 
has also estimated the numerical value of 2W. Further, 
the measurements of Brockhouse indicate that the 
temperature dependence of the form factor is consistent 
with our equation (20). It would be worthwhile to 
repeat these experiments. 

We shall now consider the broadening of the quasi- 
elastic peak which has been measured recently by 
Brockhouse* and Hughes and collaborators‘ and com- 
pare it with our theory. If we compare the two expres- 
sions (19) and (26) for the broadening, it is clear that 
they are very different. An important difference between 
the two is that the broadening given by (19) is, for 
«*Dr >>1, nearly independent of the scattering angle; 
whereas the broadening given by (26) is directly 
proportional to sin*(¢/2), @ being the scattering angle. 
The angle dependence of Ae in (19) comes through the 
factor e&?"/(1+«Dro), which is in itself small. For 
Dro“, (19) and (26) give the same broadening and 
its angle dependence is given by sin*(¢/2). Thus an 
accurate experimental determination of the angular 
variation of the broadening would provide a test which 
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of the two formulas (19) and (26) confirms to obser- 
vations. 

In Fig. 1, the broadening Ae is plotted as a function 
of «*Dry. Curve a corresponds to the values ro=3.6 
X10-" sec and 7:/7o=0, and curve 6 to the same value 
of ro but 7:/7o=1. Curve c is plotted for r>== 1.8 10-” 
sec and 7;/ro=0. In the same figure, curve d represents 
the broadening given by formula (26) corresponding to 
case (ii), i.e., what one would expect on the simple 
diffusion theory. Curves a and c¢ correspond to case (i) 
and, therefore, give the broadening expected on a 
purely jump mechanism of diffusion (formula 19). 
Curve 6 would correspond to a mechanism of diffusion 
between the above two extremes. It is clearly seen that 
for Dro<1, all the four curves give the same broad- 
ening. For «*Dro>>1, curves a and ¢ approach to an 
asymptotic value 24/7» of the broadening. For values 
O<71/tT0<1, the broadening will lie between the two 
curves a and b. It is interesting to observe that even 
for a value of 7:/7o=1, the increase in the broadening 
over that corresponding to 7;/ro=0, is not more than 
twenty percent. In plotting these curves, we have 
taken the value” of the diffusion coefficient D=1.85 
10~-* cm? sec for 20°C temperature of water, and 
for 2W a value given by (20) for 9@=135°K. 

One immediately sees from the curves of Fig. 1 that 
for x*Dro>1, the broadening as given by the curves a 
and ¢ is much less than that given by curve d. Using 
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Fic. 1. Broadening Ae of the ‘‘quasi-elastic”’ peak versus x*D7o, 
for D=1.85X10-5 cm?/sec and r>=3.6X10-" sec. The lower 
scale on the abscissa represents the corresponding scattering angle 
for neutrons of incident wavelength of 4 A. Curve a is plotted for 
To=3.6X10-" sec, and r1;=0. Curve 3 is plotted for r:=79=3.6 
X10-" sec. Curve c is plotted for r>=1.8X10-" sec, and 71:=0; 
the value of the abscissa for curve ¢ is half of what is shown in 
the figure. Curve d is based on simple diffusion model, formula 
(26). 


"18 J. H. Simpson and H. Y. Carr, Phys. Rev. 111, 1201 (1958). 
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the sharp edge at 5.2 10~ ev of the beryllium filtered 
neutrons, Hughes and collaborators‘ have measured the 
energy distribution of the neutrons scattered at 90°. 
These authors find that the broadening of the quasi- 
elastic peak is certainly less than 0.310 ev (limit 
of their resolution), whereas we should expect a value 
of 1.1X10-* ev (for D=1.8510-> cm?/sec) on the 
basis of the simple diffusion theory formula (26). If we 
now take 7;/7o=0, and take the upper limit of the 
observed broadening as 0.3X10-* ev, we can explain 
this broadening for a value of ro™~4X10-" sec. The 
experimental conditions of these authors correspond to 
a value of x°Dro>~3. We shall see that the above value 
of ro is supported by other independent experimental 
observations. 

If one could improve the present experimental 
resolution, it should be possible to determine the 
diffusion coefficient D by measuring the broadening for 
small angles of scattering (x?Dro<1). Measurements of 
the broadening for large angles of scattering such that 
«°Dry>1, would give approximately the time 7o. It 
seems, however, difficult to determine both 7; and ro 
uniquely from an experimental curve of broadening 
versus «°Dro. 

If we take for ro the value 4X 10-" sec and D=1.85 
x 10-5 cm?/sec, and use the relation D=P/670, we get 
for 1a value 2.2 A, which is reasonable since the mean 
distance between water molecules is nearly 3 A. The 
question is: is there any independent experimental evi- 
dence for such a value of ro? Hall'* has attempted to 
explain the excess ultrasonic absorption in water as the 
result of a lag in the rearrangement of the molecules 
during an acoustic compression. The structural relaxa- 
tion time for the rearrangement process which involves 
the breaking of intermolecular bonds in water has been 
estimated by him to be 2X10~™" sec at room tempera- 
ture. Hall has also given an expression for the relaxation 
time as a function of the temperature of water. If we 
take the temperature variation of ro as given by Hall 
and plot logAe [see Eq. (24) ] as a function of 1/T 
where T is the temperature, we get a straight line whose 
slope is the same as the slope of the experimental curve 
(Fig. 2, reference 3) of Brockhouse.* In view of the 
fact that the observed broadening is much greater than 
that predicted by our formula (24), it is difficult to say 
whether the above agreement has any significance. If 
we extrapolate the value of 7» for 100°C from the values 
given by Hall, we would estimate from formula (19) a 
diffusion broadening which is nearly six times the 
broadening for room temperature. The thecretical 
broadening at 100°C is estimated to be 2X10~ ev, 
assuming that for 20°C the broadening is 3X10~ ev. 
From the experimental? energy distribution of 30.8 
X< 10-* ev neutrons scattered through 28.3° by water at 
100°C _[Fig. 12(b) of reference 2], we estimate a 
broadening of 1.8X10-* ev. Thus, the theory is in 


4 L, Hall, Phys. Rev. 73, 775 (1948). 
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agreement with experiment. And this agreement is, 
indeed, significant in view of the fact that the broad- 
ening at 100°C is very large and as such the relative 
contribution of the experimental errors will be small. 

In nuclear magnetic resonance experiments, the spin- 
lattice relaxation time 7; in liquids is inversely propor- 
tional to the correlation time r, (for wr-<1, w being the 
Larmor frequency). Bloembergen, Purcell, and Pound'® 
have estimated that for water at 20°C, 7, is nearly 
3.5X10-" sec and that this time is consistent with the 
observed value of T}. 

M. Eigen and L. DeMaeyer" have considered various 
mechanisms of the protonic charge transport in water 
and have arrived at the conclusion that the rate deter- 
mining step is the structural diffusion of the hydration 
complex (H,O;*). The structural diffusion involves the 
formation (and disappearance) of several H bonds and 
a corresponding reorientation of the water molecules at 
the periphery of the complex. The average time of this 
process is of the order of 2X10-" sec, which seems to 
account well for the mobility of the proton. This time 
is also related to the dielectric relaxation times, which 
also involve the liberation of a water molecule from 
its structure and its reorientation. The largest dielectric 
relaxation time for water observed by Lane and Saxton!” 
is nearly 10~" sec corresponding to an activation energy 
of 4.5 kcal/mole. These authors have also observed a 
relaxation time <10~" sec, corresponding to an orien- 
tation of more weakly bound H2O molecules. 

Thus, the structural relaxation time for excess ultra- 
sonic absorption, the dielectric relaxation time, the 
time decisive for the drift mobility of the proton and 
the time 7o of the present theory are all of the same 
order of magnitude, as one would expect on physical 
grounds. 

We had mentioned earlier in the introduction that 
there exists, according to Hughes and collaborators,‘ a 
real contradiction between their experimental value of 
the broadening of the quasi-elastic peak and that meas- 
ured by Brockhouse.’ Since the former authors used the 
sharp edge at 5.2X10-* ev of the beryllium filtered 
neutrons, they were able to resolve the two small peaks 
near the incident energy and corresponding to an energy 
gain and loss of 0.710 ev, and which peaks Brock- 
house has been unable to detect. Unfortunately, it so 
happens that the energy separation of these peaks from 
the incident energy is of the same order of magnitude as 
the theoretical diffusion broadening expected on the 
simple diffusion theory. It is very probable that Brock- 
house has included these peaks in what he calls diffusion 
broadening and which indeed is not. Besides, we under- 
stand from Brockhouse'* that his line patterns contain 


18N. Bloembergen, E. M. Purcell, and R. V. Pound, Phys. 
Rev. 73, 679 (1948). : 
16M. Eigen and L. DeMaeyer, Proc. Roy. Soc. (London) 
A247, 505 (1958). 
of’ A. Lane and J. A. Saxton, Proc. Roy. Soc. (London) 
A213, 400 (1952). 
18 Private communication. 
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as much as 30% contribution from multiple scattering, 
which gives extra broadening. It is, therefore, under- 
standable that Brockhouse has overestimated the diffu- 
sion broadening. 


PART II: 1. INELASTIC SCATTERING 


Here, we shall calculate the inelastic scattering of 
beryllium filtered neutrons (cutoff at A=3.96 A) on 
the basis of two different models of water: (a) gas 
model and (0) Debye model, and compare the theo- 
retical scattering with that observed by Hughes and 
collaborators.‘ It has almost become customary, chiefly 
among reactor physicists, to use for water a gas model 
of mass 18 for the calculations of thermal neutron 
spectra, which do give a very good fit with experiment. 
However, such calculations are a very insensitive test 
for deciding between a quasi-crystalline model and a 
gas model of water, since what one is looking for is an 
average effect and besides the mean neutron energy in 
a thermal spectrum is greater than kg@, where © is 
the Debye temperature of the quasi-crystalline model. 
We shall see that for cold neutron scattering, a gas 
model of water is not at all satisfactory and a quasi- 
crystalline model is a better one. 


2. MATHEMATICAL FORMULAS 


Assuming that for a quasi-crystalline model of water, 
the formula” for the differential inelastic scattering 
cross section is the same as that for a solid, we have 
@o 2(2m)i FE Sy: 
e— c — e-2W —8( E— Eo) 


dQdxr : 


(2W)"_ ; 
x >> ——G,,(E-E)), 


n=l MN: 


(31) 


where Ey and E are, respectively, the energies of the 
incident and scattered neutrons and J is the neutron 
wavelength corresponding to energy E. m is the neutron 
mass, # is Planck’s constant and a is the incoherent 
scattering length. For a Debye mode! of a solid G, 
functions are approximately (if 7/@>1) given by 
G,(E— Ey) =}, for E-—E,|/Ep<\, 
= 0 for |E—E,|/Ep> 1, 
and 


1.76 3.10 /E—Eo\? 
G,,(E— Ey) =——— exp| — —C- ) | 
(2xn)! 2n Ep 


for n>1. Also 


(32) 


(33) 


1/2keT, 
hx? 6T m 6T E+E, 


“9MEp @® M® Ed 


1% Alf Sjélander, Arkiv Fysik 14, 315 (1958). 
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if the scattering angle is 90°, and 

Ep = kp. (36) 

For a gas model the differential scattering cross 

section (including both elastic and inelastic scattering) 
is, as is well known, given by” 


dco a?2(2m)i FE 1 


dQdn. hk 


s/ Eo (2A)? 
[E—Eo+(m/M)(E+E) } 


Xexp;— 
2A 
where 
A= (m/M)(E+£)2ksT, 
and where in (37) and (38) the scattering angle has 
been taken to be 90°. 


3. CALCULATIONS 


The incident neutron spectrum as used in the experi- 
ments of Hughes and collaborators‘ can be approxi- 
mately represented by 

g(A)=4Ac'/A® for 
=() for 


AZXo, 


2 (39) 
A<Xo, 


where Ap=3.96 A. 

Formula (31) does not include the quasi-elastic 
scattering which is given by (18). For the Debye model 
we have made calculations for three different Debye 
temperatures ©=125°, 135°, and 150°K. For com- 
parison with the observed spectrum both (31) and (37) 
are integrated over the incident neutron spectrum (39). 
Of the three calculations, we find that the differential 
scattering cross section corresponding to @=135°K 
gives a most reasonable fit with the experimental values. 
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Fic. 2. Differential scattering cross section, in arbitrary units, 
of beryllium filtered neutrons (cutoff at 3.96 A) versus outgoing 
neutron energy for 90° scattering angle. The lower scale on the 
abscissa represents the time of flight. Curve a is calculated on a 
free gas model of mass 18. Curve b is calculated on a Debye 
model of a solid with @=135°K. Experimental points of Hughes 
et al.‘ are marked with circles. The arrows in the figure indicate 
the energies at which various peaks have been observed by 
these authors. 
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4. DISCUSSION 


Results of these calculations are shown in Fig. 2 
where d’¢/dQdy for 90° scattering angle is plotted, in 
arbitrary units, against the outgoing neutron energy 
(also flight time). Curve a shows the results for a gas 
model and curve 6 for a Debye model (O=135°K). 

Experimental points of Hughes and collaborvators* 
are marked with circles in the same figure. In plotting 
these points we have used the normalization that the 
experimental point at the top of the cutoff coincides 
with the corresponding theoretical value. In comparing 
the theoretical curves with the experimental curve, it 
must be borne in mind that the former do not include 
the contribution from any of the hindered rotations of 
the water molecule. What the theoretical curve } 
represents is the scattering arising from the continuous 
frequency distribution of the hindered translations 
(intermolecular), analogous to what occurs in a solid. 
On this continuum of frequencies, there may be super- 
imposed a few more or less discrete frequencies. 

Besides the well-known hindered rotation peak at 
66 X 10-* ev (not shown in Fig. 2; see Fig. 1 of reference 
4), which has also been observed in the infrared spec- 
trum, the experimental curve shows some other peaks 
whose positions have been indicated by arrows in Fig. 2. 
The peak at 26X10-* ev [actual energy is (26—5.2) 
<10-* ev] has also been observed in the infrared 
spectrum of ordinary ice (v~160 cm) and may be 
assigned to another hindered rotation. The low fre- 
quency Raman spectrum of ordinary ice also shows a 
peak at 213 cm™. We should indeed compare our 
theoretical curve 6 with the experimental curve after 
subtracting from the latter the contribution of the above 
mentioned two hindered rotations. These peaks will, 
obviously, be fairly broad. If we assume that the 
contribution to the scattering from the hindered rota- 
tion at 26 10-3 ev does not extend below 15X10- ev, 
the agreement between the theoretical curve and the 
experimental curve is indeed good. The peak at 13 
X10 ev in the observed curve occurs almost nearly at 
the same energy as the maximum in the theoretical 
curve which corresponds mainly to one phonon peak. 
The occurrence of the other small peak at 10 10~ ev 
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in the experimental curve may be attributed, in analogy 
to a solid, to a subsidiary maximum in the actual 
frequency spectrum of quasi-crystalline water and 
corresponding to transverse vibrations. Such a bump 
will not obviously occur in the theoretical curve since 
we have assumed a Debye frequency spectrum for 
water. A slightly higher theoretical value at 13 10~* ev 
is also understandable on the same grounds. Thus, it 
appears to us that these two peaks are perhaps not the 
result of hindered rotations of the water molecule but 
are the manifestations of the corresponding two 
maxima in the true frequency spectrum of water as a 
pseudocrystalline substance. 

In the energy range between 7X10~* ev and 5.5 
X10-* ev, the experimental points lie above the 
theoretical curve. This discrepancy we attribute to the 
occurrence of a small peak at 5.9X10- ev in the 
observed curve. If we assume that the scattering 
intensity due to the motion corresponding to this peak 
is the same as that given by the theoretical curve } and 
if we further assume that the half-width of this peak is 
the same as the energy transfer (0.7 10~ ev) to the 
neutron, we shall find that the resultant theoretical 
curve would agree very well with the experimental 
curve. The above remarks regarding the observed peak 
at 5.9 10- ev (in fact, there have been observed two 
peaks, the other is at 4.5X10~* ev) are at present a 
mere guesswork since the reason of the occurrence” of 
the peak is not understood. 

Even a casual inspection of Fig. 2 will show that the 
general shape of the scattering on the gas model 
(curve a) is very different from that given by the 
experimental curve. 

In conclusion we would like to say that the inelastic 
scattering of cold neutrons can be understood better on 
a quasi-crystalline model of water than on a gas model. 
Further, as seen in Part I, the observed features of the 
quasi-elastic scattering are also consistent with such a 
model. 


*In a recent letter to the Physical Review [4, 131 (1960)] 
Borst has attempted to explain the occurrence of these two peaks 
(corresponding to an energy transfer of +0.710- ev) as the 
result of an ortho-para transition in liquid water similar to what 
occurs in He. This seems to us rather unlikely. 
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The inelastic scattering of cold neutrons, of energy about 
4X10~% ev, has been used to study the atomic motions in water, 
mainly in the liquid phase. As a result of the incoherent nature 
of scattering by protons, the interpretation of the energy changes 
in terms of atomic motions is particularly simple. The water 
samples used were extremely thin in order to avoid multiple 
scattering effects. Instead of the smooth distribution in energy 
of the scattered neutrons expected for a classical liquid, the 
experimental results exhibit a number of distinct energy changes. 
The observed transition energies are (in units of 10~* ev), 61, 21, 8, 
5, and 0.5; the first three of these agree with Raman spectroscopy 
results. The highest energy transition increases in intensity up to 
the boiling point, but does not shift in energy. For water vapor 
at 20 atmospheres, a smooth energy distribution is obtained, 


I. INTRODUCTION 


EUTRONS of wavelengths similar to those used 

in x-ray diffraction, about one A, exhibit a 
scattering behavior that is closely similar to x-rays. 
The primary difference occurs for inelastic scattering, 
in which energy is exchanged with the lattice vibrations. 
Whereas lattice vibration energies are insignificant 
relative to x-ray energies, they are comparable with 
neutron energies, and as a result measurable energy 
changes are produced by inelastic scattering of slow 
neutrons. For neutrons of extremely low energy, about 
10-* ev, the exchanges are usually energy gains by the 
neutrons, and typically much larger than the incident 
neutron energy. The scattering of these very slow, or 
“cold” neutrons, has proved to be a valuable tool for the 
investigation of atomic motions in solids. 

When a cold neutron is scattered by a typical solid, 
the energy of a single “phonon,” or quantum of lattice 
vibration energy, is usually gained by the neutron and 
the resulting change in energy and momentum of the 
neutron allows determination of the same quantities for 
the absorbed phonon.' In the determination, conser- 
vation of energy and momentum are utilized: 


€(q) = (h?/2m) (k?— ke*), (1) 
p(q) = (k,— ko) — 202 ]=h(k— 2x]. (2) 


Here ¢ and p are the phonon energy and momentum, 
respectively, ky and ko are the final and initial wave 
vectors of the neutron, k=k,;— ko, and ¢ is a vector of 
the reciprocal lattice of the solid. The frequency w and 


* This work was carried out under the auspices of the U. S. 
Atomic Energy Commission. A brief account of some of the results 
has already been published [Phys. Rev. Letters 3, 91 (1959)]. 

t Deceased. 

t Guest scientist from the University of Freiburg, Freiburg, 
Germany. 

§ Guest scientist from Finland Institute of Technology, Helsinki, 
Finland. 

1G. Placzek and L. Van Hove, Phys. Rev. 93, 1207 (1954). 


which agrees well with the theory of Krieger and Nelkin. The 
sharp energy levels observed for liquid water indicate that the 
molecules do not act as free gas atoms of mass 18; in the vapor 
the effective mass is about 4. An elastic peak is observed that 
exhibits no spread in energy of the type expected from the theory 
of classical diffusive motions. Instead, two small but sharp peaks 
are found to correspond to the gain and loss of 0.5 10° ev energy; 
the nature of the transition corresponding to this energy change 
is unknown. The absence of diffusive broadening shows that the 
water molecules remain in one location for a relatively long time, 
about 10- sec, before undergoing diffusive “jumps.” In general, 
the present experiments show that the atomic motions in water 
are similar to those in a solid rather than a gas. 


the wave vector q of a phonon are related to the energy 
and momentum by the usual quantum 
E=hw and p=nq. 

Some of the first cold neutron measurements? of 
this type supplied information on the atomic motions 
in aluminum, for example. The measurements give 
the frequencies of phonons as functions of wave number 
for acoustic waves travelling in various directions in 
the crystal, i.e., the dispersion curves. The same method 
has been used for the more complicated case of crystals 
containing more than one atom per unit cell, such as 
germanium’ and silicon,‘ in which optical as well as 
acoustic vibrations are observed. These optical modes 
have higher frequencies than the acoustic waves, and 
furthermore the frequencies are relatively constant 
with variation in wave number. In materials in which 
the nuclear scattering is incoherent (vanadium and 
hydrogen being the primary examples), the measure- 
ments are somewhat simpler because interference 
effects of waves scattered from different nuclei, ex- 
pressed by Eq. (2), are absent. In the incoherent case, 
cold neutron measurements have beén reported for 
vanadium! and zirconium hydride.® 

Although the general type of cold neutron scattering 
just described occurs in liquids also, usually exhibiting 
large energy gains, the analysis of the results in terms 
of atomic motions is much more complex than it is for 


relations 


crystals. Whereas, in some respects, a liquid can be 
2?R. S. Carter, H. Palevsky, and D. J. Hughes, Phys. Rev. 106, 
1168 (1957). 

3A. Ghose, H. Palevsky, D. J. Hughes, I. Pelah, and C. M. 
Eisenhauer, Phys. Rev. 113, 49 (1959). 

4H. Palevsky, D. J. Hughes, W. Kley, and E. Tunkelo, Phys. 
Rev. Letters 2, 258 (1959). 

5C. M. Eisenhauer, I. Pelah, D. J. Hughes, and H. Palevsky, 
Phys. Rev. 109, 1046 (1958). 
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108, 1092 (1957). 
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considered as a polycrystalline solid, its neutron 
scattering properties cannot be related to definite 
acoustic and optical dispersion curves. As a result, it is 
necessary to consider the details of the energy changes 
resulting from collisions with the moving atoms of the 
liquid in order to obtain information concerning the 
motions. 

A general theory of the inelastic scattering of neutrons 
by liquids has been developed by Van Hove,’ based on 
his treatment of the disorder scattering of neutrons in 
iron near the Curie temperature. In this theory, the 
cross section for scattering with a particular momentum 
and energy change is expressed in terms of a correlation 
function G(r,t), which expresses the probability of 
finding an atom within unit volume at r and time t, 
with the origin, r=/=0, chosen to be the site of any 
atom in the liquid. As shown by Van Hove, the differ- 
ential cross section for scattering of neutrons by a 
system of atoms into unit solid angle 2 and unit range 
of energy change e is given by 
a ky 


——=——— ]| exp[i(k-r—of) ]G(r,t)drdt, (3) 
dQde 2h ko 


d’a 


where a is the scattering length of the nuclei, assumed 
all identical and of zero spin, hence assuring the absence 
of isotopic and spin-dependent incoherence. For the 
general case of nuclei with spin-dependent scattering, 
the cross section can be written as the sum of coherent 
and incoherent terms, 


da 
dQde 


@ coh @C incoh 
= + , (4) 
dQde dQde 


where the first term is given by Eq. (3), using the 
coherent scattering length for a. 

For the incoherent part of the cross section, the phase 
relation for scattering from two different atoms averages 
to zero, and Van Hove has shown that G(r,t) can be 
replaced by the simpler “self-correlation function” 
G,(r,t), which expresses the probability of finding the 
atom, initially at the origin, at r and at time ¢. Thus 


dG incoh Gincoh * ky 
- —= exp[i(k-r—wt) ]G,(r,t)drdt. (5) 
dQde “Qmh ho 


Van Hove discussed various general properties of 
G(r,t) but its very generality implies that it cannot 
be used for detailed predictions of neutron scattering 
by specific liquids. 

Vineyard’ has considered a “convolution approxi- 
mation,” in which G(r,?) in the cross-section expression, 
Eq. (3), is replaced by a product of the self-correlation 
function G,(r,t) and the static pair distribution function 
g(r), which expresses the interference effects already 
known from x-ray studies. The latter function is just 


~ TL. Van Hove, Phys. Rev. 95, 249 (1954). 
8 G. H. Vineyard, Phys. Rev. 110, 999 (1958). 
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the distribution that is observed for very short inter- 
action times, as in x-ray diffraction, and it expresses 
the probability that an atom, distinct from the one at 
the origin, will be found at r at time zero. In the 
Vineyard approximation the coherent scattering cross 
section is given by 


ad’a __ Geoh” ky 
- ~f fe s(r,t) exp[i(k-r—wt) |drdt 
dQde nh ko 


x fate exp( hr) (6) 


For the incoherent part of the scattering cross section 
the g(r) term averages to unity, as in the more general 
case discussed above. 

In the convolution approximation, it is possible to 
treat the energy changes at scattering in a reasonably 
simple manner, particularly for the limiting cases of 
short and long interaction times. Vineyard showed that 
for large changes in neutron momentum, corresponding 
to short interaction times, the relevant atomic motions 
would be similar to those of free gas atoms, but that 
for small momentum changes a diffusive type of motion 
would apply. In this simple model it was possible to 
make some quantitative predictions; for example, in 
the region of diffusive scattering the energy change 
should be simply related to the diffusion coefficient of 
the liquid, 

2hDF’, (7) 


where D is the macroscopic diffusion coefficient and 
hk is the momentum transfer in the scattering process. 
With proper experimental conditions, sufficiently small 
k, it should be possible to verify this predicted energy 
change. 

The method of approach used by Van Hove and by 
Vineyard is best suited for liquids in which the motions 
are classical. In this case a smooth distribution of energy 
changes is expected, rather than sharp energy peaks, 
which would result if definite quantum levels are 
present. It is almost impossible to predict in advance 
whether a given liquid is suitable for the classical 
treatment, for the applicability depends on the detailed 
nature of the atomic motions, which are usually 
unknown. In the present investigation water was 
studied even though its molecular nature might imply 
the presence of definite energy levels and hence un- 
suitability for treatment as a classical liquid by the 
general theory. The primary motive for the choice of 
water was the simplicity of interpretation, following 
from the incoherent nature of the scattering of 
hydrogen. In addition, the fact that water had already 
been studied by a number of other methods made it a 
likely choice for investigation. It is probable that 
results on the inelastic scattering will be of value to the 
understanding of water as a moderator in nuclear 
reactors. 
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SIMPLE PROPERTIES OF LIQUID STRUCTURE 


The macroscopic properties of liquids in some respects 
resemble those of solids and in others the properties of 
gases, implying that their microscopic structure is 
intermediate to those of solids and gases. Bulk measure- 
ments of many liquid properties have been made but 
from this information it has not been possible to infer 
the microscopic spatial relationships, motions, and 
forces characteristic of atoms in liquids. In spite of 
many similarities to solids and gases, liquid structure 
seems to be more complex than either. 

Although early theories usually described liquids as 
gas-like in their structure, more recent work has tended 
toward a picture in which liquids resemble crystals for 
very small regions, lacking, however, the long-range 
order characteristic of crystalline solids. The re- 
semblance to a solid is supported by the small change 
in density on fusion and the small value of the latent 
heat of fusion relative to that of vaporization, both 
implying that the interatomic relationships are similar 
in the liquid and solid states. Other physical properties, 
such as specific heat, also support the idea that a liquid, 
particularly with regard to atomic motions and inter- 
atomic forces, resembles a polycrystalline solid. 

Diffraction studies, both x ray” and neutron," also 
give strong evidence for a regular arrangement of 
atoms in liquids, extending for several atom distances 
around a given atom. The results show, however, that 
beyond such short distances the atoms are not in a 
regular array, for the diffraction patterns are not those 
characteristic of the long-range order of polycrystalline 
solids. The x-ray and neutron diffraction measurements 
give the distribution of neighboring atoms relative to a 
given atom, a distribution that is rather diffuse but 
shows definite broad peaks extending to the order of 
several angstroms in distance. This “pair distribution 
function” is the g(r) of Eq. (6) and is obtained from the 
diffraction measurements on the basis of the “static 
approximation,” that the interaction time is negligible. 
It seems likely that atoms in a liquid are constantly 
under the influence of forces of 10 to 20 neighbors, hence 
are not at all able to move freely, as gas atoms, for 
distances appreciably larger than a small fraction of the 
atomic spacing. 

Thus, diffraction measurements provide valuable 
data on the geometrical structure of liquid, that is, on 
the instantaneous picture of the atomic location, but 
give no information on the motions of the atoms. The 
close similarity of the specific heats of solids and liquids 
indicates that the atomic motions must be reasonably 
similar for the two, at least for the high frequencies that 
contribute to specific heat. One can make an estimate 


*J. Frenkel, Kinetic Theory of Liquids (Oxford University 
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of the period of these atomic vibrations in the liquid 
by analogy with the Debye model for the solid. The 
velocity of sound in a typical liquid is about 1500 
m/sec and for interatomic spacings of 2 A the period 
is given by: 


2a 4X10-5 
—_ = = 3X 10-* second. 
v 1.5105 


Of course, the presence of a regular lattice arrange- 
ment of atoms in a crystal implies that the atomic 
motions corresponding to phonons of long wavelength 
must certainly not be the same in a liquid and a solid, 
in order to account for the fluidity of one and the 
rigidity of the other. Because the diffusion coefficient 
is much larger for a liquid than for a solid, it is certain 
that the atomic motions on a time scale much longer 
than 10~" sec are not the same, and that the chance for 
an atom in a liquid to move for an appreciable distance 
is much greater than for a solid. Thus, for rapid phe- 
nomena a liquid is solid-like, and exhibits its charac- 
teristic liquid properties primarily for phenomena on a 
“long” time scale, much greater than 10~-" sec. Some 
information on the motion of atoms in liquids is given 
by other properties, such as dielectric relaxation and 
self-diffusion, but measurements of these are sensitive 
only to times much larger than those typical of the 
heat motions of the atoms in the liquid. 

Water is expected to have even more complicated 
structure and atomic motions than a monatomic liquid, 
because of the presence of intramolecular motions. 
Vibrational motions within the water molecule itself 
are, of course, well known from studies made with 
water vapor and these motions are of no particular 
interest in the study of water as a liquid. The fre- 
quencies of the vibrations all appear in infrared absorp- 
tion and Raman spectroscopy of water vapor. In liquid 
water additional Raman lines are found,” and of these 
the most energetic is probably a hindered rotation of the 
water molecule in the potential field of neighboring 
molecules. Two other lines, difficult to observe because 
of their low energy, have been similarly interpreted” 
as rotational and translational motions of the water 
molecule. It is fortunate that for these low energies, 
where Raman spectroscopy becomes difficult, the cold 
neutron scattering technique is effective, hence the 
neutron work serves to extend the energy range much 
further. A distinct advantage of the study of atomic 
motions by neutron scattering is that the neutron 
velocity is comparable to that of the moving atoms, 
and the corresponding energy changes are easily 
measured. These energy changes involved in the 
scattering of cold neutrons make it possible to cover 
the range from about 0.1 ev, characteristic of the 


1M. Magat, Ann. Physik 6, 108 (1936); the same energy 
change, but not the others shown in Fig. 3, has been found in cold 
neutron experiments by B. N. Brockhouse, Suppl. Nuovo cimento 


9, 45 (1958). 





ATOMIC MOTIONS IN WATER BY 


hindered rotations, down to 10-* ev, the energy change 
expected for diffusive type motions. 


EXPERIMENTAL METHOD 


The technique used in the present investigation 
utilizes an incident beam of cold neutrons selected by 
filtration through a refrigerated block of polycrystalline 
beryllium. This method was developed several years 
ago at Brookhaven? as a means of obtaining a flux of 
cold neutrons much higher than that available with 
conventional neutron monochromators. The first experi- 
ments were performed to show the feasibility of cold 
neutrons scattering as a means of studying atomic 
motions and the apparatus has since been used for a 
number of solids—vanadium,°* germanium,’ silicon,‘ and 
zirconium hydride,® for example. 

The equipment, shown schematically in Fig. 1, has 
already been described in some detail in connection 
with the vanadium measurements,’ hence only an 
outline and new features will be discussed here. The 
incident thermal neutrons from the Brookhaven reactor 
are filtered through a 20-cm cube of polycrystalline 
beryllium, held at liquid air temperature to increase 
the transmission of cold neutrons. The filtered beam, of 
average energy about 0.004 ev and a sharp cutoff at 
0.0052 ev, hits a thin sample of the material being 
studied and some of the neutrons scattered at an angle 
of 90° pass through a neutron “chopper.” The velocity 
of these neutrons is obtained from the time of flight 
to a detector 5 meters distant, by means of a 100- 
channel time analyzer. 

In the case of a coherent scatterer, such as aluminum 
or germanium, it is necessary to use a single crystal and 
make measurements for various orientations of the 
scattering sample in order to get full information on the 
atomic motions. For an incoherent scatterer, however, 
such as vanadium or hydrogen, there is no need to 
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Fic. 1. Experimental arrangement for study of scattering of 
cold neutrons by water. The incident neutrons are filtered in 
beryllium and the energies of the scattered neutrons are measured 
by flight time to the detector. The water tank acts as a shutter and 
is empty during the measurements. 
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Fic. 2. The aluminum sample holder used for very thin water 
samples; the slots are milled to the required sample thickness and 
the Al cover is then pressed flat. 


make measurements for different crystal orientations, 
and furthermore polycrystalline samples may be used. 
The measurements and analysis are thus much simpli- 
fied relative to coherent scatterers. 

The scattering by water is essentially incoherent 
because the scattering is predominantly by the hydrogen 
nuclei. For this case, the experiment consists of record- 
ing the flux of scattered neutrons of various energies. 
Although the measurements for water are simple in 
principle, it is necessary to make special efforts to 
utilize extremely thin samples in order to obtain 
meaningful results. In the present studies it was found 
that the energy distribution of the scattered neutrons 
would vary rapidly with sample thickness unless it 
were less than 0.02 cm. After many attempts, a method 
was devised to prepare samples of the required thick- 
ness, which was reproducible and served very well for 
the neutron measurements. In this method, a sheet of 
cadmium approximately § in. thick and 3 in. X4 in. in 
area is first milled flat, then a series of }-in. channels are 
milled into the cadmium surface to a depth equal to the 
required sample thickness. The channels are parallel 
and separated by approximately ;g-in. cadmium walls, 
as shown in Fig. 2. A film of water is spread over the 
channeled face and a sheet of 0.5-mil aluminum foil is 
placed over the film and rolled flat. The edges of the 
aluminum are folded over and taped tight with glass 
scotch tape. The sample holder was arranged so that 
the temperature could be varied, and a gas cell was 
also used to study water vapor at a pressure of 20 
atmospheres. 

An unexpected difficulty in the water measurements 
arose because extremely small changes in energy were 
found to occur, relative to other materials in which the 
scattered neutrons are usually of much greater energy 
than the incident neutrons. Because of the presence of 
scattered neutrons so close in energy to the incident 
beam, it was necessary to make an extremely careful 
study of the shape of the incident beam itself in order 
to ascertain the distribution of energy changes for the 
neutrons scattered with small energy change. The 
shape of the incident beam was determined by use of a 
sample of vanadium as scatterer, of such a thickness as 
to scatter the same fraction of neutrons as the water 





876 HUGHES, PALEVSKY, 
samples. Because of the incoherent nature of the scatter- 
ing of vanadium and the small fraction of inelastic 
scattering, most of the neutrons are scattered elastic- 
ally, and the measured energy spectrum reproduces that 
of the incident beam directly. 

Even though measurements were not necessary for 
various sample orientations, a large number of runs 
were made to obtain an accurate energy distribution 
of the scattered neutrons. Various sample thicknesses 
were studied to determine whether multiple scattering 
effects were significant, and careful measurements of 
the energy distribution of the incident beam and the 
background neutrons were necessary to obtain trust- 
worthy results for the small energy changes. The 
background was determined by running with an empty 
sample holder, all other conditions remaining un- 
changed. The counting rates were of the order of 20 
counts per hour in each of 100 timing channels for the 
thinnest samples, and separate runs were at times as 
long as three days in order to obtain sufficient statistical 
accuracy. 


EXPERIMENTAL RESULTS 


As already mentioned, the most suitable method for 
interpretation of neutron scattering from liquids in 
terms of atomic motions is determined largely by the 
nature of the experimental results themselves. If the 
measured energy distributions of scattered neutrons 
exhibit only smooth variations in energy, with no 
evidence of discrete energy levels, then an analysis in 
terms of Van Hove’s correlation function, particularly 
appropriate to classical motions, is indicated. The 
G(r,t) correlation function gives only the distribution 
function for atomic positions as a function of time 
without revealing the specific motions that give rise to 
the distribution. On the other hand, if discrete energy 
changes are observed, similar to the optical modes 
found in solids, it is possible to get information on the 
specific motions of the atoms directly, without resorting 
to the correlation function. Thus, before attempting 
detailed analysis of the results for water, it is best to 
consider first the entire energy spectrum of scattered 
neutrons to ascertain if specific energy changes exist. 

In Fig. 3 is shown the measured spectrum of neutrons 
scattered from room-temperature water, over the entire 
range of neutron flight time for which appreciable 
intensities were observed. The counting rates shown 
have been corrected for counter efficiency so that the 
curve represents the flux of scattered neutrons as a 
function of flight time. The observed distribution 
contains a number of peaks, revealing the exchange of 
energy with definite modes of motion in water. The 
results show much more detail than is observed for 
polycrystalline vanadium,® and it seems certain that 
the atomic motions in water are more complicated 
than in vanadium. The presence of discrete energy 
changes indicates that the specific atomic motions 
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responsible for the peaks in Fig. 3 are best studied 
directly by means of energy changes rather than an 
analysis in terms of the generalized correlation function. 
The energy of a particular motion, if large, is obtained 
simply from the difference between the incident peak 
of effective energy 5.0X10-* ev, and the observed 
energy of the peak in the scattered neutron distribution. 
In the case of the smallest energy change, 0.5X 10~ ev, 
a more detailed analysis is necessitated by the complex 
shape of the incident distribution. 

A most surprising feature of Fig. 3, and one not 
observed in similar studies with other materials as 
yet, is the great range of energy changes observed. The 
large energy change of 61X10~* ev revealed by the 
prominent peak at 66X10~* ev corresponds to the 
rather high temperature of 700°K. At the other end of 
the distribution there is a change that is much smaller 
than any observed in other materials thus far, and is, 
in fact, much less than the energy of the incident cold 
neutrons. This small energy change is shown by the 
two small peaks near the prominent elastic peak, for 
which the energy change is zero. The small energy 
change amounts to only 0.5 X 10~ ev and it appears both 
as a peak just above and just below the elastic peak, 
representing inelastic scattering in which neutrons gain 
or lose this amount of energy. The use of cold neutrons 
is particularly advantageous in this case, for it would 
be extremely difficult to observe such small changes with 
higher energy incident neutrons. 

Because of the great spread in energy transfer shown 


by the survey curve in Fig. 3 and the great difference 
to divide 


in atomic motions represented, it is desirable 





an 
o 


L 





ia’ J 
° 


26x10 ev 3x10 ey | 








re) 


20  ~ : 
ENERGY IN 107? ev 


3 4 5 
FLIGHT TIME IN MILLISECONDS 


SCATTERED NEUTRON FLUX - ARBITRARY UNITS 
w 
°o 











Fic. 3. The time-of-flight spectrum of neutrons scattered by a 
0.12-mm water sample, showing the neutron flux in the entire 
energy range studied. The arrow at 5.2 107% ev marks the edge 
of the elastic peak and the others show the inelastic peaks for 
large energy gains. The energy scale and the values at the peaks 
refer to the scattered neutrons; the energy gains are less by 
5.0X 10-3 ev, the effective energy of the incident neutrons. The 
structure near 4X10-* ev results from passage of the thermal 
neutron beam through aluminum in the reactor structure. 
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the discussion of the inelastic scattering into the large 
and the small energy changes. 


A. Large Energy Changes 


The very prominent energy gain of 61X10~* ev 
reveals the presence of a particular motion in water of 
this energy, presumably a definite quantum transition. 
[he predominance of this energy change implies a 
distinct component in the temperature agitation of the 
water molecules. In the present experiments the cold 
neutrons readily gain one quantum of this energy mode 
but it will, of course, be an important mechanism as 
well for loss of energy by faster neutrons as they are 
being moderated in water. 

A specific energy change should increase in intensity 
as the temperature of the water is raised because of the 
increase in population of the particular mode of motion. 
In order to check this expectation, the scattered in- 
tensity was measured as a function of the temperature 
of the water over a range up to the boiling point. The 
peak corresponding to the 61X10~* ev energy change 
is shown in Fig. 4 as a function of sample temperature. 
The intensity of this peak is found to vary exponentially 
but at a much greater rate than expected from the 
simple Boltzmann factor, e~*/**, with E taken as 
61X 10-* ev. The high-energy peak was also found in 
H.0 ice and liquid D.O, as shown in Fig. 5. Apparently 
the same transition occurs in both materials, but is 
shifted to lower energy, 50 10-* ev, in DO and to 
higher energy, 74X 10~ ev, in ice. There is also a definite 
narrowing of the peak in ice. 

The 61X10- ev level is of sufficiently high energy 
so that it falls in the low-energy end of the region that 
can be investigated by Raman spectroscopy. An energy 
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Fic. 4. The high-energy transition, 61X10-* ev, shown for 
various water temperatures; the peak changes in intensity but 
not in position. The sample thickness for these runs is 0.8 mm. 
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Fic. 5. The high-energy transition measured for H:O ice at 
— 30°C and for D2O at 22°C; the position of the peak for H2O at 
22°C is shown by the dashed line. The transition energies are less 
than the quoted energies by 5.0X10™ ev. 


change in good agreement with the present result, as 
shown in Table I, has been detected in Raman spectro- 
scopy measurements with liquid water and interpreted 
as a hindered rotation of the water molecule in the 
potential field of its neighbors.” This motion is a rota- 
tory oscillation, of much higher energy than the 
rotation of a free water molecule. Calculations” based 
on a model of a central water molecule in the potential 
field resulting from four nearest neighbors gives very 
nearly the observed energy for this motion. 

The finding of the prominent motion in water 
identified as a hindered rotation, both by Raman 
spectroscopy and scattering of cold neutrons, gives 
confidence in the latter, much newer technique. Further- 
more, it is fortunate that the energy involved is near 
the lower limit of the Raman technique and the upper 
energy limit of the neutron technique, for the latter 
then serves to extend the results of Raman spectros- 
copy to much lower energy. Actually, the scattering 
of cold neutrons can be considered as a Raman effect, 
which is useful for small energy changes because of the 
low energy of the incident neutrons. In line with these 
considerations it is not surprising that the energy 
changes shown in Fig. 3 are easily observed with cold 
neutrons but are seen only with difficulty in Raman 
spectroscopy of liquid water. 

In the present work with water at room temperature 
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TABLE I. Comparison of the large energy changes with results 
of Raman spectroscopy"; the listed errors for the latter are 
estimated from the published curves. All energies are in units of 
10° ev. 


Energy of ob- 
served neutron 
peak 


Transition 
energy, Raman 


Transition 
energy 


66+2 
26+1 
13+1 
10+0.3 


6142 + 
21+1 > 
8+1 AP = 
5+0.4 


* See reference 12. 


it is seen that there are three distinct peaks in the energy 
region 10 to 50X10-* ev, corresponding to energy 
gains of 21, 8 and 5 (X10~*) ev. The first two of these 
were observed by Raman spectroscopy,” Table I, but 
only as barely resolved peaks. The 8X 10~ ev transition, 
like that of 61X10~* ev, was interpreted by Magat” 
as a hindered rotation of a central molecule in the field 
of its four neighbors, and the 21 10™ ev transition as a 
vibration of the central molecule, similar to an optical 
vibration in a solid. There can be little doubt that the 
energy peaks are caused by motions of roughly this 
type but their precise nature can hardly be decided in 
view of the lack of knowledge of the precise potential 
field in water. 

The motions just discussed have an important 
bearing on the manner in which neutrons lose energy 
by collisions in water during the process of moderation 
in a nuclear reactor. It is well known that for neutrons 
of several ev energy the interaction with water is the 
same as that with free protons, in other words the 
“effective mass” of the object struck is that of the 
proton. For purposes of calculation of the moderating 
power of water for neutrons of various energies, it is 
usually sufficiently accurate to consider the neutron 
as interacting with an object of increasing effective 
mass as the neutron energy decreases. In many of these 
calculations it has been assumed that the neutron 
interacts with mass points of mass 18 below a certain 
energy, an assumption based on the belief that the 
entire molecule recoils as a unit, without rotation, when 
hit by the neutron. 

Although the present results refer to energy transfer 
from water to neutrons, rather than the reverse process 
characteristic of moderation, the results are neverthe- 
less applicable to the latter case as well. Thus we 
conclude from the results of Fig. 3 that there is no 
evidence of behavior in which the effective mass at 
collision is 18, but that instead there are rather specific 
motions of particles, affected greatly by the potential 
of their neighbors. If the collisions of neutrons with 
water were the same as those with points of mass 18, 
the observed energy distribution, which is easily 
calculated, would be a very broad distribution with a 
peak at about 10X10-* ev, much different from the 
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observed distribution showing definite structure. Brock- 
house” interpreted his results on neutron scattering as 
evidence of mass 18 behavior, but the 
higher incident neutron energy used (0.03 ev), the 
details of the present energy changes could not be 
detected. 

Of course, water molecules free from the influence of 
their neighbors would not scatter neutrons as if their 
mass were 18, as can easily be ascertained by studying 
the energy changes at scattering from water vapor. In 
order to investigate the scattering from water vapor 
itself in the present set of experiments, a vapor sample 
was prepared in which the vapor was held at a tem- 
perature of 510°K and a pressure of 20 atmospheres. 
For this case the distribution of scattered neutrons, 
shown in Fig. 6, reveals no structure at all, but instead 
a very broad distribution in energy. For scattering by 
free water molecules, the behavior is not at all that of 
points of mass 18° but the scattering must include the 
rotational motions of the individual water molecules 
as well.” 

In Fig. 6 the observed energy distribution of scattered 
neutron flux is compared with that computed from 
formulas for the differential scattering cross section 
by Krieger and Nelkin,“ which include the various 
possible motions of water molecules. The theoretical 
assumptions upon which these formulas were derived 
are that the molecular rotational and vibrational 
effects are separable, and that the combined effects of 
rotation and translation can be approximated by the 
Sachs-Teller mass-tensor.” A further assumption, which 
holds well for the present measurement, is that the 
incident neutron energies are large compared with 
rotational level separation but smaller than the first 
vibrational state of H.O vapor. In view of the necessity 
for appreciable experimental corrections to the data, 
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Fic. 6. The time-of-flight spectrum of neutrons scattered from 
water vapor at 20-atmospheres pressure. The dashed curve is 
the calculated distribution based on the formulas developed by 
Krieger and Nelkin, reference 14. 

13 R. G. Sachs and E. Teller, Phys. Rev. 60, 18 (1941). 

4 'T, J. Krieger and N. S. Nelkin, Phys. Rev. 106, 290 (1957) 
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such as counter efficiency and chopper transmission, 
and the approximations made in the theory, the agree- 
ment is considered to be very satisfying. The distri- 
bution does not correspond to that of a point of a 
particular mass but if one were to approximate the 
observed distribution by one expected for a particular 
effective mass it would turn out that the mass would 
be about 5 rather than 18. Because of the difficult 
experimental corrections and the corresponding diffi- 
culty in making an accurate calculation for the vapor 
phase it appears that more careful experiments or 
theoretical calculations are hardly justified. 


B. Small Energy Changes 


A fortunate circumstance connected with the use of 
cold neutrons is that for small changes in energy it 
should be possible to study the type of scattering 
caused by the diffusive motions of the water molecules. 
This type of inelastic scattering has been discussed 
by Van Hove’ and by Vineyard® but the experimental 
conditions used in most investigations of liquids so 
far have not been in the appropriate range for obser- 
vation of diffusive motions. 

In a neutron scattering experiment, the conditions 
for observation of diffusive motions are most easily 
stated in terms of the momentum change at scattering.*® 
The momentum change, 7k, defines a certain distance, 
1/k, and the appropriate interaction time ¢ is that 
required for the neutron to move the distance 1/k: 


(8) 


where 2 is the velocity of the incident neutron. If ¢ for a 
particular experiment is smaller than the time required 
for an atom to make a diffusive “jump,” then the 
energy changes will result mainly from collisions with 
freely moving, rather than diffusing, atoms. The 
“jump” time, if taken to be equal to the period of 
temperature oscillation of the molecules,’ is expected 
to be about 10 sec, although the time between 
collisions should be definitely smaller. Vineyard® gives 
MD/kT as an estimate of the time at which diffusive 
motions begin, and this estimate would be 10-" sec 
for water, much less than the atomic vibration period, 
as it should be for the time of collision with a neighbor- 
ing molecule. The experiments done with higher 
neutron energies'® typically involve only large mo- 
mentum changes, hence small interaction times, 
conditions not appropriate for observation of the 
diffusive scattering. 

Considering only energy changes small compared 
with the incident energy, we find that the momentum 
16 N. F. Mott and R. W. Gurney, Reports on Progress in Physics 
(The Physical Society, London, 1938), Vol. 5, p. 46. 

16 B. N. Brockhouse, Suppl. Nuovo cimento, 9, 45 (1958); 
I. Pelah, W. Whittemore, and A. W. McReynolds, Phys. Rev. 
113, 767 (1959). 
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Fic. 7. The elastic peak of scattered neutrons compared with 
the incident spectrum (dashed line), illustrating the lack of 
energy broadening and the structure corresponding to gain and 
loss of 0.5X 107% ev energy. The experimental curve goes to zero 
at 8X10-* ev because of subtraction of the extrapolated high- 
energy transitions. 


change in the present experiment is about 2 A; 
corresponding to this distance is a time, given by Eq. 
(8), of 10-8 sec, a time at which diffusive motions 
should definitely be evident, on the usual view® of the 
diffusion process. The actual experimental results in 
the low-energy region, however, shown in Fig. 7, reveal 
that the energy spectrum of scattered neutrons at the 
position of the sharp cutoff in the incident spectrum, 
5.2X10-* ev, is exactly the same as the incident 
spectrum.!” Hence, somewhat surprisingly, There is no 
diffusive motion evident, which would be manifested 
as a broadened spectrum of scattered neutrons. Instead, 
there are some small and extremely sharp energy 
changes, which will be discussed shortly. These small 
but sharp energy changes observed in the present work 
were completely unexpected, for the scattering of cold 
neutrons by other materials always resulted in energy 
changes that, if sharp, were large compared with the 
incident neutron energy. 

The magnitude of the smooth energy broadening that 
is expected to arise from diffusive motions in the liquid 
is given® by the simple formula, Eq. (7), based on the 
assumption that the interaction time is large enough 
for diffusion to be manifested, a condition that is 
expected to hold for the present measurements. The 
energy spread predicted by Eq. (7) would easily be 
observable in the present experiment, as was checked 
by computation of the expected broadened energy 
distribution. In the computation, the incident energy 
spectrum was modified by the known resolution of the 
equipment and the energy spread, assumed Gaussian 
in shape. Comparison of this computed curve, shown 
in Fig. 8, with the experimental spectrum shows an 

11 The results of Fig. 7 differ markedly from those of B. N. 
Brockhouse, Phys. Rev. Letters 2, 287 (1959), who did not find 


the sharp peaks but rather a broadening about 3 of that expected 
from Eq. (7). 
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Fic. 8. The elastic peak compared with the distribution ex- 
pected from broadening resulting from classical diffusive motions 
of the water molecules. 


amount of diffusive scattering much less than expected 
from the simple theoretical formula, in fact, there is no 
evidence at all for a smooth energy broadening. 

It is worthy of mention that the prominent elastic 
peak itself is not at all typical of the scattering of cold 
neutrons, for in most solids elastic (coherent) scattering 
is impossible for cold neutrons because the neutron 
wavelength is greater than twice lattice spacing. For 
the prominent elastic scattering found in the present 
work, the effective mass of the scatterer must be much 
larger than that of a single water molecule, implying 
strong binding of the scattering proton in the liquid 
medium. An apt analogy is supplied by the incoherent 
elastic scattering of cold neutrons by vanadium, used 
here to study the incident spectrum. 

A more sensitive test of diffusive motions was made 
by measurements with the water sample at an elevated 
temperature of 45°C because D, and hence the expected 
energy spread, is larger. The results are shown in Fig. 
9 and again there is no spread observed, but rather an 
elastic peak plus the small, sharp energy changes. It is 
estimated from the statistical error of the experimental 
points that the diffusive type of energy spread is less 
than 10% of the value predicted by Eq. (8). 

As the observed scattering in the immediate region 
of the incident neutron energy is elastic instead of the 
broadening expected from diffusive motions, it appears 
likely that there is something wrong in the simple 
theory underlying Eq. (8). This equation was based 
on the assumption that molecules in a liquid move as 
free gas atoms for a short time only, about 10~™ sec, 
then collide with each other, these movements consti- 
tuting the diffusion process. The results of Figs. 8 and 
9 show that this picture is definitely not correct, and 
that the atoms probably remain near one position for a 
number of oscillations before migrating to a new region 
in a diffusive “jump.” This point of view has been 
expressed already by Frenkel® on the argument that 
the atoms in a liquid must vibrate for several periods in 
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order to have a specific heat so nearly like that of a 
solid body. 

The present measurements reveal in a direct manner 
that during a time of at least 10~-" sec the water 
molecules do not diffuse appreciably. Using a more 
detailed model than that employed here,® Singwi and 
Sjdlander'® conclude from the present results that the 
residence time is greater than 4X 10-" sec. When they 
finally undergo diffusive jumps, the molecules must 
move a larger distance than usually assumed, if the 
diffusion coefficient is to retain its known value. For 
example, if the water molecules should vibrate about 
10 periods before they move to a new position, the 
average “jump” distance must then be greater by 
(10) than the value assumed in the classical theory.'® 

It would be difficult to change the experimental 
conditions to reveal diffusive motions of the type that 
would occur after a long residence time of some 10 or 
more atomic oscillations in a particular position. The 
requirements of Eq. (8) mean that very small mo- 
mentum changes would have to be used, and the energy 
changes would then be undetectably small, at least for 
the presently available experimental techniques. 

The small peaks observed on either side of the elastic 
peak represent inelastic scattering in which the neutrons 
emit or absorb the same amount of energy, (0.5+0.15) 


x10-* ev. This energy change is obtained from a 
detailed analysis of the shape of the observed, relative 


to the incident, distribution rather than the simple 
peak-to-peak distance, and is somewhat smaller than 


the 0.7 X 10 ev reported earlier." Evidently there is an 
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interaction with a definite quantized motion in the 
liquid and, iike the larger discrete energy changes, it is 
best treated directly rather than by means of the general 
G(r,!) correlation function. A most surprising aspect 
of the energy change is its small size relative to the 
energy levels already known in liquid water from the 
results of Raman spectroscopy. It is also far smaller than 
observed for solids in cold neutron work. 

The energy is of the same magnitude as the com- 
puted” and measured”! prominent transitions in the 
rotational spectrum of the free water molecule. It is 
tempting to ascribe the small energy found in the 
present work tc motions similar to the rotational 
transition in water vapor, but it is a rather unexpected 
result that in liquid water there are molecules that are 
free to rotate. These molecules cannot be completely 
free, of course, for in that case the large energy changes 
characteristic of gas scattering, Fig. 5, would result. 
We have already seen that the water molecules seem 
to be affected greatly by their surroundings, because 
the hindered rotation has an energy about 100 times 
greater than the observed small energy change. The 
possibility that at least some water molecules may be 
able to rotate freely in liquid water may be related to 
the finding’ that positronium atoms are found to exist 
for surprisingly long times in liquid water, a phe- 
nomenon that implies the existence of atoms relatively 
free of their surroundings within the liquid. On the 
other hand, it is possible that there is some change in 
configuration of the atoms that represents a small 
change in potential energy, which would account for 
the extremely low-energy transition observed. Thus far, 
there has been no evidence from other types of measure- 
ments with liquid water that would indicate an origin 
for such a transition.” 

In order to gain more information on the low-energy 
transitions, the energy region near the elastic peak was 
measured for H.O at higher temperature, and for D,O 
at room temperature. The measurements at 45°C with 
H.O, Fig. 9, reveal energy transitions of about the same 
value as observed for room temperature, hence it 
appears as if the magnitude of the energy transition is 
not a sensitive function of temperature. Similarly, the 
measurements with D,O also exhibit energy changes of 
about the same magnitude, although it would not be 
possible to detect a difference in the transition energy 
smaller than about 20%. 

Even though the present measurements do not give 


20 G. W. King, R. M. Hainer, and P. C. Cross, Phys. Rev. 71, 433 
(1947). 

21 W. C. King and W. Gordy, Phys. Rev. 93, 407 (1954). 

2 J. McGervey and S. DeBenedetti, Phys. Rev. 114, 495 (1959). 

23 Recent Raman spectroscopy results of B. P. Stoicheff indicate 
a low-energy transition that agrees with the present work, 
although changes this small have previously not been detected 
by means of Raman spectroscopy. We wish to thank Dr. Stoicheff 
for supplying these results before publication. L. B. Borst, Phys. 
Rev. Letters 4, 131 (1960), has suggested a transition analogous 
to ortho-para-hydrogen conversion as an explanation of the 
0.7x10- ev transition, and pointed out it possible role in 
cooling neutrons to very low temperature. 
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sufficient information to reveal the nature of the atomic 
motions in water giving rise to the small energy change, 
they do illustrate the potency of cold neutron scattering 
as a means of detecting extremely low-energy transitions 
in liquids. 

CONCLUSION 

The results of the present experiments on the atomic 
motions in water can be summarized by stating that 
these motions resemble much more closely those of the 
solid, rather than the vapor, phase. Even without a 
careful analysis of the motions responsible for the 
energy changes, the general appearance of the energy 
distributions for water, vapor, and ice reveal a close 
similarity of the solid and liquid phases but great 
differences between these and water vapor. 

The fundamental reason why neutron interactions 
reveal the resemblance between water and ice so clearly, 
rather than the fluidity of water, is that the interaction 
time involved is short, much shorter than the usual 
types of measurement, such as diffusion and dielectric 
relaxation. For rapid interactions, of the order of 10-" 
sec, the molecules are vibrating about fixed positions 
and the behavior of the liquid is similar to that of a 
solid. For phenomena occurring in much larger times, 
water would exhibit its typical fluidity and diffusive 
motions. Most of the usual types of measurements, of 
course, refer to this longer time range. 

These considerations concerning the resemblance of 
water to a solid for phenomena occurring in short times 
has already been discussed in detail by Frenkel.® His 
arguments were of course not based on neutron scatter- 
ing for the present technique was not available when 
his theory was formulated. The present measurements, 
however, furnished a striking and direct demon- 
stration of Frenkel’s idea that rigidity and fluidity 
could both obtain in a liquid. Thermal vibrations and 
other rapid changes must be similar to those of solids, 
whereas for times longer than the typical residence time 
of an atom, the liquid property of fluidity is observed. 

It was also found in the present work that, because of 
the specific quantum motions, these motions could be 
determined most easily from the energy changes 
directly, rather than by use of the Van Hove G(r,/) 
correlation function. The present measurements, of 
course, do not give any information on the location of 
the water molecules relative to each other but only on 
their motions. This lack of spatial information, how- 
ever, is not serious for the atomic locations, the pair 
correlation function, can be obtained by conventional 
x-ray diffraction. The Van Hove correlation approach 
would be more suitable for some classical liquid, perhaps 
a liquid metal, in which quantum motions of a detailed 
nature are not observed. Of the specific motions found 
in the present work perhaps the most interesting is 
that corresponding to the extremely small energy 
change. Although of the same magnitude as known 
levels of the free water molecule, its real nature in 
liquid water is not at all certain as yet. 
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Electrical and Thermal Currents in a Slightly Ionized Gas* 


MAHENDRA SINGH SODHA 
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In this communication, the author has solved the Boltzmann equation for electrons in a slightly ionized gas 
under the influence of an electric field (ac+dc), a magnetic field and temperature gradient. Expressions for 
the electrical and thermal currents have been obtained in terms of integrals having collision frequency and 
fo, the isotropic part of the distribution function, in the integrand. A differential equation for fo has been 
set up and analytical expressions obtained under simplifying assumptions. The application of the analysis 
to transport properties and electromagnetic wave propagation has also been indicated. 


INTRODUCTION 


N this communication, the author has investigated 

the electrical and thermal currents in a slightly 
ionized uniform gas, under the influence of temperature 
gradients, a magnetic field, a stationary electric field, 
and an alternating electric field. Many investigations! 
in this area have been published but none seems to be 
so general. Usually the investigators have neglected 
temperature gradients, assumed the magnetic field to 
be perpendicular to the electric field and considered 
only one type (ac or dc) of electric field. Some investiga- 
tors have assumed a constant collision frequency 
independent of electron velocity, which severely limits 
the applicability of their results. 

The author has solved the Boltzmann equation and 
obtained expressions for the three components of 
electrical and thermal currents involving integrals 
having collision frequency and fo, the isotropic part of 
distribution function. Assuming the collisions between 
electrons and neutral molecules to be elastic, a differen- 
tial equation for fo involving a collision frequency, 
temperature gradient, electric field, and magnetic 
field has been set up. Analytical solutions for some 
special cases have been obtained. 

The application of this analysis to the study of the 
propagation of an electromagnetic wave in the gas and 
transport properties of the gas has also been discussed. 


BOLTZMANN’S EQUATION 
Boltzmann’s transfer equation may be written as 
af of af af 


—+a,—ta,— +a,— +15 
at Vs Ov, Ov, 


of 


Ox 


af af 
+0, —+1,- = 
dy Oz 


(); © 


where /(v) is the distribution function of electron 
velocities, / is the time, @ is the acceleration of electrons, 
v is the electron velocity, x, y, are space coordinates, 


* This work was supported by Wright Air Development 
Division and Air Research Development Command. 

1W. P. Allis, Handbuch der Physik, edited by S. Fliigge 
(Springer-Verlag, Berlin, 1956), pp. 21, 383; L. Mower, Phys. 
Rev. 116, 16 (1959) (assessment of recent publications). 


and (0 f/dt). is the rate of change of f due to collisions. 
The acceleration @ of electrons in the presence of an 
electric field Eo+E exp(iwot) and a magnetic field B 
is given by 
—a=a+A exp(iwl)+vXo, (2) 
where 
a> qEy ‘m, 
A=gE/m, 
w= ¢B/meo, 


q is the electronic charge, m is the electronic mass, 
and ¢o is the velocity of light in vacuum. 
The distribution function may be expressed as 


L(V) = fot vest Vypyt ete, (3) 


where 

Be= fet fe’ exp(iwol) = fatg, coswol+h,z sinwot, (3A) 
My=fytfy’ exp(iwol) = fy+g, coswott+h, sinwet, (3B) 
Me= fat fr’ exp(iwol) = fi tg. coswolth, sinwot,  (3C) 


and fo, fe, Su» Sn Bz, By, Bz, hz, hy, he, £J Ay and fe 
are functions of v only. From Eqs. (3A), (3B), and 
(3C) we have 


fu) =8y— thy; fe’ =g.—1h:. (4) 
From Eq. (2) we obtain 
0 f/d0,=02F 1(v) +2, 


0 f/dt=> iworzf.’, 


fe’ =g:- ihz; 


(SA) 


Assuming constant electron density, we further 
obtain 


of of 
az—t+ Uz—- 


Ov, Ox 


of 


} of 
= (a,—}b,v?)—-= 


wis 


y ; 


Ov; 


— (B.+0,0,—1W 


(0) 
where 
B2=a2,+Az exp(twol)+b,0", 
and 
b.= (1/2T)0T/dx. 
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ELECTRICAL AND THERMAL 

For a Lorentzian gas consisting of neutral molecules 
and electrons, a reasonable assumption for slightly 
ionized gases it may be shown? that 


of im a 
( ) =—v(f—fo)+ —( fov*v) 
ots . M?? dv 


kT Of Afe 
+ —(—), (7) 
Me av\ av 


where » is the collision frequency of electrons, M is the 
mass of molecules, k is the Boltzmann constant, and 
T the temperature of the gas. 

Using Eqs. (2), (3), (5), and (7), putting (2,7)av 
= (vy )av= (02 )av=V/3 and (vz0y)av= (Uys )av= (UeV2)av= 0 
and equating the terms having 2, v,, and v, and the 
remaining terms on both sides of Eq. (1), we obtain 

m O kT 0 Ofo 1 0 
(oft yt — = ie) =——) B:—(u2*), (8) 
M dv M dv dv 3v* dv 

Bz Ofo Ouz 

— —— FW yfts— Wafty——— = tz, 

v Ov ot 


(9A) 


B, Ofc Oy 
=— ——+- afk — Walls — — =Viy, 
v Ov ot 


(9B) 


8, Ofo Oe 
— ——t Wally — Oya — = Pie 
v Ov at 


(9c) 


Equating the time dependent and time independent 
terms on both sides of Eq. (9), we arrive at the following 
relations: 


(a,+b.0*) dfo 


v Ov 


(10A) 


Wyfz—Wzfy=vfz, 


( adyt+ b,v*) Ofo 
v Ov 
( az + b,v*) dfo 


(10B) 


w2f2—Wefz=vfy, 


wefy— wy fz=vfe, (10C) 


v Ov 


Aa Ofo . - a 
— —+w, f.’—wzfy' = (v+iwo) fz’, 
v ov 


A y Ofo E: . , 
—— —+, fs’ —wefs' - (v+-iwo) fy ’ 
v ov 


A, Ofo : 
— —+wzf,' = wy fs’ _ (y+ iwo) fe’. 
v ov 


2S. Chapman and T. G. Cowling, Mathematical Theory of 
Nonuniform Gases (Cambridge University Press, New York, 
1939), p. 348; P. M. Morse, W. P. Allis, and E, S. Lamar, Phys. 
Rev. 48, 412 (1935). 


(11A) 


(11B) 


(11C) 


CURRENTS IN IONIZED GAS 883 

Solving Eqs. (10A), (10B), and (10C) for fz, fy, 
and /, we obtain 

_ Frdfe Ofo 

J:=- - Hy J, 


v ov dv 
afe 
F,’ 


(12A) 


Fy, fo 


fy= (12B) 


Uy , 


v Ov Ov 


(12C) 
) Ov 


where 
a;(v?+w")+a (ww — vw,) +4,(ww2 tw ) 
P=—— — ——, (12D) 
v(v?+a?) 


b.(v?-+w2) +b, (wavy — vw) +b, (wre + ry) 
F,'=——"—_- ——____________—— : 





v(v?+-w?) 
a, (v?+w,?)+42(wyw.— vwr) + 02(wyor t+ ws) 


Pi en ee eee 
v(v?+w?*) 


= by (v?+w,?) +b. (wo. — vwz) +b2(wyws + vm,) 
rr = —- —— — ———_—__—_—__— 
, v(v?+w") 


, (12G) 


a,(v?+w,*)+4,(ww2— vpwy) +a, (wy t+ wz) 


F, ‘eicsmiciieenadatien 


v(v?+w?) 


be (v?+-w,?) +b2(wws— vdy) +b, (wwyt vw2) 


Zz 


v(v?-+w*) 
Solving Eqs. (11A), (11B), and (11C) for f.’, f,’, 
and f,’ and using Eq. (4), we obtain 

g2= (1/v) (0 fo/dv)G., 

gy= (1/2) (0 fo/d2)G,, 

8:= (1/0) (0 fo/d0)G,, 

h,= (1/v) (0 fo/d0)H:, 

hy= (1/0) (8 fo/d0)H,, 

h,= (1/2) (0 fo/dv)H., 


(13A) 
(13B) 
(13C) 
(13D) 
(13E) 
(13F) 


where 
G.z= {v(?— 30+") [A (VP? —we?+w2) 
+A, (we, — rw.) +A. (ww, + vay) | 
+ cag?(39?—coo?-+0s") (2A v— A tos Atry)} 
XC (P+ ae®) (?+- we? +. w+ 2wow) 
X (?+we?+w?— 2ww) F, 
H,=wof (3—we?+w") [A 2(P—we+u,’) 
+A, (wavy — vwz) + As (wo: + wy) | 
—v(v?— 3we?+-w*) (2A 9 —- A yo: + Aw,)} 
XL (P+ we?) (+ we? +-w? + 2ww) 
X (P+ we?+-a?— 2ww) J, 


(14A) 


(14B) 
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and the expressions for G,, H,, G,, and H, are in 
symmetry with Eqs. (14A) and (14B). 


ELECTRICAL AND THERMAL CURRENTS 
The electrical and thermal currents, which are 
associated with an electron having velocity v are given 
by 


J=—qv and c=(mr*/2)v. 


Hence, using Eqs. (3), (12), and (13), the electrical 
and thermal currents due to electrons are given by 


— ff ferettor=- ff foreuaie 


= (ng/3)(®.+y2), 


-f f festeo.- (ng/3)(®,+y,), 
-f f fer.taos- (ng/3)(®.+¥.), 
mv" mv? 
: wit ™ fio=+ fff ecuade 


serie ie ’+y,'), 
6 


mv" nm 
. c fy , 
= f —v, fdo,= ——(,'+y,’), 
2 6 
mv nm 
c= fff v,fdo,=— ($,’+y,’) 
2 6 


where 


(15A) 
(15B) 


(15C) 


(15D) 


(15E) 


do, 


= dvdv,dv,, 


(Vz)av= (Vy )av= (Uz )av= (Vay )av= (Uys )av= (U:0z)av=0 by 
symmetry, v,’, v,7, and v/ have been replaced by 2/3, 
do, has been replaced by 4mv*dv, the triple integrals 
have been replaced by single integrals extending from 0 
to , 


4r 7” \ Ofo 
o,=— = f (F.+G, coswol+H, sinwol)v'—dv, (16A) 
ey Ov 


tor a Ofo 
¥.=—-— f F,'v\—dr, 


n Ov 


(16B) 


4r 7” Ofo 
=—— f (F,+G, coswol+H, sinwol)vi—dv, (16C) 
n +o ov 


4x , fo 
=—— fire F,'v'—d2. 
n Yo Ov 


a’y* ins (a et ayy + dxirs)” 


(16D) 


S(v)= 
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&,, Dy’, vy, vy’, Bz, ®.’, yz, and y,’ are given by expres- 
sions symmetrical to Eqs. (16), and m is the electron 
density. 


The following relations are helpful in evaluating the 


above integrals. If 
4dr 5 Ofo 
_—— f (v)—d?, 
n Ho On 
then 


1 dé 
= —) if §+constant, 
v? dv 


c= a fo lo” 


¢(v)= 


if constant, 


m ft ; 
Fr if foo exp(—mv?/2kT), i.e., Maxwellian. 
T \v 


By using suitable auxiliary conditions expressions 
for well-known transport properties may be derived 
from Eqs. (15) and (16). 


EVALUATION OF fy 


Using Eqs. (3), (8), (12), and (13), and averaging 
over one cycle we obtain 


- a) | F, Ofo 
—3> (a.+b,0")— 5 +P. 
an v Ov 


AG; Of ) 
v O1 , 
k it re) Ofo 
ps —( *). (17) 
M a1 Ou 


This equation has in general to be solved numerically 
for fo with the boundary conditions 0/o/dv=0 and 
fo=1 (arbitrary) at »=0. The distribution function is 
Ci fo where 


m oO 
=— —(vfot 


M ov 


cf 4rv” fodv=n. 
0 


EVALUATION OF f,) FOR ISOTHERMAL PLASMA 


For an isothermal plasma 6,=}),=6,=0 and Eq. (17) 
after simplification reduces to 


10 Ofo mo - 
on —|$9S(0)— =— —(v fy?) 


3 dv Ov M dv 
kT 0 Ofo 
“+. —(w* ), (18A) 
M dav Ov 


where 


(v*— Seo? -Fe* )( A wz 4 A yoy T- 1 ve)” 





ee {2 \y* *+wn") 
(?+w?) 2 (y? 2b eae?) (y2tea® + wo? — 2wow) (v? + w? +cat + 2wow) 


‘). (18B) 
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Integrating Eq. (18) and putting »=0, we find the 
constant of integration to be zero. Further putting 
= (m/2kT)'v, we obtain 
)) +. fo=0. 


dfo M 
‘(14—s0 
On? 3kT 


(19) 


The solution of Eq. (19) is 


fo=C sexp(- fg 


Equation (20) may be expressed analytically in the 
following cases: 

1. When the collision frequency is independent of 
electron velocity, S() is constant and Eq. (20) yields 


1+(M ees 


—4 
fo=Ci exp (— — er | (20A) 
1+ ( M/ 3kT)S(n) 


This corresponds to a Maxwellian distribution with 
effective temperature T, given by 


T.=T+(M/3k)S(n). 


2. In the absence of magnetic field, w_=w,=w,=0, 
Eq. (18B) simplifies to 


which makes Eq. (20), integrable when y=7/I. 

3. In the absence of alternating electric field, 
A,=A,=A,=A=0, and when the magnetic field is 
perpendicular to the electric field, Eq. (18B) reduces to 


S(n)=@/(¥+e"). 


Substituting v=n// and the above equation in Eq. 
(20), we find the distribution function to be given by 


fo(n)=Cile +P (w+ Ma*/3kT) ]? exp(—1"). 
where p= Ma°P’/3kT. 
4. In the absence of dc electric field and the magnetic 


field, Eq. (18B) reduces to 
S(n) = A?/2(v?+a?). 


(20B) 


Substituting v=n// and the above equation in Eq. 
(20) we obtain 


fo(n) =Cilr +P (we-+MA2/6RT) ]?” exp(—2?), (20) 


which has been obtained by Margenau.* 
5. In the absence of dc magnetic field and when the 


3H. Margenau, Phys. Rev. 69, 508 (1946). 
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magnetic field is perpendicular to ac electric field 


' A* (y? 24 ay? +)" ) 
S@)=— -, 
2 (v? rw +e?) )— Aeactes? 


which makes Eq. (20) integrable for »=1/l. 


NONISOTHERMAL PLASMA—ZERO 
ELECTRIC FIELD 


We consider the case when there is no electric field 
present, i.e., a= A=0. Equation (17) simplifies to 


v 0 of 
-——(n's, @—*) 
3 ou ov 


mo kT 
(v fov?) ++— 
Me Ou M 


where 


wo + ( bss tb yoy tbew.)? )? 


v*(v?-+w?) 


S1(v) 


Putting v= B/v* as a special case in Eq. (21), we get 
m dfo 


vd Ofo kT 0 £1 0fo 
Eee) StU) 
‘3 ov Ov Mov OM an v Ov 
kT vS) 0" fo m v OS; dfo 
(eyes (5 ty 
Mv 3 / 0v M 3 av Me av’ 
or 


m wv dS1 
fo= (constant) f de " iG oo ape 
M 3 Ov 
2)/(E+))o). cw 
te Mv 3 


DISCUSSION 
Propagation of an Electromagnetic Wave 


The wave equation for a neutral gas in esu may be 
written as 


(22) 


where E is the electric vector. Combining Eq. (22) with 
Eqs. (15A), (15B), and (15C) giving J in terms of 
E, we arrive at partial differential equation in E which 
may be solved. 

It may be seen that the dc electric field and tempera- 
ture gradient do not directly enter this problem but 
they affect the propagation through fo. The instanta- 
neous power of electromagnetic wave dissipated per 
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unit volume is approximately given by 


P=J,E.t+J,E,+J Ex. 


Transport Properties 


Equations (15) expresses the thermal and electrical 
currents in terms of temperature gradient, electric 
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field and magnetic field. Expressions for transport 
properties may be found by using suitable sets of 
auxilliary conditions. 
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The properties of a Bose system of particles with repulsive interactions have previously been treated 
using perturbation theory in the formalism of second quantization. Others have also considered this problem 
by dealing with the wave function in configuration space, using the theory of cluster expansions. In these 
latter papers, variation with respect to a parameter in a trial function for the ground state has been shown 
to yield a ground-state energy close to the exact asymptotic expressions obtained from perturbation theory. 
The connection between the two methods is not immediately obvious from these cluster expansion treat- 
ments. It is shown here that, as one might expect, the cluster integral method can be handled so that it is 
completely equivalent to the pair approximation in perturbation theory. 


1. INTRODUCTION 


HE properties of a Bose system of particles with 

repulsive interactions has been treated using the 
formalism of second quantization by several investi- 
gators.'~* More rccently*:® the same problem has been 
considered dealing directly with the wave function in 
configuration space, using the theory of cluster expan- 
sions first introduced in statistical mechanics.® In these 
latter treatments the ground-state wave function is 
expressed as a product of pair functions. The problem 
of evaluating the expectation value for the energy 
then becomes analogous to evaluating the classical 
partition function for an imperfect gas, expressed in 
terms of Mayer’s cluster integrals. By considering only 
contributions to the energy from ring integrals, a 
tractable expression for the ground-state energy at low 
densities is obtained. Then a choice for the pair function 
is made and subsequent variation with respect to a 
parameter in this trial function has been shown to 
yield a ground-state energy quite close to the exact 
asymptotic expression obtained in references 2 and 3 
above, where the contribution to the energy from pair 
excitations was calculated exactly. 

Now one might naturally ask how this cluster integral 
method in configuration space is related to the pertur- 
1N. N. Bogoliubov, J. Phys. (U.S.S.R.) 2, 23 (1947). 
2K. A. Brueckner and K. Sawada, Phys. Rev. 106, 1117 (1957). 
3T. D. Lee, K. Huang, and C. N. Yang, Phys. Rev. 106, 1135 
(1957). 

4F. Iwamoto, Progr. Theoret. Phys. (Kyoto) 19, 597 (1958). 

5 J. B. Aviles, Ann. Phys. 5, 251 (1958). 

¢ J. E. Mayer and M. G. Mayer, Statistical Mechanics (John 
Wiley & Sons, Inc., New York, 1950), Chap. 13. 


bation theory calculation using momentum-space 
eigenfunctions. An analogous situation exists for the 
calculation of the partition function of an ideal Bose 
gas, where there is a cluster integral development 
which is completely equivalent to the more usual sum- 
over-states.’ One might expect that here as well, the 
pair approximation perturbation theory should have 
its exact counterpart in a configuration space cluster 
integral development. Our purpose is to show that this 
expectation is indeed fulfilled. The cluster integral 
calculations previously made are not directly com- 
parable to the perturbation theory calculations simply 
because the class of ring integrals which were taken as 
contributing to the ground-state energy do not corre- 
spond to the pair approximation of perturbation 
theory. The pair approximation yields a ground state 
which in configuration space has the form [see Eq. 
(A.21) of Appendix IT of reference 3 } 


N 
v=] Ci+f(ris)], (1) 


i<j=1 


where the prime denotes that in the expanded product 
for W all terms with repeated particle indices are 
omitted. The prohibition of repeated indices is essential 
for the pair approximation, since the Fourier transform 
of a term with one repeated index, such as f(r12) f(123) 
shows that this term refers to excitation of three 
particles having momenta ky, ke, k; with ki+-k.+k;=0.5 
The previous cluster integral developments do not 


7B. Kahn and G. E. Uhlenbeck, Physica 5, 399 (1938). 





GROUND STATE OF 
impose this constraint of nonrepeated indices in the 
ground-state wave function. As a result, they include 
(but only partially) excitations of three and more 
particles in addition to pair excitations. The net effect 
is to give an approximate expression for the ground- 
state energy which is not ordered in the same sense as 
the perturbation theory calculation, and hence, not 
directly comparable. With the constraint of non- 
repeated indices, the cluster integral development 
becomes equivalent to the pair approximation pertur- 
bation theory, and the solution of the variational 
problem for the pair function f(r,;;) and ground-state 
energy yields again the same results as perturbation 
theory. This is demonstrated in the next section. 


2. CLUSTER EXPANSIONS AND RING INTEGRALS 


Our aim is to evaluate the ground-state energy by 
variation of (H), the expectation value for the Hamil- 
tonian of the Bose system of N interacting particles, 
given by 


(a) [ wvar 


h? N N 
= J-|-32 V2+> > V(r) pea’ (2) 
2m i=1 i<j=l 
where dr‘ =dridr2---dry, and V(r;;) is the two-body 
potential energy. The ground-state wave function ¥ 
will finally be written in the form of Eq. (1), but for 
the present we write it as a product of pair functions 
with no constraint, 


N N 
v=] [i+f(rij)J= II ¥ (753). (3) 


i<j=l i<j=l1 


The cluster integrals are introduced by first reducing 
the multidimensional integral in Eq. (2) to an inte- 
gration over the relative distance between any pair 
of particles, say particles 1 and 2. This gives, for the 
expectation value of the energy per particle® 

(H) phi? 

= =e | Lo ras) PH (12) JC(ra2) 


2m 


+4 (112) VW (ri) VC (112) 
m 
THe Cra (raz) Clr) dr, (4) 
42 


where the function C(ri2), defined by 


N(N-1) N 
C(ri2) =- oa II ¥"(r;;)dr3° ? -dtw / 


Wns) J icin 


N 
II ¥(rj)dr1---dry, (5) 


i<j=1 
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is related to the pair distribution function m2(ri2) by 


p'°v*(r12)C (712) = ma(r12). (6) 


The function C(r12) can be expressed in a cluster 
expansion in powers of the density® 


Clru=14+ E prbaltus), (7) 
n=1 


where 


1 
ga(ra)=— f ym Il h(r;;)drs- . -dn42, 
n! 


(8) 
A(rij=P (153) -1=2f (ri t+ f(r), 


and the integrand > [J A(r;;) indicates the sum of all 
connected products for which each particle of the set 
is connected to particles one and two by an independent 
path. The potential energy contribution is given by 

(V) p 


[Vr ndCOu)de (9) 


2 
Without the restriction of nonrepeated indices on the 
ground-state wave function, the evaluation of the 
integrals in Eq. (9) corresponding to clusters of con- 
siderable numbers of particles becomes prohibitively 
difficult. However, the nonrepreated indices require- 
ment uniquely selects out of this original set of cluster 
integrals a simple subset of so-called ring integrals. To 
show this, first denote by Cy(r12) the C function for the 
potential energy part modified by the hypothesis of 
nonrepeated indices. Since ¥(r;;s=1+/(7:;), we can 
write Eq. (9) in the form 

(V) p i ere = | 

“7 "a fi V (ri2)Cvi(ri2) +2V (ri2)Cve(ria) f(ri2) 


N 
+ V (riz) f?(ri2)Cvs(ri2)}dti2. (10) 
We examine first the cluster expansion of Cy1(ri2): 


Cyilriz)=1+ ¥ purrs), 


n=l 


(11) 


where 
1 
Eni (Ti2) = ps Il h(r;;)dr3- Y -dfy +25 


(12) 
n! (1) 
and the integrand ¥ (1) [] A(*;;) indicates the sum of all 
connected products for which each particle of the set 
is connected to particles one and two by an independent 
path and only those connected products are allowed 
which are consistent with the assumption of non- 
repeated indices in ¥. As a first consequence of the 
latter, only ring-connected products are allowed. Those 
connected products with internal connections are not 
8 See, e.g., J. deBoer, Reports on Progress in Physics (The 
Physical Society, London, 1948-49), Vol. 12, p. 335. 
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Fic. 1. Graphs representing contributions to the ground-state 
energy. (a) A typical connected product. (b) A connected product 
not allowed by the requirement of nonrepeated indices. 


involved. For example a ring product such as is illus- 
trated in Fig. 1(a) is allowed, whereas a product with an 
internal connection [such as is illustrated in Fig. 1(b) ] 
would imply the existence of repeated indices in W. 
We further note that the /?(r,;) term in A(r;;) is elimi- 
nated by the assumption of nonrepeated indices. In 
the cluster expansion where repeated indices are 
allowed, the factor 2f(r;;) in Eq. (8) for 4(r;;) indicates 
that there are two places in any cluster from which 
each f(r;;) may come, i.e., from V or ¥*. In our case of 
nonrepeated indices, this particular degeneracy is not 
present. For example, a ring of order n=3 contains the 
product f(r13) f(rs4) f(r45) f(rs2)V (r12). The pair func- 
tions f(ri3) and f(r4;) may come from WV while f(r3) 
and f(rs2) must then come from ¥*. Thus, 


(13) 


1 
Eni (riz) = f LUT Sra -dtags 
n! 


All the connected ring products illustrated in Fig. 2 
are allowed, but except for those in the first row they 
may be shown to contribute in the final result to a 
higher order. As a result, we include only those 
connected products in the first row of Fig. 2. 

To evaluate £(r12), note that permuting the 
particles produces m! configurations, while there are 
also two ways of drawing the configuration from ¥ and 


o 


>—— 


ie 


12 


AWD Von: 


SMITH 
v*, Hence, 


LIT f(r::) 


2(n!) f(r, 


Milfurueas 
and 


fua(r) =2 f flr) f(rod: + f(rn42,2)dE3- + - 


Introduce y(), the Fourier transform of f(r), 


¥(k) ff. ik tr. 


x e - Cc io! Ent Ti2 yecomes 
Then the function £,1(r12) | 


? 
(27)8 


and thus 
? 


Cyilrie)=1+4+- - > [py k 


(27r)*’p n=1 


Interchanging the order of summatir 
we have if | py(k)| <1 


a] 2p y” , 
Cyi(riz) =1+- 
(27)* 1—py(k 


We next consider the second term in 
Eq. (10), i-e., 


given in 


V (riz) f(riz)Cy (112). (20) 


We note that Cy2 may also be expanded in a cluster 
expansion, 
vn 


Cys i+ > pé, 


n=! 


Fic. 2. Graphs representing the 
contributions to (V) from the term 
V (ri2)C yi (riz) in Eq. (10 
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where 


1 
£,0(ri2) = -{r II f(risdrs- + -dtnse, (22 
n! 


in accordance with our previous remarks in discussing 
the expansion of Cy1 (ris). +7 this case, we are consider- 
ing terms of the type V (riz) f(ri2) IT f (rss) (see Fig. 3). 
Nonrepeated indices require pte 


LX II fri) =0, 


for n odd, (23) 


and 


yi ~ II f(rii)= for ” even. 


!) f(ris) } Tn+2.2) 


This gives us the result for &n2(r12), 


Eno(ri2)=0 mn odd 


1 
er [crac ond n even 
(21) 


and, if | p*y?(k)| <1 
p” 7° (k) 
Cy2(ri2) = 1-+—— 
(2xr)8 


gt run 2dk. 
1—p*7*(k) 


)/N is 
V (r12) f?(r712)Cvs(n12). 


The last term in (J 


Nonrepeated indices require Cy3(ri2)=1 inasmuch as 
one f(r12) must come from ¥ and the other from ¥%*, 
then products which connect particles one and two are 
impossible. We drop this term as well as the second 
term in Eq. (26), since they may both be shown to 
contribute to a higher order in the final result for the 
energy. 

Combining the above results, the expectation value 
for the potential energy per particle is 


ven( 142/000) 


2p 7’ (k) 


(27)8 


—eik -tiadk 
1—py(k) 


dp. (27) 


The first term in the integral on the right side of Eq. 
(27) represents the interaction between unexcited 
particles one and two shown graphically by the first 
term in the first row of Fig. 2. The next term refers to 
the excitation and de-excitation of the pair (1,2) 
from and to the free particle ground state. The third 
and last term represents the sum of all contributions 
depicted by the remaining graphs shown in the first 
row of Fig. 2, corresponding to multiple pair excitations 
and their interaction with the unexcited particles. 
The inclusion of only the integral obtained from the 
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Fic. 3. (a)-(c) Graphs representing the successive contributions 
to (V) from the term V(ri2)f(ri2)Cve(ri2) in Eq. (10). (d) A 
typical contribution for odd nm (n=3) which vanishes for non- 
repeated indices. 


first term in this series, i.e., single pair excitations and 
their interaction with the ground state, in a direct 
calculation® yields the result cited by Brueckner and 
Sawada.’ 

Now for nonrepeated indices the expectation value 
for the kinetic energy per particle is” from Eq. (4), 


(T)_ — ph? 
_ —— [vr \V*W (rie \Cr( T12 )drjo 


2m 


"fur f (riz IC ri(f12) 


2m 


+f (riz) ¥? f (riz) \Cre(ri2) }dtie. (28) 
In a similar manner to the treatment of (V)/N, we may 
make a cluster expansion of C7;(r12) Saale 


® 
Cri(riz)=1+ DY pS ni(nie), 
n=l 


(29) 


where 


1 
Cai(%12) =— f ,D II f(rij)drs- ° “df n+. (30) 
n! (i) 


Examination of these expansions (see Fig. 4) yields 


> II f(r.;)=0, 


(1) 
D IT f(ris) 
(1) 


=n! f (113) f(r34)°- 


for n odd 


(31) 


. fl Tn+2,2) 


(32) 


Phys. Soc. 4, 386 


for m even, 


§V. H. Smith and H. A. Gersch, Bull. Am. 
(1959). 

1 The absence of a term Y /- YC should be noted. Such a term 
arises from products such as 
Vv POS (riz) f (ris) f (ras) ] 

=Vi- Chris) f (ras) Vif riz) +f (riz) f (ras) Vif (ris) ] 

=[V (riz) If (ris) f (ras) +S (riz) f (ras) V7 (ris) 

+2f (ras) Vif (riz)- Vil (ris) 


But such products are missing in ¥, due to nonrepeated indices. 
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2 
VF, 


(b) 


Fic. 4. Graphs representing contributions to the kinetic energy 
from the term V?f(ri2)Cri (riz) in Eq. (28). (a) A term with odd n, 
(#=3) which vanishes for nonrepeated indices. (b) A term with 
even m (n=4) which gives a nonvanishing contribution. 


and 


> II f(r:5)=0, (33) 


and thus the expectation value for the kinetic energy 
may finally be written as 


(T) Efe 
ites *f(riz){ 1 12) 
N 2m sate ( " 


p* 7’ (k) 


(2xr)8 1—p*y"(k 


end di. (34) 
) 

The expectation value for the energy per particle is 
then obtained by adding Eq. (27) and Eq. (34). 

To make connection with the results from the pertur- 
bation theory calculation for hard spheres, we now use 
for V(r) the pseudopotential shown by Lee, Huang, 
and Yang* to be applicable to this interaction at the 
low densities considered here. As they have shown, it is 
essential, in order to remove spurious infinities, to use 
the correct pseudopotential, 


V (r)=g5(r)(0/dr)(r ), g=4rah?/m, (35) 
where a is the hard sphere diameter. Actually, one can 
use the form V(r)=gé(r), and switch to the correct 
form given in Eq. (35) at the end of the calculation. 
The expression for (H) is considerably simplified by 
transforming the pair function /f(ri2) to momentum 
space. As shown in the Appendix, the result is 


N 2m 


2° (2m) 


1—p?y*(k) 


(H) pl?ye. 1 (k-+-pg:)y2(k) tery (k) 
2g, ea) 


(36) 
where gi= 8ra. Varying (H)/N with respect to y(k) we 
obtain the Euler equation: 

gy" (k)+2(k+pgiy(k) +21 
— ——_—_ = 0 


[1—p*y*(k) P 


Its solution for y(&) is 


(37) 


Rk? k 
nit)=—(14—)+— +2900), (38) 


PR1 Pg£1 


ARD Vu. .&. 


SMITH 


where the + sign is chosen in front of the radical to 
satisfy the condition that | py(k)| <1. Substituting for 
v(k) in Eq. (35) we obtain 


(H) —_ 7) 
N m 


1+ lim—+ f (8)e x ‘ak (39) 
-e Or 


Evaluating the integral yields the result 
ah? 128 

y= (Hl)=2No—|1+- - pa’), (40) 

15/7 


m 


which is the result previously obtained from pertur- 
bation theory.2* Using our solution for y(&), the 
neglected terms in the development for the potential 
energy are easily shown to contribute to the energy in 
the order p*a*, and hence in a higher approximation. 
Calculations of other ground-state characteristics such 
as the pair distribution function are also in agreement. 


3. DISCUSSION 


We have shown how the cluster integral formalism 
may be treated to produce results equivalent to those 
obtained from perturbation theory. Our interest in the 
equivalence is not so much in presenting the cluster 
integral development as an alternative to the second 
quantization procedure; as we have employed it here 
at least, the cluster integral formalism appears con- 
siderably more cumbersome. Of greater interest, 
perhaps, is the underlying reason for the possibility 
of making an exact asymptotic calculation for the 
ground-state energy in the two procedures. In the 
second quantization formalism, the pair approximation 
reduces the Hamiltonian operator from a complicated 
quadri-linear form in the plane wave creation and 
destruction operators to a simple bilinear form, which 
can then be diagonalized by a canonical transformation 
to new operators. The cluster integral formalism 
without the equivalent of the pair approximation is also 
quite intractible because of the complicated nature of 
admissible graphs contributing to the pair distribution 
function. The equivalent of the pair approximation, 
namely the restriction to nonrepeated indices, selects 
out the original hierarchy of graphs only the ring 
integrals. These have a particularly simple structure 
which enables evaluating exactly their contribution to 
the pair distribution function. This fact, utilized 
previously, for example, in the Debye-Hiickel theory 
of electrolytes," in the Kahn-Uhlenbeck treatment of 
the perfect Bose-Einstein gas,’ and in the Born-Green 
theory of liquids,” here again forms the basis for the 
possibility of the present calculation. 

uJ. E. Mayer, J. Chem. Phys. 18, 1426 (1950). 


2 M. Born and H. S. Green, A general Kinetic Theory of Liquids 
(Cambridge University Press, Cambridge, 1949), Chap. IT. 
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APPENDIX 
In this Appendix, we derive Eq. (3 
consider the sum of Eq. (27) and Eq. (34) term by term, 
using for V(r) the pseudopotential given by Eq. (35) 
and by transforming the pair function f(r12) to mo- 
mentum space: 


1 
f (112) =—— - [We pik -riad kk. 
(2 


7)? 


(A1) 


Equation (A1) is in accordance with Eq. (16) 


¥(k) = ffede Ti2dr 19, 


‘onsidering each term of Eq. (27), we have 


p p ; Pg 
fv roddt= = feotwan.=™, 
2 2 2 
p e 
fave serar 
? 
1 
=o f s8(t)(— [r@reeat ar 
(2m) 


P} 
= ~ f vieak, 
(2r)8 


(A2) 


p 2 7*(k) 
foe 2 (ff mean 
(2r)8 1—py(k) 
7’ (k) 
fos fen f— i ot-edk dr 
1—py(k) 


2(k) 
———dk. 
1—py(k) 
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We next consider the first term of Eq. (34 


since f(ri2) 


). _It vanishes, 
has no zero momentum components. Hence, 


— eh 
—_— fr f( 119 )dryo= 
2m 


Considering the remaining terms of Eq. 


(AS) 


(34), we find 


— ph? 


2m 


— ph? ’ 1 
2m (27) 
x f —# reer “sdk ) 
_* 1 
one fe 7(k)dk, 
2m (27) 
—p*h? 1 
faerpina( a f e* “sdk ) 
2m (27) 1—p*y"(k) 

Re. 3p2 

a, fat (f- ky (k' je’ tk’ 

2m 


y* (Rem 72 
xf ik) 
1—p*y?(k) 
pr 1 k?y4(k) 


= aa dk. 


2m (29)? 4 1—p*y?(k) 


f( ri2) V7 f(ris)drie 


¥*(k) 


(A7) 


Summing Eqs. (A2) through (A7) we obtain Eq. (36). 
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A model gas is considered in which all electron-molecule cross sections are isotropic and depend inversely 


on the velocity v. Collisional energy loss is neglected. 


The Boltzmann equation for the model is solved for 


the collision density, where the collision density is the number of collisions that an individual electron makes 
between 9 and v-+-d» over its entire history. The Townsend a is obtained from the collision density, and it is 
found that a/p is inversely proportional to E/p. It is argued that this model furnishes an upper bound to the 


true a/p for all E/p; therefore it is concluded that this 


model demonstrates that at sufficiently high Z/p the 


observed a/p for any real gas must decrease with increasing E/p. The results also shed light on the way 
electron energy balance or lack of energy balance affects a/p and the drift velocity vp; it is shown that energy 
balance is not possible at arbitrarily large E/p. Numerical applications of these results to Hz are discussed. 


I. INTRODUCTION 


OWNSEND’S first coefficient a is defined! as the 

average number of secondary electrons produced 
in a gas at pressure p by a primary electron which 
advances one cm along an impressed electric field E. 
The Boltzmann equation (B.E.) implies that for any 
one gas the quantity a/p is a function of E/p only. 
Experimental curves of a/p vs E/p have been obtained 
in a variety of gases,’ with E/p ranging from zero to 
several thousand volts/cm-mm Hg (the conventional 
units). Typically a@/p increases monotonically with 
increasing E/p throughout the entire observed range 
of E/p. Experiments exhibiting a maximum in the 
a/p vs E/p curve exist, but these are atypical and have 
not gained general acceptance.? Reported theoretical 
derivations’ of the dependence of a/p on E/p all 
predict a/p increases monotonically with E/p, in 
agreement with the typical experimental findings. 

On the other hand the following seemingly generally 
accepted’ simple argument indicates a/p should 
decrease with increasing E/p at high E/p: At high 
E/p an electron gains more energy from the field during 
a mean free path than it can surrender either elastically 
or inelastically in a collision with a gas molecule, so 
that at high Z/p an electron rapidly accelerates to high 
energies, where ionization and total cross sections 
decrease with increasing electron energy‘; hence with 
increasingly large E/p a/p (essentially the number of 
secondary electrons produced per gas molecule en- 
countered in one cm advance along £) decreases because 
the electron ionization rate decreases while its mean 
free path (in other words its rate of drift down the 


* This work was done under a joint General Atomic-Texas 
Atomic Energy Research Foundation program on controlled 
thermonuclear reactions. 

1A. von Engel, Ionized Gases (Clarendon Press, Oxford, 1955), 
pp. 155-157. 

2 L. B. Loeb, Basic Processes of Gaseous Electronics (University 
of California Press, Berkeley, California, 1955), pp. 652 and 668. 

*T. J. Lewis, Proc. Roy. Soc. (London) A244, 166 (1958), who 
computes a/p vs E/p for He, gives references to previous theories 
of a/p vs E/p. 

*H. S. W. Massey and E. H. S. Burhop, Electronic and Ionic 
Impact Phenomena (Clarendon Press, Oxford, 1952), pp. 30-188. 
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field) increases. In fact we have been able to construct 
several one-dimensional (electrons move only parallel 
or antiparallel to applied E) models of ionization 
growth for which the B.E. can be solved exactly,’ 
without any further approximation beyond the simplifi- 
cations originally introduced into the models. These 
models all showed a/p decreasing at high E/p, as 
expected from the above simple argument. 

The present work is motivated by recent efforts 
aimed at producing high-energy plasmas for thermo- 
nuclear research. To properly understand these experi- 
ments the behavior of a/p at very large E/p is required. 


Il. MODEL 


In the present paper we examine a three-dimensional 
model of ionization growth. In particular, we assume: 
(i) electrons start out with velocity »>=0 from a uniform 
infinite (along x and y) plane cathode at z=0, emitting 
at a constant rate; (ii) the electric field is constant 
and antiparallel to z, so that between collisions the 
electrons move with uniform acceleration a=eE/m 
along positive z; (iii) the electrons collide only with 
the infinitely massive molecules of a neutral gas, in 
such a fashion that either they make a purely elastic 
collision or else they ionize the neutrals—no other types 
of collisions take place; (iv) all ionized electrons start 
out with zero velocity, and the incident ionizing electron 
loses no energy in the process of creating a secondary 
thus every electron is created at zero energy and there- 
after gains or loses energy only through motion along 
or against the applied electric field; (v) the total cross 
section o and the ionization cross section ¢; for collisions 
between an electron and a neutral molecule are each 
spherically symmetric and inversely proportional to the 
incident electron speed ». 


Ill. DISCUSSION 


Our neglect of electron-electron and electron-ion 
collisions, and of electronic and ionic contributions to 
the electric field, does not restrict the utility of the above 
model, since it is implicit in the definition of Town- 


5 E. Gerjuoy and G. W. Stuart (to be published). 
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send’s a that the electron density is small. In other 
respects our assumptions are very restrictive however, 
particularly our assumption that the ionization rate 
vo; and the total collision rate v7 per gas molecule are 
constant. With this restriction on the energy dependence 
of o and go; (a restriction which is unnecessary in our 
one-dimensional models) we find, essentially exactly, 


a= (s/ar’) (0/0), (1) 


where the constant r= (ve) is the mean free time for 
collision, with NV of course the number of gas molecules 
per cc. The quantity s is about equal to 3, but is a 
function of o;/¢. Equation (1) implies 


a/p=19.2s(0,0W) (E/p)-, (2) 


where p is in mm Hg, £ is in volts/cm, o; and @ are in 
units of wao?>=8.8X10—7 cm?, and W is the energy, in 
electron volts, at which o,; and o are evaluated. 
Equation (2) shows that our three-dimensional 
model, like our one-dimensional models but unlike 
previous theories, makes a/p a decreasing function 
of E/p at high E/p. In fact a/p is inversely proportional 
to E/p at all E/p, according to Eq. (2). We make no 
claim that this simple result, a consequence of the 
excessive simplicity of our model, represents the 
variation with E/p of the actual values of a/p in a 
real discharge. We do claim however that at any E/p 
Eq. (2) predicts values of a/p exceeding the real values, 
provided the v'-proportional o; and o of Eq. (2) are 
so chosen that they exceed the actual cross sections at 
all energies, i.e., provided o,(W)><o,’(W), o(W)>0o'(W) 
at every W, where the primes denote the actual 
measured cross sections. More specifically we are 
claiming that with o; and o chosen as described, our 
model surely overestimates the rate at which electrons 
ionize, and equally certainly underestimates the rate at 
which electrons drift down the applied field. There is no 
virtue in defending these claims at low E/p, where the 
values of a/p obtained from (2) are ridiculously large. 
At high E/p however, where Eq. (2) yields small values 
of a/p, these claims are more meaningful and we are 
constrained to defend them. The key fact is that at 
large v actual cross sections o’ and a,’ are not isotropic 
and inversely proportional to vw, but instead‘ peak 
forward and decrease as v~ Inv. It follows that in an 
actual high E/p discharge: (a) electrons reach high 
energy more readily than our model assumes; (b) a 
high speed electron moving toward the anode has much 
less chance than in our model of being turned back 
toward the chathode, and thereby of being slowed 
down by motion in the direction of increasing potential 
energy. These effects (a) and (b) mean that in an 
actual high E/p discharge electrons drift down the 
applied field more rapidly than our model predicts, as 
claimed above, and also that: (c) electrons remain at 
high energy more readily than our model predicts, at 
which energies they ionize less readily (again as claimed 
above) because the actual high energy o;,’ decreases 
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FIG. 1. Comparison of our theoretical values of a/p with 
experiment. The solid curve is the experimental result. Curve A isa 
theoretical upper bound on a/p. Curve B is a less extreme upper 
bound. s=3.75 [see discussion under (16) ]. 


more rapidly than vw. We recognize that we also have 
neglected inelastic and elastic energy losses, which 
tend to keep the electron speeds low, and which there- 
fore in a high E/p high electron energy discharge tend 
to raise the ionization rate. At high E/p however, when 
the collisional energy loss per mean free path is much 
less than the energy gained from the field, collisions 
should decrease the mean electron energy by only a 
few percent, and therefore should increase the ionization 
rate by ony an equally small percentage. Consequently 
we judge this last effect to be unimportant compared to 
the aforementioned effects (a), (b), and (c). Moreover, 
as will be discussed in a moment, neglecting collisional 
energy loss terms in the Boltzmann equation can (and 
in our model seems to) decrease the electron drift 
velocity down the field, therewith at high E/p further 
increasing our model’s predicted a/p beyond the real 
values. 

We conclude that Eq. (2) demonstrates the actual 
values of a/p for a real gas must decrease with increasing 
E/p at sufficiently high E/p, as expected from the 
argument given in the second paragraph. The import 
of this conclusion is illustrated in Fig. 1, wherein the 
solid line is the experimentally observed® curve of 
a/p vs E/p for He, and the upper dashed curve A is a 
plot of Eq. (2), using ¢;=13.6 and o=34 at W=1 ev; 
these values of o; and o satisfy the requirement o,;(W) 
>oi'(W), o(W)>o'(W) at all energies. Curve A shows 
a/p for H, must begin to decrease somewhere between 
E/p=1000 and E/p=7500; at E/p=7500, the height 
of curve A equals the observed a/p at E/p=1000. 
Actually the discussion of the previous paragraph 
strongly suggests it is not necessary to have o;><a;’, 


*D. J. Rose, Phys. Rev. 104, 273 (1956). 
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o>o’ at all W in order that at high E/p the a/p from 
(2) assuredly exceed the real a/p. Curve B of Fig. 1, 
which should be a less extreme upper bound than A 
to the real high E/p values of a/p in Hp, is obtained 
using in Eq. (2) more realistic »~ fits to the measured?’ 
cross sections, namely o;=7.2 and c=18 at W=1 ev. 
Curves B of Fig. 1 suggests a/p in Hy begins to decrease 
somewhere between E/p= 1000 and E/p= 2000. These 
estimates from Fig. 1 of the value of E/p where a/p 
in Hz begins to decrease agree with estimates based on 
our one-dimensional models.® 


IV. ENERGY BALANCE 


Confining our attention to steady time-independent 
dc discharges, with the cathode at z=0 and the electron 
distribution function f(z,v) independent of x, y, we 
observe that previous theories’ have computed @ from 
the relation (equivalent to the definition of a at the 
beginning of this paper) 


a fav vows / fav v,f, (3) 


together with the assumptions: (i) the electron velocity 
distribution is independent of z, i.e., 


f (2,v) =n(z)g(v); (4) 


(ii) ionization has a negligible effect on f, i.e., ionization 
terms are dropped from the Boltzmann equation (B.E.) 
determining f/f; (ili) g(v) deviates only slightly from 
spherical symmetry, so that a truncated spherical 
harmonic expansion can be employed to find g. We 
have no objections per se to Eqs. (3) and (4). As our 
one-dimensional models explicitly demonstrate, when 
a#0 Eq. (4) must hold at sufficiently large z, in which 
event it follows rigorously from the 2,° moment of the 
B.E. including ionization that m(z)=mo exp(az), with 
a given by (3). On the other hand, as our one- 
dimensional models also demonstrate, g depends on a 
and therefore cannot be independent of a;, i.e., dropping 
the ionization terms from the B.E. may greatly alter 
the electron distribution function. In fact if the electrons 
gain energy from the electric field more rapidly than 
they lose energy by collision, as in the case of our 
three-dimensional model which lacks any collisional 
energy loss mechanism, then with no ionization (a=0) 
all electrons originate at z=0 and the electron velocity 
distribution never becomes independent of z. Moreover 
the assumption that g(v) is nearly spherically symmetric 
seems particularly dangerous at high E/p, where an 
electron acquires large momentum along the field 
between every pair of collisions. 

For these reasons we stress that our derivation of 
(1), given in the following section, makes none of the 
above assumptions (i)—(iii), and obtains a without 


. E. Normand, Phys, Rev. 35, 1217 (1930). 
T. Tate and P. T, Smith, Phys. Rev. 39, 270 (1932). 
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using (3) and without explicit determination of ff. 
Especially noteworthy is the importance of not assuming 
electron energy balance. For our model Eq. (3) yields 


a=o;/oTUp, (5) 


where the drift velocity vp customarily is supposed to 
equal ar in the case of constant mean free time. Thus 
Eq. (5) does not seem to agree with (1); rather (1) 
seems to require 1p—Jar. To elucidate this apparent 
discrepancy, consider the 7, moment? of the B.E. 


0 
— | dy atf—a far ft+r fav v,f=0, (6) 
0z 


where we have specialized to constant mean free time 
and spherically symmetric cross sections; in this 
circumstance the ionization cross section rigorously 
disappears from (6). Now when the first term in (6) 
vanishes, as when there is no ionization and the elec- 
trons are in energy balance, Eq. (6) implies the usual 
vp=ar. Neglecting ionization however, at each ¢ all 
electrons have the same kinetic energy in our model, 
namely v?=2az; consequently, making the further 
assumption that the distribution function is nearly 
spherically symmetric, (v.*),y=40=%az, which substi- 
tuted in (6) yields »p>=4ar. We remark that since the 
first term in (6) does not vanish when there is ionization 
growth or when there is no electron energy balance, it 
is not true that for constant mean free time quantities 
of physical interest like vp always can be obtained” 
merely from moments of the B.E. 

Since f need not be nearly spherically symmetric, 
and is z dependent when a0, the simple argument 
of the preceding paragraph hardly can be the whole 
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Fic. 2. Electron energy balance. Curve A shows the energy at 
which the right side of (7) equals eEvp. Curve B shows the energy 
at which the right side of (9) equals }. 


9W. P. Allis, Handbuch der Physik (Springer-Verlag, Berlin, 
1956), Vol. XXI, p. 421. 

10 J. C. Maxwell, Collected’Papers (Dover, New York, 1952), Vol. 
II, p. 40. 
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story, but it seems clear that the factor s in (1) is 
connected with the tendency for vp to equal ~ jar 
in our model, instead of ar. The first term in (6) 
represents a back pressure from electrons which are 
diffusing back to lower energy (smaller z) after making 
collisions at higher energy (larger z) ; this back diffusion 
is diminished by collisional energy losses, which 
prevent the electrons from penetrating to as small z as 
they would without losses. Evidently in an actual 
discharge as well as in our idealized model, failure to 
achieve energy balance tends to make vp less, and a 
correspondingly larger, than might otherwise have 
been expected. Thus it is consequential that the elec- 
trons in an actual discharge cannot remain in energy 
balance as E/p — ~, since in this limit vp and therefore 
the rate of energy gain eEvp is increasing, whereas the 
increasing average electron energy decreases the rate 
of energy loss. In Hy, for instance, the rate of energy loss 
by an electron of high energy W =}mz* is" 

dw dw 


4re’N 2W 
v — h—, 
dt dx Ww I 


where /= 13.6 ev, and we have assumed one hydrogen 
molecule is equivalent to two hydrogen atoms. The 
solid portion of curve A of Fig. 2 plots vs E/p the 
energy W, in ev at which the right side of (7) equals 
eEvp, using the smaller possibility 1»=4ar to compen- 
sate for the fact that the high-energy formula (7) 
probably considerably underestimates the energy loss 
at the low energies of interest here; r= (Nov)~! was 
computed using o= 18 at an energy of 1 ev, as in curve 
B of Fig. 1. For given E/p, energy balance is possible 
only for electrons with energies W <W,,. For E/p> 470, 
the form (7) implies the energy gain exceeds the energy 
loss at all electron energies, but the true curve A 
presumably continues on to higher E/p as indicated 
by the dashed extrapolation. The probability that an 
electron starting at v=0 goes a time ¢ without making a 
collision is® 


t 
O)=exp| — f arveeryofe(e3 (8) 


where v=al’. Hence the probability that an electron 
starting with zero energy attains an energy W in ev 
before making its first collision is 


2W \! p 
of ( —) |-e»| —3.1 -[ 
ma* Evo 
where the units are as in Eq. (2), and we have used 
dW =mvdv= mvadt. Curve B of Fig. 2 plots vs E/p the 
energy W: at which Q=}3, with the integral (9) com- 
puted from the observed’ ¢ for electrons on Hg, plus a 
reasonable extrapolation® therefrom at energies exceed- 


Ww 


aw'ocw)}, (9) 


"'N. F. Mott and H. S. W. Massey, Theory of Atomic Collisions 
(Clarendon Press, Oxford, 1949), p. 252. 


THREE-DIMENSIONAL 


MODEL FOR TOWNSEND'S a 895 
ing 40 ev, the upper energy limit of measurement. For 
given E/p, an electron starting at »=0 has probability 
equal to 3 of reaching an energy W> W, before making 
its first collision. Comparison of curves A and B of 
Fig. 2 indicates that in an He, discharge electrons 
probably are in energy balance at E/p’s< ~500, but 
are unlikely to be in energy balance at higher E/p’s. 


V. DERIVATION OF a 


Let us compute the total number .V(Z) of electrons 
produced on our model in the interval 0<s<Z asa 
consequence of the emission of a single primary electron 
from the cathode at s=0. Suppose m(z)dz is the number 
of secondaries produced by the primary in the interval 
z to z+dz. Each secondary is created with speed zero, 
so that a secondary created at z=; never can be found 
at s<z,; moreover in moving from 2; to Z the secondary 
born at 2; causes the ultimate creation of exactly as 
many electrons as would the original primary in moving 
from the cathode to z= Z—z,. Thus 

zZ zZ 


via)= fi denc)+ f dz n(z)N(Z—3). (10) 


0 


Suppose now that in the course of its entire history 
an electron makes ~(v)dv collisions during the times 
when its speed was between v and v+d?; ¥(v) is termed 
the collision density. On our model 


1 ‘dy e~vle 
y(v) = 3+ f - hiked 
(ar)? o y¥ (1—y tanh y)?+ (d2y)? 


This result is derived below. Eq. (11a) is plotted as 


curve A in Fig. 3. We plot 


1 0.738ar 
y(v)= 3+—, 
(ar)? 1 


as curve B. This fit to the exact ¥(v) is used in the 
subsequent analysis. Because there is no energy loss on 
our model, the primary speed at z=2;, is uniquely 
determined, so that by the definition of ¥(v) 


n(z)dz= (a;/c)p(v)dv, 


exp[ — 1.25v? (ar) (11b) 


(12) 


where v?(z) = 2az. 
We now solve the integral equation (10). Straight- 
forward application of Laplace transforms” presents 


1 — @(A)dr 
N(Z)= e 
2ri J, 


s (13a) 
AL1—@(A) ] 


where, using (12), the Laplace transform of n(z) is 
x 


60)= | dz e~*n(z) 


0 
x 


0; 


= f dv exp(—Av”/2a)(v). (13b) 


oO 0 


2 P. M. Morse and H. Feshbach, Methods of Theoretical Physics 
(McGraw-Hill Book Company, New York, 1953), pp. 972-75. 
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Fic. 3. Electron collision density. Curve A is the exact (11a). 
Curve B is the form (11b). Also plotted is the asymptote (line 
through the origin) which a7r(v) approaches at large v/ar. 


Explicitly, with (11b) in (13b), Eq. (13a) becomes 


1 dw 
N(Z)= f exp(wZ/ar*) 
2ni w 


- “ 
r 


3a(w+2.5)3+0.738x(9/2)iw 
x . 
(2 


; : ), (14) 
w—3x)(w+2.5)i—0.738x(2r/2)w 
x=<a;/e, 


where the contour of integration is the vertical line I 
shown in Fig. 4 and the real part of (w+2.5)! is >0. 
The integrand of (14) has a branch point at w= —2.5 
and poles at w=O0 and at the three roots of the de- 
nominator within the bracket. It can be shown that 
all three roots are real, but only one is positive. Closing 
the contour at infinity and around the branch line, the 
pole due to the single positive root w, contributes a 
term to (14) which increases exponentially with Z. The 
other singularities contribute terms to (14) which are 
either constant (the pole at w=0), exponentially 
decreasing (the negative poles), or integrals whose 
integrands are exponentially decreasing with Z (the 
branch line integrals). Thus as Z—~«, the total 
number of electrons produced in 0<s<Z as a conse- 
quence of emission of a single primary from the cathode 
1S 


N(Z)= Noe”. (15a) 


AND E 
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where 
(15b) 


. 
a=w),/ar’, 


and No is a number independent of Z. Suppose next 
that the cathode has been emitting electrons uniformly 
for a sufficiently long time that a steady state has been 
attained in the region 0<z< Z. Then the net number cf 
electrons per second crossing the surface z=Z in the 
direction of increasing z is steady and must equal 
Noe*” times the number of electrons emitted from the 
cathode per second. In other words, the current density 
in our model discharge is 


i(Z) = ine*”, (16) 


so that a defined by (15b) is Townsend’s first coefficient. 
The w; which corresponds to our Hy, values o;/o 
= 13.6/34=7.2/18=0.4, is w,;=1.5. For He then, 
s=1.5/0.4=3.75 in (1). When the integral in (11a) is 
neglected, s=3. The same result s=3 is obtained in the 
limit o;/o — 0. 

We do not maintain that replacing (1la) with (11b) 
yields a Laplace transform of N(Z) [integrand of (14) ] 
with the correct behavior in the entire complex w-plane. 
The essential point is that the behavior of N(Z) at 
large Z is determined solely by the largest value of 
A\=w/ar’ solving ¢(A)=1 in (13a). Because y(v) is 
everywhere positive, on the positive real A axis the 
values of $(A) from (13b) are only slightly changed by 
the slight approximation involved in replacing (11a) 
by (11b), so that the largest positive root of (14) 
necessarily is very close to the largest root of the 
exact @(A)=1. The accuracy of the fit of (11b) to (11a) 
could be improved by employing a series of several 
Gaussians, with only an increase in the algebraic 
complexity of the equation ¢(A)=1. However we 
believe that (11b) reproduces (11a) with sufficient 











Fic. 4. Contour of integration in w plane for (14). 
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precision to allow us to term our result for @ essentially 
exact. 

The ratio o,/o need not be taken constant. Equation 
(13b) can be evaluated, at least numerically, for o; an 
arbitrary function of » consistent with the 1/v nature 
of o. The a comes, as before, from the (positive) root 
of #(A)=1. 


VI. COLLISION DENSITY 


There remains the problem of deriving (12). The 
quantity ¥(v) is defined in terms of the history (in 
velocity space) of any one electron. This history does 
not depend on the location (in coordinate space) of the 
point where the electron is born. Thus for the purposes 
of finding ¥(v) we imagine a uniformly distributed 
(from z=— © to z=+ © in coordinate space) initial 
distribution fo(v)=f(v,0) of electrons at t=0, for 
which the distribution function f(v,f) at later times, 
after colliding with the infinitely massive neutral gas 
molecules, satisfies the B.E., 
of 0 f 

—+q—= —Neo()f+ ff dv’ fiw Nea’ —v), (17) 

al Ov, 


where the total cross section o(v) and the ionization 
cross section ¢;(v) satisfy 


a(0)= f av'o(v —v’), 
o,(v)= favour — vy’), 


Although o(v—> v’) includes o;(v—> v’), terms corre- 
sponding to creation of electrons by ionization are 
omitted from the right side of (17), since we are 
interested in the history of am electron, not in the 
electrons this original electron creates. Hence, substi- 


tuting (18a) in (17) 
d f 
— | dv f=0. 
dt 


We remark that electron indistinguishability in the 
ionization process is inconsequential ; it doesn’t matter 
which of the two outgoing electrons is termed the 
primary and which the secondary, provided that (19) 
holds and that the integral on the right of (18b) yields 
the correct total ionization cross section o;(v). 

The definition of ¥(v) implies 


(18a) 


(18b) 


(19) 


V(e)do=c'do f at f dn Nova (v) f(vn,t). (20) 
0 


Equation (20) has the noteworthy feature that (v) 
for the original discharge, which contains a source at 
z=0 and electron creation processes, is obtained from 
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the solution to (17), which corresponds to a spatially 
uniform nonionizing ensemble of electrons drifting 
down the applied electric field. Furthermore the possible 
utility of (20) depends entirely on whether or not the 
cross sections, which have not yet been specified in 
(17), are such that an electron can attain energy 
balance. If energy balance occurs, an electron spends 
all its time at finite speeds and (20) is infinite; con- 
versely if energy balance is not attained the integral 
(20) converges, since then the probability of finding 
the electron with a finite velocity » becomes vanishingly 
small as t+ ©. Hence it is precisely because our model 
has no collision loss mechanisms, a feature which might 
ordinarily be regarded as a deficiency, that we are able 
to introduce usefully the concept of the collision 
density. 

The probable number of electrons with velocity v at 
t equals the probable number of electrons furnished at 
t=0 which can reach v at ¢ without collision, plus the 
probable number of electrons reaching v, ¢ which made 
their last collisions at intermediate times T, 0< T<i. 
Therefore, referring to Eq. (8), Eq. (17) is satisfied 
(as performing the indicated differentiations will verify) 
by the solution to the integral equation 


sivst)= f ar f av'ne'f v’,T)oLv’ > v—a(t—T) ] 


iaik 


0 


t—T 


dt’ Nv(t’)oL v(t’) ] | + fo(v—at) 


t 


xexp| — fae o(?ofo(0)) , @) 


where in the exponential under the integral sign 


v(t!) =v—a(i—T-?), (22a) 


and in the exponential multiplying fo 


v(t!) =v—a(t—/’). (22b) 
We now specialize to our constant mean free time 
model, for which 


a(v— v’)= (1/4) (1/2")d(v—v’)o (0), (23a) 


fo(v) = (1, ‘Aar,9?)b(v— Vo), (23b) 


wherein 6(x) is the one-dimensional Dirac delta function. 
Equation (23a) is in agreement with (18a) and the 
assumption of isotropic collisions without energy loss; 
in Eq. (23b) % is a small positive quantity which 
ultimately is permitted to approach zero, in agreement 
with the assumption that every electron is born with 
zero speed. Introducing the Laplace transform of f, 


wa 


g(wr)= f dt e* f(v,t). (24) 
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Equations (21)—(24) yield 


x x fi v’ T) 
g(v,A) f dite f ar f wv’ 
0 0 4orn’*r 


Xé[v’— |v—a(t—T) | Je 


x aL v—al 
+f dt e~™ 
0 dard," 


In the multiple integration of (25) first interchange the 
order of integration of ¢ and 7, so that ¢ is integrated 
between T and  ; then introduce the variable u=t—T. 
Thus we obtain an integral equation for g, namely 


g(v,A) f auf av o*%¢ 
0 


. [| v—au| —v ] 


+f du e>“e-* 
0 42," 


Next we integrate (26) over all directions n of v=vn. 
This integration is performed introducing the new 
variable 


(26) 


y= |v—au| = (v?+a?u?—2avup)}, 


27) 
dy= — (avu/y)dp, 


in plac e of n= os@, where of course dn= sinédéd¢o = dud. 
We find 


fen g(v,A) 
2x vreu ‘ 
fan’ v’ A) f dy —#(v'—y) 
} au avu 
“ 2r 
+f du e~>“e— “lt 
0 dard? 


rau y 
xf dy —6(y—1). 
aul ave 


In Eq. (28) v and a are no longer vectors, i.e., | v—au 
is simply the absolute magnitude of the number »— au, 
with », a, # all intrinsically positive. 

With the definition 


H(v,X) fon g(v,A), 


Eq. (29) can be put in the form 


(28) 


x 


[ 1 
H(v,d) J eexesn| aon : 
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where the kernel 
d 


‘ 1 D e ri Te r uta 
K (0,v’ A) =— f du f 
2ra u 


(31) 


Since the integral over the 6 function in (31) vanishes 
unless 


v—au| <v’'<v+au, 


it follows that, for any positive v and 2’ 


“du 
P 
u 


1 (Ar+1) | 12 
2ar a7 


with E, the exponential integral 


rt £ , 
€ é 
F(x) f du J du—. 
1 u u 


VII. CONNECTION WITH NEUTRON 
TRANSPORT THEORY 


It now can be seen that Eq. (30) is identical with an 
integral equation which occurs in a much-studied 
neutron transport problem, namely the problem of the 
neutron density in a homogeneous isotropic scattering 
medium containing an isotropic point source of neu- 
trons; in fact the results for the neutron transport 
problem immediately yield the solution Eq. (30), 
and thereby yield the collision density ¥(v), since from 
Eqs. (20), (24), and (29), 


y(v)= 


Case, de Hoffmann and 
equation 


e7 it’ 1 
p(r)= fee E r’)+ 5(r’ | 
4n\r—r|* 4orr”? 


They show p is spherically symmetric, and when 
c<1 is given by 


| 0Ke 
i »—Kor 


vH (v,0). 
Placzek™ 


(35) 


solve the integral 


p(r.c)=- 
4rr 


1 du 1 
-+ f ere . £3F) 
Jo we (1—cp tanh—"p)?+ (Sarcy)? 


é 
0c 


13K. M. Case, F. de Hoffmann, and G. Placzek, Introduction to 
the Theory of Neutron Diffusion (Los Alamos Scientific Laboratory, 
Los Alamos, New Mexico, 1953), Vol. I, Chap. 4, esp. pp. 55-58, 
67-71. 
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where Ko is given by 
Ko /‘tanh7K = C. 


In the limit c=1, Ko=0 and 0K,?/dc= —3 in (37). 

In Eq. (36), recalling p is spherically symmetric, the 
integral over all directions n’ of r’=r'n’ can be per- 
formed by the same device as in (27), i.e., by introducing 
the new variable 


(38) 


y= [rer | = (2 +72—2rr'y)!, (39) 


in place of p=r-r'/rr’. Therewith we discover Eq. (36) 
is equivalent to 


1 x 
P(r,c)= f dr’'LE\(|\r—r’|)— Ex (r+r’) ] 
275 


1 
x| cPrrid-+—aer) | (40) 
r 
where 
P(r,c)=4nrp(r,c). (41) 


On the other hand in the limit 7) — 0, the substitution 
r= (ar) (Ar+1)2, (42) 
in Eqs. (30) and (33) converts (30) to 


0 


1 
O(r,A)= f artes r—r'|)—Ex(r+r’) ] 
? 


~ 0 


Ar+1 


Q(r’,A)  (Ar+1) i(r’) 
ba or 7 f 


(ar)? 


arr 
otra) =a( ~- a). 
Ar+1 


Equations (40) and (43) mean 


 Ar+il 1 
Q(r) -—— (1, ), 
(ar)? Ar+1 


because the source in (43) is (ar)~*(Ar+1) times the 
source in (40). Thus, recalling Eqs. (24) and (29), we 
have obtained an explicit expression for the spherically 
symmetric part of the Laplace transform of f(v,t). In 
particular for \=0 


1 r 1 1 du 
H(r,0) => (=) = —| 3+ —e-rlarn 
(ar)? \ar (ar)? oe 


1 
- ——|, (46) 


(1—p tanh—"y)?-+ (37m)? 


(45) 
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Equations (35) and (46) yield the previously quoted 
(12). 

We comment finally that the integral equation for 
H(v,0), or equivalently for ¥(v), can be formulated from 
first principles, without recourse to the B.E. (17). In 
the course of its entire history the number of collisions 
made by an electron when its speed is v equals the 
integral over all v’ of the number of times the electron 
receives speed v’ (by collision or in the process of 
creation) multiplied by the probability K(v|v’) that 
an electron starting with speed v’ makes its next 
collision at speed v. Hence 


va 


v= f dv’ K (v| v’)[p(v")+6(2) J, 


(47) 


where the 6 function expresses the fact that the electron 
is created at zero speed. Recalling (8), the probability 
K(v|v’) that a particle starting with velocity v’ makes 
its next collision at speed 2 is 


a 


K(olv)= f dt No[v(t) }v(t) 


xexp| — f de vo(e)oLo(e)} d[v(t)—v], (48) 


0 
where v(/)=v’+a/ and the 6 function in (48) picks out 
these instants at which the particle attains speed v after 
starting with velocity v’. When the scattering cross 
section is isotropic, the initial direction n’ of v’=v’'n’ is 


random, and 
1 
K(v|v’)= fen v'n’), 
4r 


Direct integration of (48) and (49) for our constant 
mean free time model yields 


lig v—v' v+v’ 
= “| :( rs )-n( : )| (50) 
2arv’ ar ar 


Using (50), Eq. (47) is seen to be equivalent to Eq. 
(30) for H(v,0) and indeed K(v,v’,0) of Eq. (33) now is 
interpretable from the relation 


(49) 


K (v,0',0) = (v/v) K (| 0’). (51) 
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The effects of the addition to copper of a wide variety of B subgroup elements on the nuclear magnetic 
resonance absorption of copper are described. The resonance amplitude, which undergoes a sharp reduction 
upon alloying, is of special interest; its dependence upon solute valence and size argues decisively in favor 
of conduction electron charge redistribution (valence effects) as the dominant source of the electric field 
gradients surrounding these solutes. Furthermore, these gradients are shown to decrease only about as 1/r? 
rather than exponentially as had been supposed. Using the proportional change in the lattice parameter of 
the solid solution as a measure of the local strains surrounding a solute atom, only slight correlations between 
local strains and resonance amplitude were found. It is concluded that the origin of electric gradients around 
multivalent solutes in copper is almost purely an effect of conduction electron distribution and that this 
distribution is not of the exponentially screened Coulomb charge type. The spatially oscillating charge 
distribution derived and recognized by Friedel and recently elaborated by Kohn and Vosko and Friedel 
and co-workers satisfactorily explains the observations. 


I. INTRODUCTION 


HIS paper reports the results of a comprehensive 
experimental study of the nuclear magnetic 
resonance of copper in a wide variety of copper-base 
primary solid solutions containing B subgroup elements 
as solute. These alloys are all of the substitutional type, 
and have been the subject of numerous thorough in- 
vestigations of other kinds, a fact which is of con- 
siderable importance in interpreting the resonance data. 
The work to be described was undertaken in an effort 
to determine the origin of the electric field gradients 
which surround solute atoms in solid solution. Previous 
studies of nuclear electric quadrupole interactions in 
alloys have been too restricted in scope to furnish broad 
generalizations about the effects of various solute 
species. It has consequently not been possible to state 
whether the observed “quadrupole effects” were the 
result of lattice strains caused by atomic misfit (size 
effects) or the result of a redistribution of conduction 
electrons (valence effects). Of the two, the first alter- 
native seems to have been most often assumed. 
The nuclear resonance absorption of copper undergoes 
a striking reduction in amplitude when the metal is 
alloyed, i.e., when any foreign element is introduced 
into the copper lattice. The reduction is accompanied 
by relatively slight changes in the line shape, width, 
and position. This behavior has been explained phe- 
nomenologically' as the effect of electric field gradients 
generated by the solute atoms. The interaction of these 
gradients with the nuclear electric quadrupole moments 
perturbs the energy levels of the nuclear dipoles in a 
magnetic field and shifts their transition energies appre- 
ciably. A quantitative description of this effect will be 
given in Sec. IV, using electric field gradients derived 


* A preliminary account was published in Bull. Am. Phys. Soc. 
5, 176 (1960). 
1N. Bloembergen and T. J. Rowland, Acta Met. 1, 731 (1953). 


by Kohn and Vosko? in an accompanying paper referred 
to henceforth as KV. The theoretical behavior of the 
nuclear resonance absorption as a function of alloy com- 
position and resonance frequency will then be compared, 
in Sec. V, with the experimental results presented in 
Sec. III. The experimental apparatus and techniques 
will be the subject of Sec. II. 

The good quantitative agreement between experi- 
ment and theory strongly supports the electron density 
distribution computed by Kohn and Vosko. This 
distribution is the result of a self-consistent treatment 
of the conduction electron charge around a solute atom 
and does not consider lattice distortions. This fact, 
together with the poor correlation of the resonance 
observations with x-ray measurements of lattice di- 
lation, forces us to conclude that inhomogeneous strains 
introduced by solutes must have a relatively slight 
influence on the gradients in most of the alloys investi- 
gated. Deviations from the behavior predicted by the 
charge distributions of KV are in the right direction 
to be ascribed to lattice strains. 

During the initial stages of this work, the pertinent 
question of the role played by the Knight shift arose, 
and even the extreme possibility that the observed 
phenomena could be explained entirely on that basis 
was suggested. The qualitative effects on the absorption 
Jine of variations in solute concentration and external 
magnetic field strength are sufficient to establish the 
prime importance of quadrupole interactions in deter- 
mining the resonance behavior of these alloys. A study 
of the resonance of silver in silver-base alloys’ was 
undertaken with the sole object of becoming well ac- 
quainted with the characteristics to be associated with 
alloys in which the Knight shift alone was present. 
The fact that in copper alloys the line width varies 
little with either solute concentration or external field 


2 W. Kohn and S. H. Vosko, following paper [Phys. Rev. 119, 
912 (1960) ]. 
3 T. J. Rowland (to be published). 
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strength is contrary to the behavior expected of the 
Knight shift. Also, we note that it would be exceedingly 
unlikely for a change in the Knight shift of more than 
ten percent to take place even at nearest neighbor sites.‘ 
The shift involved in the alloys under discussion would 
be only about one kilocycle (less than } of the line width 
of copper) at most, and could not possibly be large 
enough to be interpreted as the intensity changes which 
are a primary characteristic of the results. In addition, 
we have the fact that annealing increases the intensity 
of the resonance in pure copper by a factor of 2.5 from 
its value for heavily cold-worked copper. This must be 
ascribed to (first order) quadrupole interaction, not the 
Knight shift. 


Il. EXPERIMENTAL PROCEDURES 


The experimental apparatus used was largely of 
standard design. Two commonly used detection 
schemes® were employed, the choice in any particular 
instance béing based on the relative importance of the 
resonance parameters to be measured. The Bloch 
nuclear induction method was used for practically all 
of the amplitude and line width studies. The Pound- 
Knight-Watkins circuit was often used to check line 
width determinations and to obtain data for line shape 
studies. For the latter, a faithful reproduction of the 
nuclear absorption is especially desired. The rf probe 
coils were, in every case, wound with pure silver. The 
output of the rf unit in use went directly into a detector, 
audio amplifier, narrow band amplifier, phase-sensitive 
detector, output integrating circuit, and recorder. 
Audio modulation was applied to the external magnetic 
field so the above detection circuits produced a dc 
output closely proportional to the derivative of the 
resonance curve. Output time constants between 3 and 
30 seconds were commonly used, with longer integrating 
times, and correspondingly lower sweep rates, being 
required to maintain a good signal-to-noise ratio for 
the measurements on the more concentrated alloys. A 
relatively low amplitude of rf field (peak circular 
H,=0.06 gauss) was used to avoid saturation effects 
which include aggravating the out-of-phase audio com- 
ponents encountered upon phase-sensitive detection.® 
The frequency of the audio modulation was restricted 
to 20 or, at most, 40 cps for the same reason. The audio 
modulation amplitude generally used was 2.1 gauss 
peak-to-peak, somewhat less than 3 of the line width 
for copper and its alloys, and aluminum. 

As mentioned above, a marginal oscillator was some- 
times used in preference to the nuclear induction ap- 
paratus in order to avoid inadvertently obtaining a 
mixture of the nuclear absorption and dispersion. 
Fortunately, slight asymmetries in the resonance, 


4A. Blandin and E. Daniel, J. Phys. Chem. Solids 10, 126 
(1959). 

5E. R. Andrew, Nuclear aa Resonance (Cambridge 
University Press, New York, 1955). 

6 A. G. Redfield, Phys. Rev. 8, 1787 (1955). 
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introduced by imperfect adjustment of the leakage 
voltage which is mixed with the nuclear absorption 
signal in the crossed-coil method, have almost no effect 
on the peak-to-peak derivative amplitude,’ and their 
presence usually could not offset the advantages of the 
induction apparatus, particularly its ready adapta- 
bility to routine measurements and somewhat more 
dependable operation with metal powders. Since a 
mixture of absorption and dispersion can result from 
particle size effects also,* the alloys used in this investi- 
gation were filed and the filings passed through either 
a 200- or 325-mesh sieve, depending upon their com- 
position (hence resistivity) and the frequency at which 
the resonance was to be observed. Most of the 4 Mc/sec 
data were obtained using 200-mesh particles since 
microscopic examination showed their smallest di- 
mensions to be less than the skin depth. The resistivities 
of the various alloys range from about 2 » ohm-cm for 
1 atomic percent zinc to 27 u ohm-cm for 4 atomic 
percent arsenic. 

The external magnetic field was supplied by a Varian 
12-inch electromagnet and its associated current regu- 
lated power supply. The field inhomogeneity over the 
sample (~0.1 gauss) was negligible compared to the 
line widths being observed. During most of the work, 
the external field was swept through the resonance and 
the frequency held constant; at times, however, when 
using the Pound oscillator, the frequency was swept 
instead. In no essential way does this change affect the 
outcome of the measurements to be discussed. 

The alloys were prepared over a considerable period 
of time from two different batches of copper. Although 
this was not intentional, it was reassuring to find that 
the change from OFHC copper® to 99.999 copper during 
the latter part of this work had no discernible systematic 
effect on the measurements. This can probably be 
ascribed to the fact that the total impurity content of 
the OFHC copper was negligible when compared to the 
solute concentration in these alloys. The solute metals 
were all of high purity (Ga, In, Zn> 99.999; Ag, As, Au, 
Cd, Ge, Ni, P, Sn>99.99; Al, Mg, Si>99.9; Sb 99.8), 
although this was not of major concern because even 
a 99.5% pure solute would introduce only 0,005¢ of 
foreign impurity (c=solute concentration). With few 
exceptions (to be discussed below), the alloys were 
prepared in 40- to 60-gram quantities by melting the 
weighed constituents under about one atmosphere of 
argon in sealed quartz capsules. The argon discourages 
the migration of volatile solutes from the surface of 
the ingot during subsequent heat treatment. The molten 


7 This is an experimental observation which has been verified 
by an analysis similar to that of Seymour et al. (reference 8). 

§N. Bloembergen, J. Appl. Phys. 23, 1383 (1952); A. C. 
Chapman, P. Rhodes, and E. F. W. Seymour, Proc. Phys. Soc. 
(London) B70, 345 (1957). 

® Spectrographic analysis of this copper show ed parts per million 
of iron, tin, lead, and silver, and less than 0.01% nickel; no other 
metallic impurities were present in detectable ‘quantity. It isa 
pleasure to acknowledge this generous (20 pound) gift from The 
American Brass Company, Buffalo, New York. 
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alloys were agitated periodically for about two hours 
before being cooled in an air blast, then, without 
breaking the capsule, they were immediately placed in 
an annealing furnace, the temperature of which was 
chosen so as to be just safely below the solidus of that 
particular alloy. The phase diagrams in Hansen" were 
used to determine the appropriate temperature. This 
anneal was meant to smooth out composition inhomo- 
geneities which occur on solidification and the annealing 
times were generally days or weeks, depending largely 
upon the temperature used. In many cases the heat 
treatments used by the investigators who determined 
the lattice parameters of copper-base solid solutions 
were available in the literature and were consulted as 
a guide to the establishment of equilibrium. After this 
high-temperature anneal, the ingots were usually 
quenched by breaking the quartz under oil. One or two 
small pieces were then cut from the ingot, polished 
metallographically, and inspected for any signs of a 
second phase or of coring. None of the alloys for which 
data are reported showed either of these large scale in- 
homogeneities. The analysis of the results in a subse- 
quent section applies to random solid solutions; hence, 
every attempt was made to achieve the high-tempera- 
ture equilibrium state of these solutions. The presence 
of macroscopic segregation would always cause the 
measured intensity to be greater than it would be for a 
homogeneous solution. Calculations based on various 
assumed solute distributions have shown that macro- 
scopic concentration fluctuations of +0.3 atomic per- 
cent would cause increases of approximately 1% in the 
measured intensity. The change is zero to first order 
because any solute distribution must have the bulk con- 
centration ¢ as its mean. 

After microscopic examination, the alloys were filed 
and the filings repeatedly passed through a strong in- 
homogeneous magnetic field to remove stray ferromag- 
netic particles. The filings were then passed through a 
sieve, as mentioned previously; they were usually not 
annealed. In a few instances when filings were annealed, 
it was found that the intensities before and after an- 
nealing were the same, within experimental error. This 
observation agrees with the accepted notion that dis- 
locations alone are not capable of producing large 
enough field gradients at enough sites to have a sig- 
nificant effect on the intensity of the central component, 
although they can drastically decrease the satellite con- 
tribution. Since the satellites are already completely 
obliterated in the alloys under consideration, the dis- 
locations have no effect. 

The alloys of Cu with P, Si, and Mg were prepared 
by other methods. For phosphorus, a master alloy of 
8.3 weight % P (eutectic composition) was first made. 
by reacting red phosphorus vapor with copper chips. 
This was diluted to form the desired solid solutions. A 
Cu-4.68 weight % (10 at. %) silicon master alloy 

1 M. Hansen, Constitution of Binary Alloys (McGraw-Hill Book 
Company, Inc., New York, 1958). 
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was made in quartz in an induction heating unit and 
used to form the more dilute Cu-Si alloys. The Cu-Mg 
alloys were the only ones which were not made in quartz 
capsules. These were produced under one atmosphere 
of argon in graphite crucibles by plunging the mag- 
nesium beneath the surface of molten copper with a 
graphite rod. The melts were then stirred and cooled 
as soon as possible; the ingot was sealed into quartz 
and annealed in the usual fashion. The finished alloys 
were chemically analyzed for magnesium. 

In order to derive the desired amplitude data from 
the derivatives of the absorption curves of the Cu® in 
these solid solutions, a reference standard was included 
with each one during the measurement. The reference 
consisted of a small (4 mm i.d.) sealed glass sphere 
containing filings of pure aluminum. The latter pro- 
vided a reproducible absorption with which to calibrate 
the apparatus. Copper resonance derivative amplitudes 
were always compared directly with this reference and 
measured as a multiple of it. This arrangement satis- 
factorily compensates for unintentional variations in 
over-all receiver and lock-in gain as well as audio 
modulation and rf field amplitudes. It also corrects fer 
changes in the Q of the receiver input circuit which 
accompany the insertion of the various metallic 


powders. Extensive subsidiary experiments were con- 
ducted to determine the extent to which the standard 
(and, equally important, the portion of the alloy powder 


at the center of the sample) was shielded by the sur- 
rounding filings. Since the sample geometry chosen was 
that of a right circular cylinder, it was necessary also 
to determine the effect of the length of the column of 
sample and of small deviations in the placement of the 
sample relative to the rf coils. A depth of sample was 
used which struck the best compromise of linear output 
signal with depth, insensitivity to small changes in 
sample placement, and reasonable requirements on the 
quantity of powdered alloy to be prepared. The latter 
stipulation may appear somewhat unscientific, but in 
view of the number of alloys investigated and the 
objectives of the investigation, it was an important 
consideration. Since the rf field geometry in the vicinity 
of the sample must be unchanged from measurement to 
measurement, the volumes of the samples were made 
equal. Each sample then consisted of a right circular 
cylinder 1.4 cm in diameter and 0.7 cm high which 
could be placed so that its center coincided with the 
center of the receiver coil. A jig was used to assure 
reproducibility of placement. The weight of each sample 
was determined and used to correct the measured 
amplitude for differences in the amount of contained 
copper. The symbol J will be used to denote the relative 
amplitude corrected to equal numbers of copper nuclei ; 
accordingly, Jcou=Jeu’/(Jai’Xweight of copper in 
sample). Here Jc.’ is the directly measured peak-to- 
peak amplitude of the derivative of the absorption curve 
of copper in the alloy and J,;’ is the similarly defined 
amplitude from the reference. As will be shown in more 
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detail later, in the present context J’ is not inter- 
changeable with the peak height of the absorption curve 
itself. In fact, J’ is essentially a measure only of that 
portion of the nuclear absorption which peaks in the 
vicinity of the resonance frequency vc, characteristic 
of the pure metal. The majority of the data was obtained 
at a single frequency (4 Mc/sec); however, in specific 
cases the frequency dependence of the resonance ampli- 
tude was investigated by one of two methods. For the 
most critical work 325 mesh aluminum filings were 
thoroughly mixed with the copper alloy powder since 
it was necessary to change the rf probes, and thus the 
coil-specimen configuration, in covering the frequency 
range 2-12 Mc/sec. At other times the reference reso- 
nance was obtained from a separate quantity of 
aluminum powder as described above. 

Intensity measurements made with the marginal 
oscillator used the calibrator circuit of Watkins" to 
introduce a dummy absorption as a comparison 
standard. This technique has been widely used and can 
be equivalent to the method outlined above, but is 
probably less reliable over long periods of time unless 
close attention is paid the components of the calibrator. 
This method, as the previous, requires careful control 
of geometry and sample volume, with a correction being 
applied to make up for variations in the number of 
copper nuclei in the samples. 


Ill. EXPERIMENTAL RESULTS 


From three to nine different compositions of each 
binary solid solution were made and no less than four 
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Fic. 1. The effect of third period solutes on the intensity of 
Cu® at v»=4 Mc/sec. The length of the vertical lines indicates 
the actual spread in the observations; the crossbars indicate the 
average of all observations. The data for Al were obtained using 
both the Bloch and Pound techniques. 


“41 A version of this circuit can be found in Fig. 3 of R. V. Pound’s 
article in Progress in Nuclear Physics (Pergamon Press, London, 
1952), Vol. 2. 
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independent relative amplitude determinations made 
on each composition. By ‘independent determination” 
is meant a complete recording of the copper and alumi- 
num resonances starting with the reference and alloy 
separated and out of the field. Scatter of the measure- 
ments for any one alloy never exceeded +10% of the 
corresponding intensity and was usually within +5%. 
If the whole sample-standard configuration was left 
undisturbed in the magnet between field passages, the 
amplitudes could be reproduced within about 2%. 
Data were obtained for pure annealed and unannealed 
copper as well as for the alloys, and all of the amplitudes 
J divided by the corresponding figure for heaviiy cold- 
worked copper, which is virtually equal to 0.4 Jann.cu. 
The term intensity, 7, will be used to denote the relative 
amplitudes on this scale. Copper containing no solute 
but having sufficient internal strain to obliterate all 
satellites has unit intensity. 

Figures 1, 2, and 3 display the Cu® intensity as a 
function of composition for solute elements of Periods 
III, IV, and V in the Periodic Table and summarize 
the major results of this investigation. The measure- 
ments for Ag, Au, and Ni as solutes appear in Fig. 4. 
The straight lines have a clear and useful interpre- 
tation.! They describe the behavior of the intensity 
which would follow from the assumption that each 
solute atom causes gradients large enough to render 
the Cu® resonance unobservable at just » lattice sites. 
Their slopes m thus succinctly express the relative 
effect of a given solute on the resonance intensity of 
copper. As the analysis to follow will show, the lines 
may represent only an approximation to the actual 
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Fic, 2. The effect of fourth period solutes on the Cu® absorption 
when »)=4 Mc/sec. The experimental data are given by the 
vertical lines (see caption, Fig. 1). Three computed intensities for 
Ga and five for Ge are given (points) using g,=1.5X (value in 
Table III of KV). Open circles depict the result of using g,= 1.06 
X (value of KV) to obtain J vs c, then subtracting nscP,*(c) from 
I as discussed in the text. Similar calculated results for As are 
omitted. 
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Fic. 3. Experimental and theoretical results for fifth period 
elements at vs=4 Mc/sec. The points represent computed in- 
tensities using g,=1.5X (value in KV) for Cd and Sb. 


dependence in that the intensity as a function of solute 
concentration ¢ does not necessarily follow the (1—c)” 
behavior described by them. In fact, the intensity de- 
pends upon the details of the electron distribution, but 
quite often it can be closely approximated by this simple 
function which undoubtedly conveys the essence of the 
situation. For the sake of brevity, we will often speak 
of the lines as representative of the data. 

The most significant characteristic of these results 
is the marked correlation between the slope m of the 
I vs c curves and the group to which the solute belongs. 
This correlation, which is so evident and so 
credible that it might easily be passed off as trivial, 
was unsuspected at the outset of this work. From it 
we draw two very important conclusions; namely, that 
the excess charge on a solute atom is most often re- 
sponsible for the electric gradient which exists in its 
neighborhood, and that this gradient derives from an 
electron density distribution of the approximate form Z’/r 
surrounding the solute rather than the exponential form 
which is the familiar result of the Fermi-Thomas treat- 
ment of this problem.” Here Z’ is the valence difference 
between the solute and copper. 

The first conclusion results directly from considera- 


now 


tion of Table I; we use » as a measure of the electric 
field gradient generated by each kind of solute. It has 
often been assumed that local lattice strains, via solvent 
ion core distortion, caused the electric field gradients 
around solute atoms."*:* However, using for comparison 


2N. F. Mott, Proc. Cambridge Phil. Soc. 32, 281 (1936): 
L. C. R. Alfred and N. H. March, Phil. Mag. 46, 759 (1955); 
H. Fujiwara, J. Phys. Soc. (Japan) 10, 339 (1955); J. Friedel, 
Advances in Physics, edited by N. F. Mott (Taylor and Francis, 
Ltd., London, 1954), Vol. 3, p. 446. 

13 N. Bloembergen, Report of Conference on Defects in Crystalline 
Solids, Bristol, 1954 (The Physical Society, London, 1955), p. 1. 

4M. H: Cohen and F. Reif, Solid-State Physics, edited by F. 


one of the best measures of atomic displacement, 
namely, the proportional change in lattice parameter 
upon alloying, which itself contains an electronic contri- 
bution,!* we find very little correlation with the observed 
gradients in copper alloys. In treating the displacements 
around spherical defects by elasticity theory, the propor- 
tional change in lattice parameter (1/a)(da/dc) is used'® 
to obtain a value for the strength C of the center of 
dilatation. This constant depends upon the relative 
atomic sizes of the solute and solvent and is, in the case 
of an infinite isotropic elastic continuum, given by"® 
C= (3a?/162ry’) (da/dc), where the constant y’= 1.5. The 
resulting radial strain around the defect is simply 
e=C/r* and we would suppose »«C, and therefore to 
(1/a)(da/dc). It is apparent from Table I that this is 
not the case ; the correlation between m and (1/a) (da/dc) 
is poor. Even worse is the correlation between m and the 
Pauling radii or other commonly used atomic radii!” 
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Fic. 4, Measured intensities for elements of Z’=0 and Ni at 
4 Mc/sec. Computed intensities are given for c=0.04 using 
gs=1.5X (value in KV) for Ag (upper point) and Au (lower). 


Since the Pauling value refers to a closed core radius, 
it seemed reasonable to anticipate some correlation 
with » if core contact or interaction were involved. It 
is taken for granted that the meaning of atomic size 
in the present context is obscure; we should like to 
point out, however, that nuclear resonance does not 
appear to be a promising method by which to investi- 
gate this quantity in non-transition metals. 

The correlation between » and the group to which 


5, p. 321. 

18 E. A. Owen, J. Inst. Metals 73, 471 (1947); G. V. Raynor, 
Trans. Faraday Soc. 45, 698 (1949); W. B. Pearson, Can. J. Phys. 
35, 358 (1957). 

16 J. D. Eshelby, Solid-State Physics, edited by F. Seitz and 
D. Turnbull (Academic Press, New York, 1956), Vol. 3, p. 79. 

17F, Laves, Theory of Alloy Phases (American Society for 
Metals, Cleveland, Ohio, 1956), p. 124, especially Table IIT. 
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the solute belongs is, on the other hand, generally quite 
good. This is emphasized by the near constancy of 
n/Z', taking as Z’ the difference between the solute 
group number and one, and leads directly to our second 
conclusion ; namely, that the electric gradient eg is pro- 
portional to eZ’/r’. In that case, since the same value 
of gradient will be found at the same 2’/r* for various 
solutes, the number of spins inside of the sphere of radius 
r around the solute, namely, n=42r°/3Vo, will just be 
proportional to Z’. Here Vo is the atomic volume and 
the sphere is a surface cf constant gradient. This is 
equivalent to the statement that the spheres defined 
by g=constant have radii proportional to Z* so that 
their volumes are directly proportional to Z’, in agree- 
ment with observation. 


TABLE I. Comparison of the effects of various solutes in copper 
upon its resistivity p, lattice constant a, and nuclear resonance 
intensity. The latter, represented through m, is a measure of the 
electric gradients surrounding a solute, as discussed in the text. 
Also included are the Pauling radii. 








1 da® Tonic 
radii? 
(Pauling) 
0.65 
0.74 
0.97 
0.50 
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Mg 
Zn 
Cd 
Al 
Ga 
In 
Si 
Ge 
Sn 
P 
As 
Sb 
Ag 
Au 
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* All values pertain to 4 Mc/sec intensity measurements made at room 
temperature. 

> In w¢ ohm-cm/atomic percent impurity, taken from A. N. Gerritsen, in 
eg an edited by S. Fliigge (Springer-Verlag, Berlin, 1956), 
Vol. 19, p. 137. 

¢ In (atomic fraction), from data collected in W. B. Pearson, A Hand- 
book of Lattice Spacings and Structures of Metals and Alloys (Pergamon 
Press, New York, 1958). 

4 In angstrom units; N. F. Mott and R. W. Gurney, Electronic Processes 
in lonic Crystals (Clarendon Press, Oxford, 1953), p. 269. The corresponding 
value for Cu is 0.96A. 


Having established the dependence of g upon 2’, 
the inverse cube dependence of g on r was surprising 
and puzzling. The redistribution of conduction electron 
charge which takes place around a positive point charge 
in the free electron gas will surely screen the positive 
charge. In fact, the Fermi-Thomas solution of the prob- 
lem predicts exponential shielding and a gradient which 
falls below the value required to explain the present re- 
sults within the first 2 or 3 shells. It rapidly becomes at 
least two orders of magnitude too small to explain the 
data. A second consequence of this model is a marked 
insensitivity of m to Z’. Because of the slight increase in 
r necessary to compensate [so that Z’f(r)=constant ] 
for an increased Z’, the volume within our sphere of 
constant g increases very slowly with Z’. The predictions 
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of the Fermi-Thomas model are thus in almost complete 
disagreement with experiment. 

A satisfactory solution which provides both the 
necessary charge dependence and 1/r* properties had 
been noticed by Friedel'* but was not emphasized 
because it was thought that these long-range dis- 
turbances were of no importance in determining 
experimentally observable quantities. The effect which 
Friedel had pointed out was a spatial oscillation of the 
conduction electron density surrounding a point charge 
(solute atom). The oscillation has a wavelength of 
a/ky; its amplitude diminishes as 1/r° and is essentially 
proportional to Z’; ky is the Fermi wave number. Both 
positive and negative deviations from the value of the 
electron density in the absence of the solute atom are 
produced but are not differentiated by the present ex- 
periments. The oscillations appear as a result of a proper 
self-consistent treatment of the electron gas surrounding 
the solute. We shall proceed to examine the balance of 
the experimental work, assuming that the origin and 
general behavior of the gradients are in accord with this 
picture, as developed in KV. 

Plots of intensity vs solute concentration at various 
external field strengths, shown for the alloys Cu-Ge 
and Cu-Sn (Figs. 5 and 6), exhibit the increasing in- 
tensities which always accompany higher external fields. 
The dependence is qualitatively what one might expect 
as the second-order-perturbed central transition ab- 
sorptions collapse toward vo. Careful measurements of 
line width as a function of external field using a 1 at. % 
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Fic. 5. Experimental data showing the effect of frequency on 
intensity for two Cu-Ge alloys. The interpretation of this type of 
study is complicated by the fact that deviations from straight 
line behavior (if they exist) are obscured by experimental error. 
It must be remembered that the concept of m vs vo is useful only 
in the same approximation that the data can be represented by 
the numbers n. 


18 J. Friedel, Phil. Mag. 43, 153 (1952); Suppl. Nuovo cimento 
2, 287 (1958). 
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Fic. 6. Measured intensities for alloys of Cu with 0.5, 1.25, and 
2.0 atomic % Sn for vo from 2 to 12 Mc/sec. Using the data, a 
plot of n vs vo? roughly obeys n= 134X 10°/y 9-4. 


Ge alloy revealed a slight (<4%) increase in the width 
in going from 3500 to 12 000 oersted. The small shifts 
in the line center which were found at 4 Mc/sec are 
thought to be a consequence entirely of quadrupole 
interactions, but in any case, considering the uncer- 
tainties in the measurements and the line shape 
calculations, they do not seem worthy of further concern 
at this time. It is unlikely that the Knight shift plays 
any part here; in principle, of course, one could, by 
studying the frequency dependence of the shift with 
respect to pure copper, discover at least which effect 
dominates since they give rise to changes of opposite 
sign, i.e., at higher fields the alloy line should approach 
pure copper if the quadrupole effects dominate and 
move away from it, if the Knight shifts dominate. The 
effect should be most pronounced for the solute elements 
of highest valence. 

The qualitative description of the experimental 
evidence leads us to conclude that it is necessary to 
consider the effect of the solute in causing quadrupole 
interactions only. Changes in the resonance which 
might be caused by dipolar interactions of one sort or 
another are inconsiderable. 


IV. CALCULATION OF ABSORPTION 
LINE SHAPE AND INTENSITY 


The effect of nuclear quadrupole interactions on the 
magnetic resonance in alloys is explained by applying 
perturbation theory to the energy levels of the nuclear 
magnetic dipole moments in the magnetic field H. The 
required theory has been given by Pound'® and has 
been the subject of an extensive review by Cohen and 
Reif."* Copper has two isotopes, Cu® and Cu®, both 
of which have a spin of 3. Their magnetic dipole and 


1 R. V. Pound, Phys. Rev. 79, 685 (1950) 


electric quadrupole moments differ by less than 10%; 
however, Cu® is more than twice as abundant as Cu® 
and so has been used in making the measurements. 
Where it is necessary in the following to specialize the 
discussion or quote numerical data, it is Cu® to which 
reference is made. 

In pure, well annealed, metallic copper, most of the 
nuclei are found at sites of perfect cubic symmetry; 
at these sites the electrostatic energy of a nucleus is 
independent of its orientation relative to the crystal 
axes and the electric field gradient vanishes. Since the 
quadrupole interaction energy is proportional to the 
electric gradient at the nucleus, there are no shifts in 
the energy levels in this case. The absorption line width 
(between points of maximum slope) is 7.2 kc/sec, 
contributed almost entirely by direct dipolar inter- 
action. The absorption is perfectly symmetric, with a 
shape closely resembling a Gaussian curve. Its center 
lies at the unperturbed resonance frequency vo. Inser- 
tion of foreign atoms into the lattice alters this situa- 
tion by causing deviations from the microscopic cubic 
symmetry at the lattice points, thus determining a 
preferred direction for the now inhomogeneous electric 
field. The resulting gradients cause shifts in the energy 
levels and consequent changes Av,, in the transition 
frequencies, all of which previously were equal to vp. 
These changes, in the case of an inhomogeneous electric 
field of axial symmetry, are given to first order by 


Avm = Vm->m—1— V0 


= (2m—1)(3 cos*@—1)3e*gQ/81(2I+1)h. (1) 


Here m is the magnetic quantum number describing 
the orientation of the nuclear spin I, @ is the angle 
between the axis of symmetry and the direction of the 
applied magnetic field, Q is the nuclear electric quad- 
rupole moment, which for Cu® is 0.157X10-* cm? 
(Smith,” Table I), and e and / have their usual mean- 
ing. The scalar quantity 


1fpa°V 
q= | -arv| (2) 
eLdaZ? 


given in somewhat different form by equation (2.27) 
of KV, defines the magnitude of the electric field 
gradient at the nucleus. It is the value of the gradient 
in the direction of maximum gradient, the axis of 
cylindrical symmetry. 

In the metallic copper lattice, with the concentration 
of the solutes which we consider, the interactions 
€Qg/h are everywhere so large that the transitions 
m=3— 4 and —}— — never contribute perceptibly 
to the intensity near vo. The m=} — —} transition is, 
on the contrary, unaffected according to (1). Its dis- 
placement from vo can be calculated using second-order 


°K. F. Smith, Progress in Nuclear Physics, edited by O. R. 
Frisch (Pergamon Press, New York, 1957), Vol. 6, p. 52. 
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perturbation theory and is 
Av,= v— v= (A/h)(1—9 cos*é)(1—cos*#), (3) 


in which 


In a powdered material, the transition frequency 
v described by (3) lies within the region between 
vo— (16A/9h) and vp+(A/h), corresponding to various 
relative orientations of electric field axis and external 
magnetic field. The absorption as a function of frequency 
for a large number of randomly oriented particles has 
a characteristic shape,”'* depicted by the full line in 
Fig. 7, which can be expressed analytically by 


ap 
Pe (4) 


~ 12(16/9+apu)[5/9-+3(16/9+apy)*}! 


a 


I (u 


where p= v— v9, a= 64)2/3e4Q? = 7.23 X 10** for Cu® and 
p=v/qg?. Note that the useful quantity A/h=1/ap. 
Clearly the distance between the end points of this 
curve depends only upon A, and for a specific isotope 
upon g?/vo. In a solid solution g will not be the same at 
each solvent nucleus but will depend upon the location 
of the surrounding solute atoms. Assuming the gradients 
€91, €92, -**, gs, at the first, second, ---, s consecutive 
solvent sites in order of distance from a solute atom are 
known, it is a straightforward matter to compute the 
resultant absorption curves J,'(u). The superscript 1 
signifies that only one solute is responsible for the 
gradient eq,. 

The long-range nature of the quadrupole interaction 
being treated here makes it desirable to consider the 
effects of all solute atoms out to and including the 
tenth neighbor shell. In the face-centered cubic lattice, 
this includes a group of 200 atoms. Beyond this, the 
interactions are small and have no effect on the resulting 
computed line shape. In principle, we should consider 
each configuration of solute atoms which might occur, 
compute the gradient and line shape resulting from it, 
then add this contribution (properly weighted for the 
probability of its occurrence) to all other ones in order 
to derive the total absorption spectrum. The com- 
positions used for most of this work were in the 0.5 to 
5.0 atomic percent solute range, so that the number of 
reasonably probable configurations is so numerous that 
the problem as stated is unmanageable. The majority 
of these configurations would, in addition, introduce 
field gradients having lower than cylindrical symmetry 
and thus require the inclusion of a more complex line 
shape analysis for the individual components. This 
refinement is hardly justified at present since it would 
be expected to have an effect comparable in magnitude 
to that of the other approximations made in the course 


2 T. J. Rowland, Acta Met. 3, 79 (1955). 
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Fic. 7. Theoretical absorption line shape /,'(u) for a poly- 
crystalline sample with the same axially symmetric electric field 
gradient at each Cu® nucleus. The function J,*(u) is 5/4 wider 
and approximates the smearing of 7,1 which takes place in the 
alloy. The relative amplitudes are distorted here; actually, both 
are normalized. The ratio of their probabilities of occurrence 
P,}(c)/P.*(c) lies between 10 and 0.2 in the composition range we 
consider (0-6 at. % solute). In the more dilute solutions 
P3(c)>P.*(c). 


of calculating the gradients. These more complex line 
shapes resemble the one described by the full line in 
Fig. 7 by continuity, since the latter represents the 
extreme case of an asymmetry constant'® 7 equal to 
zero. The calculations are made in a manner which 
takes advantage of this similarity by lumping together 
the effects of configurations which, in most cases, cause 
gradients differing relatively little from a particular 
well defined configuration. Since the major effect of the 
multiplicity of possible atomic arrangements is to 
smear out the otherwise sharp spectrum, all of these 
related configurations are supposed to contribute an 
absorption J,*(u) described by the dashed line in Fig. 
7. All possible configurations are thus separated into 
two representative types, a well defined, simple con- 
figuration, and the totality of all more complex con- 
figurations representing variations from it. 

The simple configuration (Type I) is defined as one 
in which a copper atom at the origin is surrounded only 
by copper atoms out to shell s, which contains one and 
only one solute atom; also, we require that shell s+1 
contains only copper atoms. Gradients generated by more 
distant solute atoms are neglected. The other config- 
uration considered (Type IT) is one in which we find either 
(a) more than one solute in shell s, and none or more in 
s+1, or (b) one in shell s and one or more in s+1, i.e., 
all other configurations giving about the same gradient 
but having lower symmetry in general. For a random 
solid solution, the probability of the simple configu- 
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Fic. 8. Calculated Cu® absorption derivative curves for Cu 
alloys containing (in order of decreasing amplitude) 1.0, 2.0, 3.0, 
and 4.0 at. % Ge. Here vp=4 Mc/sec and gradients 1.5 times those 
found in Table III of KV were used. The changes in position and 
width are accurately given in Table II. The asymmetry, with the 
higher peak being on the high frequency side of vo, is characteristic 
of both the experimental and calculated curves. 


ration occurring is just 
P}(c)= (1—c)}®*—m,c(1—c)™ 41 (1—<)" 
=n,c(1—c)*+1, (5) 
Configurations of Type II have a probability 
P*(c)= fF (1— f™)—P, (0), (6) 


where c is the bulk atomic fraction solute, f=(1—c), 
n, is the number of lattice sites in the sth shell, and 
> .= Dias’ i, the total number of atoms out to and 
including the ‘sth shell. The probability of Type II 
occurring is seen to be just the probability (again with 
only copper atoms inside of shell s) of one or more 
solutes in the s shell and anything in the s+1, minus 
the probability of one in the s and none in the s-+-1. 
Two configurations are handled differently; for the 
tenth shell we use simply P10(c)= f**(1— f™°) = proba- 
bility of one or more atoms in the tenth shell, and 
anything beyond. For the probability that there are 
no solute atoms in all ten shells we have Pio’= f*"*. In 
the face-centered cubic lattice, the numbers m, through 
myo have the values, 12, 6, 24, 12, 24, 8, 48, 6, 36, and 
24, respectively. The >>, are accordingly 12, 18, 42, 54, 
78, 86, 134, 140, 176, and 200. 

The absorption distribution 7,*(u) was arrived at 
only after considerable deliberation and represents 
what is thought to be a reasonable approximation to 
the actual distribution in the majority of cases. Jt is a 
constant over the region —20/9ap to 5/4ap, i.e., a 
region 5/4 broader than the associated J,'(u). Various 
other more involved distributions were considered but 
were discarded as being unnecessarily complex. The 
averaging in of lower than axial symmetries should 
tend to produce a uniform distribution; also it should 
be noted that the peaks of J,'(u) are in fact responsible 
for a relatively small amount of absorption and drop 
abruptly if smeared. Both 7,'(u) and J,*(u) are nor- 


malized so that 


® 


f Tj(u)du=1 and f 
ae A 


v0 


T,*(u)du=1. 


A digital computer was used to obtain the products 
I} (u)P (0), I ,*(u)P,.*(c), T10(u)Po(c), and T,0°P 10° (c) 
at 100 cps intervals over a 100-kc/sec wide region of the 
frequency spectrum extending from vp—64X10* to 
vo+36X 10°. These individual contributions were sum- 
med to give the absorption spectrum 


I'(uc)=d. (Z.'(u) Poi (c)+-1,*(u)P.*(c)] 
+T10(u)P10(c) +-Lie’ P10°(c) (7) 


the summation extending from s=1 to 9. Special care 
was exercised to assure the normalization of the func- 
tions J,; exact integrals were used to evaluate the 
areas of the peaks of J,/, and the total intensity P,'(c) 
+P,*(c) was taken to lie at u=0 for all cases in which 
A,/h<200 cps, and for 710°. The function Jio(u) was 
of the form /,*, i.e., rectangular, normalized, and of 
width (5/4)(25A10/9h), unless A10/4< 200. Except in 
the cases when some of the absorption falls outside of 
the region being considered (viz., when A/h>36kc/sec), 
we have the check 


J I’ (u,c)du=1. 


Accumulated computational errors at this step never 
exceeded 0.03%. The effect of dipolar broadening was 
introduced using the Gaussian shape exp[ —y?/20"] 
with o=3.6 kc/sec to approximate the line shape of 
unalloyed copper. Both 


a 
riuo= f I’ (u',c) exp (u’ —p)*?/ 207 Jdp’ 
—vr0 


TaBLeE II. Calculated and experimental values of some line 
shifts vz—vo, and line widths Avym, (peak to peak, derivative) at 
vo=4 Mc/sec. 

(va—vo) (cps) 
Calc. Expt. 


kc/sec) 
Expt. 
0 ; 7.20+0.05 


— 587+150 6.53+0.20 


—932+250 
— 356+ 150 


7.95+0.30 
6.76+0.20 


— 7734300 
— 335+ 100 


6.82+0.40 
7.10+0.20 


« The experimental values apply to a 0.045 atomic fraction Ga alloy. 
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Fic. 9. Computed absorption 
derivative curves for a Cu-2 at. % 
Ge alloy at »=12, 8, 4, and 2 
Mc/sec in order of decreasing 





amplitude. Side structures are 
smeared out in the real alloy and 
are noticeable only as extended 
tails. 
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and dJ/du were computed, the latter in order to 
facilitate comparison with experiment. The experi- 
mental quantity J is to be compared with Jg=(dI/du) max 
— (dI/d) min, the computed peak-to-peak height of the 
derivative. Use of the g, given in Table IIT of KV was 
found to lead to intensities somewhat larger than those 
found experimentally. Agreement was attained by 
increasing the g, values by a factor of 1.1 to 1.5, de- 
pending on the solute element as will be discussed in 
the next section. 

The calculations were carried out for »p=4x10° 
sec! for several compositions of alloys containing the 
solutes Cd, Ga, Ge, As, Sb, Ag, and Au. The intensities 
are best compared with the data graphically and have 
been plotted in Figs. 1-4 as points. In addition, more 
extensive calculations were made for 0.01, 0.02, 0.04 
at. % Ge and 0.01 at. % As at frequencies vo of 2, 8, 
and 12 Mc/sec in order to determine whether the 
frequency dependence was properly understood. A few 
examples, drawn from the most thoroughly studied 
systems, wili suffice to illustrate the extent of the 
agreement with experiment as well as specific short- 
comings of the model on which the calculations are 
based. Computed line shapes are shown in Fig. 8 for 
four Cu-Ge alloys at 4 Mc/sec. As expected, the 
intensity changes are striking, the line width does not 
change appreciably, and the derivative curves pass 
through zero at successively lower frequencies vg. 
Table II gives the calculated position of the derivative 
zeros relative to vo for this and other systems. The 
change is not always linear with composition and, in 
fact, va—vo does not vary in the same way for every 
solute. It is monotonically decreasing with ¢ in every 
case. Returning to Fig. 8, the plateaus appearing on 
the sides (more noticeably on the low-frequency side, 
in this case) are caused by a particular relatively 
populous group of neighbors (s=5, m,=24) for which 
A/h=7.17 kc/sec. The progress of this detail can be 
followed in Fig. 9 where it is seen to be responsible for 
the wiggle near —22 kc/sec at vo=2 Mc/sec, and is 
completely lost in the central peak at vp=12 Mc/sec. 
Third neighbors are responsible for the conspicuous 
bumps in the 12 Mc/sec line. And so the intensity grows. 


V. COMPARISON OF THEORY AND EXPERIMENT 


The qualitative results of the experimental work have 
been shown to demand rather definite properties of any 
suitable theory, specifically that it predict an electric 
gradient proportional to the excess valence Z’ of the 
solute, and that it decrease about as 1/r° with distance 
from a solute atom. Before even inserting the theoretical 
values for g, [see Eq. (2.29) and Table IJ of KV] it is 
clear that they satisfy these criteria. It remains to 
show that the conduction electron redistribution can 
produce gradients of the requisite magnitude, and to 
make the detailed quantitative comparison of the 
experimental and computed absorption spectra. 

Considering first the variation of intensity with 
solute concentration we find excellent agreement with 
the theory for the cases Z’=1, 2 with somewhat poorer 
agreement for Z’=3, 4 because of the upward curvature 
of the calculated Jg vs c curves in the latter cases. The 
exaggerated intensity at high solute concentration 
appears to be the result of neglecting solutes beyond 
the s+1 shell when considering solutes in the s shell. 
The spatia! oscillation of the electron density (and thus 
gs) introduces the complication that g> 41) is not 
necessarily smaller than g,; also g,41 may be greater 
than g, in which case the function chosen for J,* is 
probably too narrow. Although these exceptions are 
infrequent, because generally g(r) « 1/r’, both do occur 
for Z’=3, 4, as perusal of Table ITI of KV will show. 
In every such case [e.g., the 4th neighbors of Ge or 
the 2nd neighbors of As, both of which happen to be 
near nodes of g(r)] the Za vs c curve is markedly 
straightened when appropriate corrections are made. 
For Cu-Ge, for example, if mscP,* is subtracted from 
every calculated intensity (based on values of g, only 
about 6% larger than those derived by Kohn and 
Vosko) the agreement with experiment is excellent. 
It may be of interest that the data for Cu-Ge can also 
be fitted by substituting ¢,=0.90X 10"(r5/r,)* where 
r, is the distance between the solute and the copper 
sites in the s sheil. Although this straight inverse cube 
dependence on r, has no theoretical support, it conveys 
the order of magnitude of the gradients involved quite 
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simply; also, the assumptions of the line shape calcu- 
lation are plainly suited to it. 

The curvatures in the calculated J, vs c curves change 
markedly with frequency because the relevant atomic 
configurations change. This makes the precise adjust- 
ment of g, by a multiplicative factor very tedious and 
probably not highly significant since at least a part of 
the apparently complex behavior is contributed by the 
model used for the line shape calculation. Under the 
circumstances, comparison of the computed and experi- 
mental J vs ¢ for each binary system does not seem 
justified ; they will be commented upon by groups with 
emphasis on the magnitude of g, required to achieve 
agreement with experiment. 

For the Group II elements, the g used for the line 
shape calculations (we refer to the values in Table II 
of KV) are the same for the three solutes. There is good 
agreement for Zn, somewhat worse for Mg, and for Cd 
the g, of KV must be increased by a factor of 1.5 to 
bring about agreement with experiment. Group IJJ, 
IV, and V solutes have relatively minor variations in 
g, within each group, but we find that although in 
every case except Cu-Mg the experimental data indicate 
higher g, for higher atomic number, the theoretical q, 
are more erratic. In keeping with their derivation from 
the resistivities they always show a decrease from the 
fourth to the fifth period element so that we can expect 
consistent disagreement here. In Group III, gradients 
of 1.5 times the semiempirical KV values were used to 
obtain the points shown in Fig. 2 for Ga, a greater 
factor was required for the In and, although no calcu- 
lations were made, the Al data would require a factor 
of only about 1.3. The attern is similar for Group IV 
solutes; extensive calculations were made only for Ge. 
In Fig. 2, the circles show the computed intensities 
corrected for the broadening of J,* by 5th shell solutes 
as discussed above. The input g, were only 1.06 times 
the values given by Kohn and Vosko. Comparable 
results were obtained for the Group V solutes, the KV 
values for g, appeared to be approximately 10 to 20% 
low. In all, the agreement is remarkably good; the 
semiempirical gradients appear to be consistently low 
and definitely better for solutes of high Z’. This suggests 
a gradual overwhelming of possible size effects, which 
could quite conceivably affect the results. 

Referring to Table I, make the hypothesis that 
local lattice strains can be measured directly by 
(1/a)(da/dc), and that an atom whose (1/a)(da/dc) is 
about 0.1 causes an electric gradient (from lattice 
strain only) comparable to that generated by an atom 
with no misfit but a Z’=1. To be specific, let us say 
g= 60(1/a)(da/dc)/r*. We then find that the gradients 
in Mg and Cd alloys are largely the result of lattice 
distortion while for Zn the distortion is unimportant. 
For solutes of Z’=2, the (1/a)(da/dc) would have to 
exceed 0.2 to become significant; it does this only for 
In. Continuing to Z’=3, 4 we find that in no other case 
should the size be as important, although the effect is 
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always in the right direction to cause the systematic 
(except Mg) increase of n within each valence group. 
To properly develop this hypothesis, we would have to 
go back and consider each shell separately; the effect 
is again to improve the agreement with theory by 
knocking out the contributions of copper near the solute 
which happen to experience small gradients by virtue 
only of being near nodes of g(r). The argument can be 
successfully extended to Cu-Ag, but not particularly 
so to Cu-Au. The large ionic core of Au may deform 
the outer shells of copper and yet not produce atomic 
displacement [and thus (1/a)(da/dc) ]. Interestingly, 
it gives rise to both a residual resistivity and lattice 
expansion near those for Mg. 

Assuming the gradients as found experimentally and 
as reflected in m are at least as good a measure of the 
strength of the solute potential as the resistivity, we 
might well ask whether large lattice distortion is not 
correlated with diminished resistivity, the lattice dis- 
tortion somehow partially compensating for the scat- 
tering from the “electric” potential only. A glance at 
the columns (Ap/c) and (1/a)(da/dc) of Table I 
definitely encourages this view, which has been ex- 
pressed by Blatt” in his use of the solute cell expansion 
concept in trying to improve the agreement between 
theoretical and experimental resistivities. In the 
present context, the disturbing systematic deviation 
within each group between experiment and the results 
of Kohn and Vosko might thus be explained. 

The experimental variation of intensity with fre- 
quency was determined in several ways, as described 
in Sec. II. Using Cu-Ge and Cu-Sn alloys of several 
compositions, the change of m with vp was obtained 
from Figs. 5 and 6. Were g simply proportional to r~* 
and the metal a continuum of atomic density d so that 
n= (4/3)m(rerit)’d, then it would be expected that 
n«x1/vo'. Here rit denotes the critical distance from 
a solute atom at which the parameter »0/q* leads to a 
splitting A/h which is just equal to one half of the line 
width, 3.6 kc/sec for Cu. The intensity of a particular 
composition sample should accordingly vary with 
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Fic. 10. Measured intensity at several frequencies using mixed 
325 mesh Al and Cu-4 at. % Ge powders. The full line corresponds 
to b=126X10*. Interpretation is simplified because we need 
consider only one set of P,(c) rather than many, as a study of 
n vs vo implies. Similar results were obtained for 1.0 at. % As. 


" 2F. J. Blatt, Phys. Rev. 108, 285 (1957). 
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Fic. 11. Experimental resonance absorption derivative curves 
vo=2 Mc/sec for Cu alloys containing 1.0 and 2.0 at. % Ge, the 
latter corresponding to the smaller curve. Note the extended 
wings. 


frequency as (1—c)*/¥”, Both of these relationships 
work well in predicting the change in behavior of 
intensity with vo. Figure 10 compares the data from a 
Cu-4 at. % Ge alloy with the foregoing relationship in 
which 6=126X 10%. The measurements were made on 
an intimate mixture of 325 mesh alloy and pure alumi- 
num powders. This relatively crude argument for the 
frequency dependence of m and J gives better agreement 
with experiment than the model on which the calcu- 
lations are based. Attempts to derive the intensity as a 
function of vo lead to all of the difficulties mentioned 
during the discussion of adjusting g for best fit. As the 
parameter p= vo/q’ is changed, the fine (shell) structure 
emphasized by our model introduces uneven changes in 
the intensity which therefore oscillates around the 
smooth dependence upon p which results from the above 
cruder picture. Very careful extended runs at several 
frequencies were made in which the absorption was 
recorded over a region at least eight line widths wide. 
Close scrutiny failed to reveal any side “lines” (of the 
type shown in Fig. 9), bumps, or plateaus. The in- 
tensity appears just to grow smoothly with increasing 
frequency although the factor of 6 change in vo (2 to 
12 Mc/sec) was not large enough to confirm the presence 
or absence of a shell structure of the type inherent to 
our model. These experiments were done after the 
calculations were complete enough so that the most 
extreme situations of predicted irregularities in line 
shape could be investigated. Only a slight broadening 
and asymmetry were ever noted. Figures 11 and 12 
illustrate this point; each is a composite of at least 
four passes through the absorption using a slow sweep 
rate (13 gauss/hour), and marginal oscillator. It is 
clear that the side lines and much of the irregularity 
in the growth of the intensity with increasing vo are 
artificialities introduced by our model. The excessively 
large calculated values of line shift and width given in 
Table II can be similarly rationalized. Even though 
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only some 10-15% broadening is predicted, the ob- 
served value is much less. 

A phenomenon resembling base line drift can be 
discerned in many of the experimental curves, and 
somewhat less clearly in Figs. 8 and 9. It is caused by 
the sizable diffuse absorption distributed over a wide 
(~200 kc/sec) region around yo. Unfortunately this 
gentle decrease in absorption occurs over such a large 
region, and so slowly, that it is not possible from the 
present measurements even to obtain a useful estimate 
of its shape or second moment. In this regard it may 
be noted that we have made no use either of calculated 
or measured moments. It was felt that the extensive 
frequency distribution of the absorption coupled with 
the peculiar and partially uncertain line shapes (Fig. 
7) severely limited the usefulness of a moment analysis. 
The best that could have been done would have been 
to truncate the curves at some point and estimate 
their second moments. This approach would Jead to 
approximately the same moment in every case for the 
present alloys. 

For the primary purpose of comparing the line shape 
calculation described above with that used by 
Seymour,” we calculated the absorption lines and J vs ¢ 
dependence of Cu-Ni at 3.0 and 7.0 Mc/sec using the 
gradient put forth by him. The computed intensities 
fell very near a straight line of slope 20.8 for »»=3.0 
Mc/sec rather than 28 as required by Seymour’s data, 
indicating that the present method of computation 
evolves intensities rather larger than his, given the 
same input g(r). The data on Ni presented in Fig. 4 
were obtained prior to our knowledge of Seymour’s 
work, but are in complete agreement with his findings 
Although we hesitate on the basis of the present work 
to cross the boundary represented by the noble metals, 
the results of this investigation indicate that the 
electric gradient surrounding Niatoms may also originate 
in a conduction electron redistribution. As Seymour 
observes, it is not likely that gradients around Ni are 
caused by atomic size differences. The m found for Ni 

















Fic. 12. Experimental absorption derivatives obtained at 4.0 
Mc/sec for Cu alloys with 1.5 at. % Ga (dashed) and 1.0 at. % 
As. As in Fig. 11, the tails approach the axis smoothly with no 
structure apparent. 

*% A. C. Chapman and E. F. W. Seymour, Proc. Phys. Soc. 
(London) 72, 797 (1958). 





912 


agrees with that for Group II elements and suggests a 
charge of unity for it. We would assume, of course, that 
Z’=—1 but the experiments are insensitive to the sign 
of 2’. 

Every major feature of the experiments has been 
explained by using the gradients given by KV. Di- 
vergences of theory and experiment are traceable to 
the model used for the line shape calculation in every 
case and therefore are not significant except to point 
the way for an improved model. The impetus to provide 
same is lacking at present because in no case was it 
possible experimentally to detect or identify specific 
component lines arising from known shells. It was 
hoped that the study of J vs vo, for instance, might 
have allowed a definite conclusion regarding the spatial 
distribution of g(r). Lacking this, we are unable to 
check the details of the g, put forth by KV and must 
be content for now to state that although any gradient 
roughly proportional to Z’/r’ and of suitable magnitude 
will explain the observations, the only rigorous theo- 
retical calculations which at present provide the 
necessary gradient are those of KV which stem from 
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Friedel’s observation that a self consistent treatment 
of the charge around a solute atom reveals a variation 
in charge density created at a large distance from the 
dissolved atom. The importance of this interesting 
“second term” which appeared in Friedel’s earlier 
electron density calculations seems to be more clearly 
emphasized by experiments of the type described here 
than any other currently in use. 


ACKNOWLEDGMENTS 


The interest expressed in this work by Professor 
Kohn and Professor Vosko has been a source of en- 
couragement for which I am very grateful. It is a 
pleasure also to thank Professor J. Friedel and his 
group, particularly E. Daniel and A. Blandin, for their 
continuing interest and correspondence on the topic 
of the long-range oscillations. The assistance of Mr. 
J. R. Radecki with the experiments, and of Mr. E. P. 
Muth with the calculations was of great help in 
hastening the completion of this investigation. We are 
indebted to the U. S. Atomic Energy Commission for 
support during the latter part of this work. 


NUMBER 3 AUGUST 1, 1960 


Theory of Nuclear Resonance Intensity in Dilute Alloys*t 


W. Koun{ anp S. H. Vosko 
Carnegie Institute of Technology, Pittsburgh, Pennsylvania 
(Received March 18, 1960) 


Experiments of Bloembergen and Rowland have shown that the intensity of the nuclear resonance 
signal in metallic Cu decreases rapidly when small quantities of other elements are alloyed with it. These 
results require that each solute atom produces significant electric field gradients in its vicinity, sometimes 
affecting as many as 85 neighboring Cu nuclei. In this paper we show that field gradients of approximately 
the required magnitude arise from the redistribution of the conduction electron charge density near the 
solute atoms. A crucial feature of our theory is that at large distances r from a solute atom the electron 
density behaves as cos(2k°r+ ¢)/r? where k® is the Fermi wave number and ¢ is a phase. Our agreement 
with experiment is a confirmation of this behavior. Such an oscillatory behavior is a consequence of a 
discontinuous drop at the Fermi surface of m(k), the occupation probability of the conduction band function 


with wave vector k. 


1. INTRODUCTION 


LOEMBERGEN and Rowland! and Rowland? 

have observed that the nuclear resonance signal 
in metallic copper decreases rapidly when small amounts 
of solute are introduced. These measurements require 
for their explanation that the solute atoms give rise 
to substantial field gradients which act on the Cu 
nuclear quadrupole moments as far as the sixth and 
seventh nearest neighbors. Two possible mechanisms 


* Supported in part by the Office of Naval Research. 

tA preliminary account was published in Bull. Am. Phys. 
Soc. 5, 176 (1960). 

t Present address: 
California, La Jolla, California. 

1 N. Bloembergen and T. J. Rowland, Acta Met. 1, 731 (1953). 

2 T. J. Rowland, preceding paper [Phys. Rev. 119, 900 (1960) ]. 
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suggest themselves as responsible for this effect. One 
is that the field gradients are associated with the 
strain around the solute atoms, which does indeed fall 
off slowly, namely as r~*. However as one finds only 
minor correlation between the strains expected around 
different solutes and their effectiveness in reducing the 
resonance signal, this explanation is not satisfactory. 
Another possibility is that the field gradients arise 
from the electron charge which screens the solute atoms. 
This is supported by the strong correlation of the 
measured effects with the valence difference between 
the solute and copper. However if the screening is 
described by an exponentially decreasing electron 
charge density of the Thomas-Fermi type, the associated 
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field gradients are about two orders of magnitude too 
small at the more distant lattice sites. 

Recently Friedel* has pointed out that on the basis 
of a self consistent treatment of an electron gas in 
the vicinity of a solute atom one expects the screening 
charge to fall off much more slowly with distance, 
namely as r~* multiplied by a sinusoidal function of r. 
A similar behavior was also obtained by Langer and 
Vosko‘ using an approximate many electron perturba- 
tion theory.’ A survey of the experimental data at 
once suggests that this long range screening might 
well be responsible for the field gradients. For they are 
roughly consistent with the assumption that the 
field gradients behave as Z’/r* where Z’ is the valence 
difference between the impurity and copper. 

In this paper we make a rough quantitative estimate 
of the field gradients associated with such an oscillating 
screening charge. In Sec. 2 we derive an expression for 
the field gradients in terms of the screening phase 
shifts of electrons at the Fermi surface due to solutes, 
and an enhancement factor a due to the Bloch character 
of the electrons as well as to antishielding effects of 
the core. The phase shifts are calculated in Sec. 3 from 
the Friedel sum rule* and the measured values of 
residual resistivities. The enhancement factor a@ is 
calculated in Sec. 4 with the help of a simple orthog- 
onalized plane wave procedure. In Sec. 5 we shall show 
that our results account for all the general features of 
Rowland’s experiments and give quantitative agreement 
to better than a factor of two. In Sec. 6 we use this 
agreement to draw conclusions about the sharpness of 
the Fermi surface in copper. 


2. GENERAL THEORY 


In this section we shall derive an expression for the 
oscillating part of the screening charge around a solute 
atom in a metal. We follow closely the procedure of 
Friedel,’ except that we describe the electrons by Bloch 
waves rather than by plane waves. 

A solute atom in a metal will be considered to give 
rise to a perturbing potential U’(r) acting on the Bloch 
electrons. This potential may be thought of as obtained 
from a self-consistent calculation and includes the 
effect of screening. However, we shall see that for our 
purposes it need not actually be computed. The 
electrons are then described by the following Schré- 
dinger equation 


[— (h?/2m)V+U (r)+U' (1) W¥= Hy, 


*J. Friedel, Phil. Mag. 43, 153 (1952); Advances in Physics 
edited by N. F. Mott (Taylor and Francis, Ltd., London, 1954), 
Vol. 3, p. 446; Suppl. Nuovo cimento 2, 287 (1958). 

4J. S. Langer and S. H. Vosko, J. Phys. Chem. Solids 12, 196 
(1959). 

5Some confirmation of a similar effect has already been 
presented by A. Blandin and E. Daniel [J. Phys. Chem. Solids 
10, 126 (1959)] who have studied the shift and broadening of 
the Knight shift primarily in alloys of Ag which has no quadrupole 
moment. However, here there is no conclusive evidence that the 
effects extend beyond the third nearest neighbor. 


(2.1) 
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Fic. 1. Scattering of a Bloch 
wave by a solute atom. 


<) 


Solute 


where U(r) is the periodic potential in the absence of 
the solute. 

When U’ vanishes, the solutions of (2.1) are the 
Bloch waves ¢x(r), belonging to the conduction band 
in question, which we normalize as follows: 


1 


ox* (1) gx: (r)dr=5(k—k’). 
(2x)3 


(2.2) 


For simplicity we shall assume that the conduction 
band Ey is spherically symmetrical. 

We are now interested in the asymptotic form of 
the solutions yy of (2.1), corresponding to an incident 
Bloch wave ¢y and an outgoing scattered wave. We 
shall take the solute atom to be situated at the origin. 
In complete analogy with the theory of plane wave 
scattering, one finds 


Y(t) = ox (t) +L /(K,K)/r Joe (rn), 
where |k’| = |k|, and furthermore 
k’=k’'(r/r), (2.4) 


that is k’ is in the same direction as r. (See Fig. 1.) 
This property can be seen as follows. An electron 
arriving at r after being scattered at the origin has a 
velocity vector v in the direction of r. Because of the 
assumed spherical symmetry of Ex, its k vector is 
parallel to v and hence also to r. 

In the absence of more detailed information we 
assume that f(k,k’) depends only on the magnitude of 
k and the angle @ between k and k’ or k and r (Fig. 1), 
and shall write it as f,(@). We can then expand f;(@) 
in spherical harmonics in the usual way, 


(2.3) 


1 
fe(O=— ZX (21+1)(e?*" —1)Pi(cosd), (2.5) 


ik i=0 


where the ’s are phase shifts. For large r, the excess 
electron density contributed by the wave function 
yx can be written as 


Sy (4) = | Yu(r) |?— | ¢u(r) |? 
= bm +5n,®, (2.6) 
where 
bm (r) = (1/r) Lou* (4) fe (0) Ge (4) +c.c.], (2.7) 
and 


By (x) = (1/1?) | fe (0) |?| eee (2) |*. (2.8) 
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The total excess density at r is 


2 
6n(r)= f 
(27)? k 


where &° is the wave number at the Fermi surface. 
To evaluate 6m“ we first introduce the periodic 
parts of the Bloch waves 


bn, (r)dk, (2.9) 


k 


¢x(r) = uy, (r)e**, (2.10) 
which gives 


; 
bn (r) if Uy* (r) ty: (r) 
(2r)* r k<ck® 


XK fe(Oe— tro vaketee.] (2.11) 


For large r only the exponential in (2.11) is a rapidly 
varying function of the angle @ between k and r. This 
allows us to extract the dominant term by integrating 
(2.11) by parts with respect to @. For, let F(@) be a 
slowly varying function of @. Then 


y 
ff Fo kr(cos?—1) J (cos@) 
0 


1 1 
F (wr )e?**— F(0)+0( 
ikr ikr 


Applying this result to (2.11) gives 


1 1y fe (x) 
én) (r) = : f erikr u_,*(r)uy,(r)kdk+c.c. 
2r? r2| 9 1 


ko ¢ 
Jx(O) 
-|f mnt(r)m(e)kdt-+c.]} (2.13) 


The integrals are over the magnitude of k only, its 
direction being fixed in the direction of k’ or r. The 
second bracket in (2.13) is precisely cancelled by the 
contribution of 6n,@(r), in virtue of the well-known 
optical theorem 


fa fu(O) | *= (4r/ik) Im f, (0). 


Further we may use the identity 


(2.14) 


u_y*(r) = 1 (r) (2.17) 


to obtain 


ee f(x) 
én(r) =— -{ f e?kr—__/ 4, (r) Phdk-+-cc. ). (2.16) 
2x? r? 0 1 


Again, for large r, only the exponential is a rapidly 
varying function of k so that one may integrate by 


AND 


So. HH. 


Fic. 2. Coordinate 
transformation. 


Cu- nucleus 


parts as in Eq. (2.12). This gives the final result that 


5n(r) = — (1/42?) (1/r*) {exp (2ik°r) [1xo(r) P 


XR fi (r)+c.c.}, (2.17) 
where k° points in the direction of r.* In the special case 
of plane waves [u,°(r)=1], Eq. (2.17) reduces with 
the help of (2.5), to Friedel’s result 


5Ntree(r)=—— > (2/+1) 
2r’r® 1 
<[—sinn cos(2h°r+n,—lx 
which may be expressed as 


ONtree(r) =A cos(2k°r+ ¢)/r?, 
where 


1 
A=—({> (2/+1)[—sinn: cos(q:—I/r) J}? 
ya 


(2.20) 


+{>° (2/+1)[—sinn: sin(q:—Ir) ]}*)!, 
i 


and 
> 2 (2/+1) sing: cos(ny—lr) 
g=tan“! — . ea 
> 1 (21+1) sinn: sin(n:—/r) 


Here the 7's are the scattering phase shifts at the 
Fermi surface. 

The oscillating electron density (2.17) gives rise to 
electric field gradients which act on the quadrupole 
moments of the Cu nuclei. To compute the interaction 
between the conduction electrons and the Cu nucleus 
situated at a distant lattice point 7, it is convenient 
to take the z zxis along r, and to define the relative 
coordinate (see Fig. 2) 

r’=r—fp. (2.22) 


The electrostatic potential due to (2.17) is given by 


: bn(r,+1r’) 
V(r’) =—e dr’, 


4? ; 

r’—r'| 
and may be expanded in spherical harmonics. To a 
good approximation we may take V(r’) as axially 


®It may be noted that ,°(r) occurs in (2.17) just squared, 
not absolute value squared. 
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symmetric and write near r’=0, 
V (1) =Vo+2" (AV /de")+--. 


For our purposes the relevant term is associated with 
the spherical harmonic P»2 and is given by 


V2(r’) =3eq'r’*P2(cosO’), (2.25) 
where the constant g’ is given by 


dn(r, +r’) 
q’ = -{ ss (3 cos?@/—1)dr’. 


73 


(2.26) 


However the actual field gradient at a nucleus is 
not yet given by g’ but must be corrected for effects 
of core polarization.’~® This leads to a modified constant 
g, given by 


bn(r,+r’) 
q= -f ~—- -[1+~(r’) ](3 cos?@’—1)dr’, (2.27) 


yr’ 


where y(r’) is the so-called antishielding factor.° This 
is the quantity which we must calculate at various 
lattice sites and compare with experiment. 

It is useful to write out (2.27) in a way which exhibits 
explicitly its dependence on the phase-shifts and on a 
(1/r*)-type integral involving the Bloch functions and 
the antishielding factor y(r’). The main contribution 
to the integral in (2.27) comes from small values of 
r’ because of the 1/r’* factor. Since our theory assumes 
that r is large we may replace the factor r~* in (2.17) 
by r,*. For the same reason k° may be taken in the 
direction of r,,. With these simplifications and expressing 
fx°(8) in terms of the phase shifts (2.17) becomes 


1 
dn(r, +r’) =— —— >> (2/+1)(—1)' sinm 
xt. t 


Xexp[i(2k r,t) JL eue(r’) P+e.c. (2.28) 


Substituting this expression in (2.27) we obtain at the 
nth lattice site 


82 A cos(2k°r,+ ¢) 
g=a- — 
q 2 yr 3 : 
where 


iin r’) PP2(cosO’){Li+y(r’) /r'}dr’ 


a= 





(2.30) 
fepeane. r’) P2(cos@’) (1/r’*)dr’ 


7H. M. Foley, R. M. Sternheimer, and D. Tycko, Phys. Rev. 
93, 734 (1954). 

®R. H. Sternheimer and H. M. Foley, Phys. Rev. 102, 731 
(1956). 

®M. H. Cohen and F. Reif, Solid-State Physics, edited by 
F. Seitz and D. Turnbull (Academic Press Inc., New York, 1957), 
Vol. 5, p. 321. 
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This a is an enhancement factor, which measures the 
increase of g over its value in a plane wave theory 
without antishielding. Its magnitude will turn out to 
be about 25 for copper. A and ¢ are determined by the 
phase shifts 7, according to Eqs. (2.20) and (2.21). 


3. DETERMINATION OF PHASE SHIFTS 


We see from Eq. (2.28) that the oscillating part of 
the electron charge density is determined entirely by 
the scattering phase shifts 7, for electrons at the Fermi 
surface, and by the form of the Bloch waves. In this 
section we shall estimate the values of », for various 
substitutional impurities in Cu. 

One method is especially simple because it does 
not require explicit knowledge of the effective scattering 
potential U’(r). We recall first the Friedel* sum rule 


Z'= 


T 


> (21+1)m(k), (3.1) 
6 


where Z’ is the valence difference between the solute 
atom and copper. This equation results from the 
requirement that any excess charge on the impurity 
ion be exactly compensated by a shielding charge of 
the conduction electrons. 

Secondly, the residual resistance of a dilute alloy of 
copper is given by 


Ap= (hk°c/e*)o., (3.2) 


where c is the atomic concentration of the solute and 
a, is the effective scattering cross section at the Fermi 
surface given by 


ro= [ (1—cost f°(0) | *7dQ 
dor x 


=— > /sin®(m_1—m). 
Ro t=1 


(3.3) 


If we now make the assumption that only mo and m 
are appreciable,” we can attempt to use the known 
values of Z’ and o, to determine these phase shifts 
from (3.1) and (3.3). This procedure gives the results 
listed in Table I for solutes in Groups I, ITI, IV, and V. 
For solutes in Group II, the measured resistance is 
smaller than any value obtainable with m and m only, 
which satisfy the sum rule (3.1). For these materials mo 
and m; were chosen to give the lowest possible resistance 
compatible with (3.1). These values are also listed in 
Table I. The last two columns of Table I, give the total 
amplitude and phase of the oscillatory part of the 
electron density, defined in Eq. (2.28). It will be noticed 
that the values of A and ¢ are strongly correlated with 
with Z’. This is due to the fact that the observed residual 
resistivity is very similar for solutes of equal Z’. (See 


Table I.) 


If one represents U’ by a screened Coulomb potentia!, one 
does indeed find values of 2 so small as not to affect our further 
conclusions by more than about 25%. 
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TABLE I. Scattering characteristics of different 
impurities in copper. 


Residual 
resistivity* 
Impurity Ap m y, ? 
Group I (Z’=0) 
Ag 0.14 0.136 —0.045 
Au 0.55 0.275 —0.092 
Group II (2’=1) 
Mg 0.65 
Zn 0.32 
Cd 0.30 
Group III (Z’=2) 
Al 


0.0138 
0.0272 


0.0454» 
0.0906> 


0.350 
0.350 
0.350 


0.0276 
0.0276 
0.0276 


0.194 
0.194 
0.194 


: 41 0.142 
. 0.153 
) oe 0.130 


0.0408 
0.0434 
0.0376 


—0.138 
—0.147 


1. 
Ga 1, 
A. —0.127 


In 
Group IV (Z’=3) 
Si 3.95 
Ge 3.79 
Sn 2.88 
Group V (Z’=4) 
Pp 


0.576 
0.569 
0.526 


0.0889 
0.0873 
0.0765 


0.516 
0.518 
0.523 


6.7 Ri 0.962 
0.967 
0.901 


0.1153 
0.1164 
0.1003 


1.034 
1.036 
0.996 


As 6.8 
Sb 5.4 


* Units —zohm —cm per atomic percent solute. 

» Actually only the relative signs of eo and m: can be determined from 
the residual resistance. Reversing the sign leaves A unchanged but the 
sign of » changes; this does not affect the conclusions that follow. 


The quantities A and ¢ can also be calculated ‘from 
first principles.” For this purpose we treat the electrons 
as a free electron gas (with uniform positive back- 
ground) in the presence of an immersed charge Z’e. 
Using many-body perturbation theory one can cal- 
culate, approximately, the change of the electron 
density due to the immersed charge to first order in 
Z'e. This was done by Langer and Vosko‘* who find 
for copper 

cos (2k°r+-7) 


én(r) =0.0236Z’—— (3.4) 


r 


In Table II this result is compared with the mean 
values obtained from the semiempirical procedure 
described above. 

We see that the two methods give quite similar 
results for the amplitudes A. Of the two sets of values 
we prefer that obtained by the semiempirical method, 
since effects of the Bloch wave nature of the electron 
wave functions and of terms omitted in the approximate 
perturbation theoretic treatment are contained in the 
“empirical” values of mo and 7. 


TABLE II. Amplitude and phase of oscillatory electron density. 


A e 
Semiempirical Perturbation Semiempirical 
method theory method 


0.0680 
0.194 
—0.137 
0.519 
1.022 


Perturbation 
theory 


0.0000 
0.0236 
0.0472 0.0406 
0.0708 0.0842 
0.0944 0.1107 


0.0205 
0.0276 


AND S. H. 


VOSKO 


4. ESTIMATE OF a 
Before we can evaluate the field gradients at the 
positions of Cu-nuclei in the vicinity of a solute atom, 
we must still estimate the quantity 


Jf Center PP s(cose’)tC1 +y¥(r’) ]/(r’)*}dr’ 


fter« |P2(cos0’)(1/r'*)dr’ 


where k is the wave vector on the Fermi surface in the 
direction of r, and r, is the position of the Cu nucleus 
in question relative to the solute atom, r’ the position 
vector relative to rp, ©’ is the angle between k and r’ 
and +(r’) is the antishielding factor (see Fig. 2). We 
have made only a rough determination of a which we 
shall now describe 

The denominator in (4.1) has the value —42/3. To 
estimate the numerator we need an approximate form 
of the Bloch wave ¢x(r’). We anticipate (and later 
verify) that the main contribution to the integral 
comes from regions in r’ space which lie well inside the 
atomic cell. In this cell we approximate ¢y by a single 
orthogonalized plane wave 


¢x(r’)= (1 N})[e* 2 Yo BuWn 1,0 


n,t 


r’)}. (4.2 


Here the Wa,z,.0 are the real normalized atomic core 
functions; the B,,, are coefficients chosen to make ¢;, 
orthogonal to the ¥»,1,0 and are given by 


Bax f ery art 4 dr’: 


the normalization constant is so chosen as to make 


1 ! 
al 


where Q is the volume of the atomic cell: 


N=1-—(1/2) > |B,,, |? 


n,l 


(4.3) 


(4.5) 


The atomic core functions were taken from a Hartree- 
Fock calculation of Cut." The B,,; have the following 
values in atomic units: 

By, 9=0.0952, 

Bzo= — 0.663, B= (0.092)z, 
B3,o= 2.919, B3.= (— 1.639) 7, 


(4.6) 
B3,2= —0.920. 
The function [¢x(r’) ?, occurring in (4.1) was then 
decomposed into spherical harmonics giving 
Cen(r’) P=---+G(r’)P2(cosO’)+--- (4.7) 


a D. R. Hartree and W. Hartree, Proc. Roy. Soc. (London) 
A157, 490 (1936). 
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Shell 
Number of atoms 
in shell 
Group I (Z’=0) 
Ag 
Au 
Group IT (Z’=1) 
Mg 
Zn 
Cd 2.36 
Group III (Z’=2) 
Al 4.60 
Ga 4.92 
In 
Group IV (Z’=3) 
Si 
Ge 
Sn 
Group V (Z’=4) 
P 
As 
Sb 


The function y(r’) was obtained from a paper by 
Foley, Sternheimer, and Tycko,’? and an adjustment 
was made to allow for their later correction to y().® 
The integral (4.1) was then evaluated numerically 
first over an equivalent atomic sphere. It was found that 
the major portion comes from distances less than do, 
where y is approximately zero.” The integral over the 
atomic sphere contributes the value 23.3 to a. The 
contribution from the outside region was roughly 
estimated at 2.3. Thus our final value is 


a=25.6. 


(4.8) 


This is probably accurate to better than a factor of 2. 


5. RESULTS AND COMPARISON WITH 
EXPERIMENT 


We are now in a position to list the values of g at 
various lattice sites relative to a given solute atom, 
by using Eq. (2.29), the values of A and ¢ listed in 
Table I and the value a= 25.6. (See Table ITI.) 

The nuclear resonance frequency of a Cu-nucleus 
near a solute atom is shifted by the field gradient due to 
the solute. The magnitude of this shift depends on the 
value of g as well as the orientation of the magnetic 
field. Since the field has a random orientation with 
respect to the crystal axes of the particles in the 
specimen, the contribution to the resonance line from 
shells of Cu nuclei in which q is large will be correspond- 
ingly broad. If this breadth becomes too large, the 
nuclei of such shells make no contribution to the 
observed line. 

Rowland? has used our values of g for successive 
shells near a Ge solute, with a numerical factor as an 
adjustable parameter, to calculate the resonance line 
to be expected for Cu-Ge alloys. To obtain agreement 


12 Anti-shielding plays a minor role for the value of a. If it were 
neglected a would be about 20% smaller. 
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6 7 


8 48 


0.047 
0.072 


— 0.028 
— 0.045 


0.086 
0.17 


— 0.020 
—0.020 
— 0.020 


0.027 
0.027 
0.027 


0.18 
0.18 
0.18 


0.25 
0.28 
0.23 


—0.15 
—0.16 
—0.13 


0.22 
0.23 
0.20 


—0.37 
—0.37 
—0.33 


0.19 
0.18 
0.17 


0.63 
0.62 
0.55 


—1.32 
— 1.33 
—1.10 


0.70 
0.71 
0.59 


0.74 


with experiment he finds that the numerical factor 
needed is 1.5. In other words the field gradients given 
in Table III are too small by this factor. We consider 
this to constitute very good agreement in view of the 
approximations made in our calculation. 

Further corroboration of the general correctness of 
the theory is provided by a simple analysis of the 
totality of Rowland’s data dealing with 14 different 
solutes. The experimental results for a given solute 
and different concentrations can be phenomenologically 
accounted for by the assumption that all Cu nuclei 
which are within a critical distance R of a solute atom 
do not contribute to the resonance signal. If we denote 
the number of lattice sites within the radius R by n, 
this leads to the following concentration dependence 
of the intensity 


I=I,(i—c)", (5.1) 


where c is the atomic concentration of solute (see Fig. 
3). Rowland has presented his results in the form of 


Fic. 3. Critical radius. 
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TABLE IV. The number of affected copper nuclei and 
corresponding value of qo. 


Solute go in 108 cm=3 
Ag 0.35 
Au 0.38 
Mg : 0.78 
Zn 0.88 
Cd 3 0.61 
Al 0.84 
0.77 
0.50 
0.87 
0.85 
0.67 
0.79 
0.76 
0.70 


giving a value of m for each solute. His values are 
given in Table IV and show a striking correlation 
between » and the valence difference Z’. This fits in 
well with the present theory according to which the 
amplitude A of the charge fluctuation and hence of q 
is also strongly correlated with Z’ (Table I). On the 
contrary there are only minor correlations between n 
and the strain produced by the solute, which shows 
that strain fields cannot be primarily responsible for 
the electric field gradients in the vicinity of the solute 
atom. 

To make considerations somewhat 


these more 


quantitative, let us adopt the following simplified 


picture. We assume that a shell in which g exceeds a 
certain critical go does not contribute to the line. Thus 
Rowland’s n is given by 


n= > n,, (5.2) 


where », is the number of atoms in the shell’s. Using 
our Table III we can then plot » as a function of go. 
For Ge this is the step function shown in Fig. 4. A 
somewhat more realistic dependence is obtained by 
smoothing this curve. We can now take the values of 
given by Rowland and thus obtain an empirical value 
of go for each solute. This procedure gave the results for 
go listed in Table IV. From its definition go should be 
independent of the solute, and the moderate variation 
of go derived from the theory is a further confirmation 
of its validity. Dr. Rowland has suggested that the 
large deviations of go in Table IV which occur for Ag, 
Au, Cd, and In may be correlated with the relatively 
large cores of these elements. It is also not surprising 
that the deviations are largest for small values of Z’. 
For here our theory developed for sites far from the 
solute atom, is least reliable and the effects of strains, 
which we have neglected, must be expected to play a 
relatively larger role. 


AND 
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Fic. 4. Plot of number of affected nuclei m versus go for Ge and Cu. 


It may be worth remarking that for example in the 
case of Sb, the last shell of Cu-nuclei, the seventh, 
which experiences a significant field gradient, lies 
between the fourth and fifth node of the charge density 
fluctuations. 


6. CONCLUSION 


The good agreement between our theory and the 
large body of Rowland’s data seems to us to be a 
strong confirmation of the reality of electron density 
fluctuations in the vicinity of a solute atom embedded 
in a metal. These fluctuations are a consequence of a 
discontinuous drop at the Fermi surface of m(k), 
the occupation probability of the conduction band 
function with wave number k. In an independent 
electron model there is of course such a discontinuity 
at zero temperature, and its small spreading at room 
temperature is insignificant for our purposes. On the 
other hand the very meaning of a Fermi surface for a 
gas of interacting electrons is not yet entirely clear. 
Rowland’s experiments are therefore of special interest 
in providing an upper limit to a possible width of the 
many electron Fermi surface. Quite general considera- 
tions show that if this width in k space is Ak, the 
amplitude of the oscillations is decreased for large r by 
an extra factor e~4"'". Using Rowland’s data for Sb 
in which effects on the Cu nuclei in the sixth or seventh 
shell are found for which r~9(k°)~', we conclude that 


Ak <0.1°. (6.1) 


Thus we see that in response to an electrostatic field, 
the Fermi surface appears as quite sharp. 
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The second and fourth moments of the three principal ultrasonic free-spin absorption lines are calculated 
using a phenomenological form for the spin-phonon interaction. Both exchange and dipole interactions are 
taken into account, and it is found that exchange causes increased line width in all three cases. For the line 
at the Larmor frequency, the moments are compared with those for the corresponding photon absorption 


line, for which exchange narrowing occurs. 


I. INTRODUCTION 


MPROVEMENTS in the technique of generating 

ultrasonic waves of microwave frequencies have led 
to increased interest in spin-phonon interactions in 
paramagnetic substances. Experimentally, Jacobsen, 
Shiren, and Tucker! have investigated the interaction 
between 9.2 kMc/sec ultrasonic waves and the spins of 
manganese impurities embedded in quartz crystals. 
They find the ultrasonic absorption line width to be 
somewhat smaller than the microwave line width for 
the same spin transition. The form of the spin-phonon 
interaction was first derived theoretically by Van Vleck? 
for the particular case of transitions between the lowest 
levels of the Cr*++* ion in chrome alum. The interaction 
results from modulation of the spin-orbit coupling by 
the lattice vibrations and has the form of a sum of 
products of phonon creation and annihilation operators 
with quadratic functions of the spin components of a 
single paramagnetic ion. Using Van Vleck’s spin-phonon 
interaction, Al’tshuler® calculated absorption coeffi- 
cients for ultrasonic waves in paramagnetic salts. He 
suggested that the exchange interaction might broaden 
the spin-phonon absorption lines but did not consider 
the shape of the lines in detail. Recently Mattuck and 
Strandberg*® have derived a formula for the spin- 
phonon interaction in a more general type of paramag- 
netic substance. They show that terms of the Van 
Vleck type dominate except when their matrix elements 
between the spin states involved vanish. 

In this paper we use a phenomenological Hamiltonian 
for the spin-phonon interaction, which has the same 
form as Van Vleck’s Hamiltonian, and is a generaliza- 
tion of a form of interaction used by Kittel.® This 
Hamiltonian has been employed by Orbach’ to compute 

* Supported in part by the National Science Foundation. 
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the phonon lifetime, the spin-lattice relaxation time and 
the thermal resistance for a substance containing para- 
magnetic centers. The unknown coupling constant 
appearing in the phenomenological Hamiltonian could 
be determined in principle from an experimental value 
of the spin-lattice relaxation time due to single phonon 
processes, i.e., the low-temperature spin-lattice relaxa- 
tion time, or perhaps from the effects of static strain on 
the resonance. It is our purpose here to present the 
results of calculations of the second and fourth moments 
of the spin-phonon resonance lines in the presence of 
exchange and magnetic dipole interactions. 


II. MOMENT CALCULATION 


We consider a system of N spins subjected to a 
magnetic field H along the z axis and interacting one 
with another via dipole-dipole and exchange forces. If 
8 is the Bohr magneton and g is the Landé g factor, the 
Hamiltonian for the system is: 


5C= g8H = SZ+>, JSS; 
i i<j 


+278? [rij 3$;-S;—37,; 5(r;;-S,) (1,;-S,) ]. (1) 
i<j 


The three terms here are the Zeeman, exchange and 
dipole-dipole energies. We assume all atoms to have 
the same spin angular momentum A/S. The subscripts 7 
and j refer to the ith and jth atoms. It will be supposed 
throughout that the separation g8H between the 
Zeeman levels is large compared with the breadth of 
these levels caused by the exchange and dipolar forces. 

For the spin-phonon interaction we use the phe- 
nomenological form: 


T=D i [A BS#S7—-S2)+B(S#St+Sit*S¥) 
+ B*(S2S-+S7-S2)+CS#S*+C*S-S-], (2) 


where S;*=5,;7+iS,", and A, B, and C are linear func- 
tions of the phonon creation and annihilation operators. 
Note that J vanishes for S=3, so that it does not 
contain the terms in the spin-phonon interaction 
important for this particular spin value.*:5 To justify the 
form (2) we note that, except for S=4, the most 
important part of the interaction is required to be 
quadratic in the spin components, since it arises from a 
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perturbation theory procedure involving the spin-orbit 
coupling twice.? The expression (2) is the most general 
Hermitian form satisfying this requirement and in addi- 
tion having the property Tr J =0 evaluated for the eigen- 
states of the Zeeman term in (1), i.e., we require that J 
produce no over-all shift of the energy level spectrum. 

The spin-phonon interaction J causes three types of 
transition between the levels of the spin system labelled 
by S*=}°, S,*. The term containing A induces transi- 
tions in which S* is conserved and gives rise to an 
aperiodic or zero-frequency line, which spreads to finite 
frequencies due to the broadening of the highly de- 
generate Zeeman levels by the dipole-dipole interaction. 
The terms involving B cause transitions between 
adjacent groups of Zeeman levels and give rise to an 
absorption line centered about the energy gH, i.e., an 
absorption line in the same position as that observed in 
a microwave photon resonance experiment. Finally, the 
terms in C give rise to a line at twice the Larmor 
energy, that is, at energy 2g6H. 

The calculation of the moments of the photon 
absorption line for the system of interacting spins 
represented by (1) has been carried out by Van Vleck.® 
The part of the Hamiltonian (1) which does not com- 
mute with the Zeeman term g8HS* gives rise with the 
interaction J to weak absorption lines at integral 
multiples of the Larmor frequency, whose intensities are 
reduced below those due to the part of (1) commuting 
with the Zeeman term by factors having the order of 
magnitude (average dipolar field at spin site/applied 
field H)*. Following Van Vleck, we therefore truncate 
the Hamiltonian 3, retaining only the terms which 
commute with g8HS*, leaving 


K’= BH > S#+d, CiLS*S-+S-S;*] 
i i<j 


+> DiS?S;', 


i<j 


(3) 
where 
Cyi=—3 9°85 (1—3 c0s?6,,) +3 5, 


(4) 
D,= g°8"7,;>( 1—3 cos?64;)+J :;, 


and @;; is the angle between r;; and the z axis. 
The mean second and fourth powers of the frequency 
for an absorption line are given by®: 


(02 )oe= —Tr LS! IP / I? Trl”; (5) 


(v4\ay= Trl ’,[ 3’ ,1’ ) P/* Trl”. 


Here 5’ is the truncated Hamiltonian given by (3) and 
I’ is the part of the spin-photon or spin-phonon inter- 
action responsible for the given absorption line. It is to 
be emphasized that these formulas for the second and 
fourth moments do not take into account the population 
differences between the initial and final states of the 
spin system. At temperatures sufficiently high for this 


8 J. H. Van Vleck, Phys. Rev. 74, 1168 (1948). 
9]. Waller, Z. Physik 79, 370 (1932). 
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population difference to be approximately linear in the 
energy separation of the two states, the line shape 
deduced from the calculated values of (5) and (6) must 
be multiplied by an extra factor vy before being com- 
pared with the experimentally observed plot of phonon 
absorption versus frequency. 

The actual calculation of the moments of the three 
absorption lines resulting from the interaction (2) is 
straightforward in principle, but involves a fair amount 
of tedious manipulation of the spin operators. We pre- 
sent here only the results. In all moments, factors of 
[45(S+1)—3] appearing in both the numerators and 
denominators of (5) and (6) have been cancelled, so the 
results do not apply for the case S=}4. 


1. Aperiodic Line 


hv" )av= (16/N)S(S+ 1)>- C7. 


i<j 


hv") v= (64/N)S*7(S+1)? & CiZ7Ci2 


ixtjxtk 
+ (16/35N)S(S+1) 


XE (4C,,A[188S(S+1)—201] 


i<j 


+C,7Dj7[44S(S+1)—53]}. (8) 


2. Line at gH 


W(v®)ay = (2/3N)S(S+1)E [20C;2+D;;7]. 


i<j 


h*{v*).y= (1/9N)S*(S+1)? 
xX L 


ixzjH#k 


+112C;?Di2—32C 2D n2Dj + 2D, 2D 2} 


{624C;7Cx2— 32C;€ KC iD; 


+ (2/105N)S(S+1) 
> (8[11425(S+1)—569]c,,4 


i<j 

+840[45(S+1)—31C.ADi; 

+42[ 29S (S+1)—13]C;7D;? 

—14045(S+1)—3]C,Di/ 
+7[3S5(S+1)—1]D,;‘}. (10) 


Formulas (9) and (10) give the second and fourth 
moments about the center of the line, i.e., about the 
frequency g8H/h. 


3. Line at 2938H 


h?(v®) ay = (8/3N)S(S+1)D [2C;?+D;?]. 


ij 
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h'(v*),y= (16/9N)S*(S+1)? 
x Zz 


ixjHk 


{ 18C,7C j72— BCC x CeiDi; 


t71C fDv2+C7DiuD je t+2Di7Di2} 
+ (16/105N)S(S+1) 
> {8[26S(S+1)— 17.1C,;4 


i<j 
+[452S(S+1)—309]C;?D;7 


+14[3S(S+1)—1]D,;}. (12) 


The moments in this case are taken about the frequency 
2g8H/h. 


Ill. DISCUSSION 


The construction of an analytic approximation to the 
functional form of the shape of an absorption line from 
a knowledge of the moments of the line has been con- 
sidered by Wright.” We limit ourselves here to a con- 
sideration of the moments of the absorption line at the 
Larmor frequency. The other two absorption lines may 
be discussed in a similar manner. It is instructive to 
consider the second and fourth moments given by the 
formulas (9) and (10) in two limiting cases: (i) dipole- 
dipole interaction dominates the exchange interaction ; 
(ii) exchange interaction dominates the dipole-dipole 
interaction. 

(i) Putting J,;=0, we have from (4): 


Dyj= —4C j= FB157*(1—3 cos*;;). 


The second and fourth moments then reduce to: 


(13) 


h2(v®)ay= (3/2N)S(SEDE, Di}. 


i<j 


(14) 


h*(v*)y= (1/48N)S*(S-+1)? 
x > D,7(61D92—8Dj.Dz; ] 


ixjek 
+(1/1680N)S(S+1) 
X[3018S(S+1)—961] ¥ Diy". 


i<j 


(15) 


The lattice sums appearing in Eqs. (14) and (15) are 
easily evaluated for a simple cubic lattice in the special 
case when the magnetic field H points along a (100) 
direction. The moments are then: 


(?)ay= 10.05 (S+1)g84i-2d-*, (16) 
()ur= 30 ("aw P{1—0.348—[0.034/5(S+1)]}, (17) 


where d is the distance between neighboring magnetic 


A. Wright, Phys. Rev. 76, 1826 (1949). 
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atoms. If the line shape were exactly Gaussian, the 
fourth moment would be 3[(v”),y ?. It is seen from Eq. 
(17) that the line departs somewhat from Gaussian 
shape, being slightly less sharply peaked. 

It is interesting to compare these moments with those 
obtained for the corresponding photon resonance absorp- 
tion line. The second moment is exactly the same as 
that of the phonon resonance line, being given by Eq. 
(14). We write down the fourth moment only for the 
particular case of a simple cubic lattice with the mag- 
netic field a (100) direction: 


(ay = 3[ (v2)ay P{1—0.160—[0.021/S(S+1)]}. (18) 


The line shape again departs from Gaussian, but to a 
lesser extent than the phonon absorption line. The 
second moments of the two lines being equal, the photon 
absorption line is the more sharply peaked, since it has 
the larger fourth moment, but the difference between 
the two line widths is small. 

(ii) Neglecting the dipole-dipole interaction, we have 
from (4): 


D= 2C i3=J sj. (19) 


We adopt the approximation of assuming the exchange 
interaction to be negligible except between nearest- 
neighbor spins, but note that the longer-range contribu- 
tions to the exchange energy may be of importance for 
small percentages of magnetic impurities. If the value 
of the exchange coefficient for nearest neighbors is J 
and the number of such neighbors is z, then: 


h2(v?) ay = 25(S+1)2J?. (20) 


h*(v') y= S2(S+1)222J4 


19 (z—1) 
x|~ Ata 
3 Zz 


859 1444 


a | (21) 
70z 210zS(S+1) 


For the simple cubic lattice, Eq. (21) can be written in 
the form, 


(v*)av=3[(?)av P{1—0.390—[0.095/S(S+1)]}, (22) 


so that the line shape is not very different from that in 
the zero exchange case given by Eq. (17). 

In the photon case exchange does not contribute to 
the second moment but appears in the fourth moment, 
giving rise to the phenomenon of exchange narrowing 
of the absorption lines. It is seen that for the phonon 
resonance absorption lines, exchange contributes to 
both the second and fourth moments and thus acts to 
increase the width of the line. 
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The photomagnetoelectric effect has been studied in germanium as a function of the wavelength of incident 
radiation in the region “rom 0.5 to 2.0 microns. The dependence of both photoconductivity and photo- 


magnetoelectric (PME 


response has been measured in various samples, using front and back surface 


recombination velocities and bulk recombination as parameters. It has been found that under certain 
conditions of bulk and surface recombination a reversal in sign for the PME response occurs over the 
frequency range studied. Sign reversals obtain at wavelength in the range from 1.55 to 1.85 microns, corre- 
sponding to partial optical transparency. The exact frequencies at which reversal occurs depend on the 
surface and bulk recombination rates, the condition being that the Dember field be zero corresponding to 
equal carrier concentrations on the front and back surfaces. Furthermore, the present observations are 
shown to be in good qualitative agreement with the theoretical work reported by Gartner. Experimental 
procedures are described, and it is shown how this effect can be used to advantage in the study of surface 


recombination velocities in various environments. 


1. INTRODUCTION 


ARTNER' has recently developed a theory of the 

spectra! distribution of the photomagnetoelectric 
(PME) effect and computed the PME short circuit 
current, the photoconductance, and the ratio PME 
short circuit current over photoconductance for germa- 
nium samples of various values of lifetime and surface 
recombination In particular, this theory 
describes falloff in response with increasing wavelength 
and predicts an actual sign reversal of the effect in a 
certain wavelength range if the front surface recombina- 
tion is higher than the back surface recombination 
velocity. Previous workers have only superficially 
examined the frequency response of the PME effect, 
but have not observed the predicted sign reversal. The 
present work deals with the observation of this effect 
and related implications. 


velocities. 


2. EXPERIMENTAL PROCEDURE 


Light of a wavelength between 0.5 and 2.0 yu was 
obtained from an incandescent tungsten lamp with a 
Farrand double monochromator, calibrated for light 
intensity by a thermocouple and focused upon germa- 
nium samples of 0.7 2 cm? area and various thicknesses 
to the ends of which ohmic contacts were made by 
ultrasonic soldering. 

Since the PME short circuit current 7,** rather than 
the open circuit voltage should be measured, a low 
impedance Perkin-Elmer breaker amplifier, synchro- 
nized at 7 cps to a rotating light chopper feeding into 
an amplifier, was used for current detection. In addition 
to the PME effect, the photoconductivity was also 
measured for the same surface recombination conditions 
by a modified Wheatstone Bridge using low bridge 
current. PME and photoconductivity measurements 
were made alternately in fast sequence by rapidly con- 

* Now at 


Jersey 
1 Wolfgang W. Girtner, Phys. Rev. 105, 823 (1957). 


Bell Hill, New 


lelephone Laboratories, Murray 


necting the leads of the sample to the bridge circuit or 
to the current measuring apparatus by means of a 
thermo-free switch, eliminating errors by self-heating 
of the sample, thermo emf’s at the metal contacts or 
changes in the ambient temperature. 

The experimental samples were obtained from a single 
ingot of n-type 5.36 ohm-cm germanium, grown by the 
Czochralski method. In most cases, changes in surface 
recombination velocity were effected by starting with 
a surface freshly etched in CP-4 and abrading it 
slightly to increase the surface recombination just 
enough to be detectable in the spectral analysis. This 
treatment, however, did not affect the optical properties 
of the surface to any measurable extent. In all cases, 
the dark surface was etched for low surface recombina- 
tion velocity. A variation of the bulk lifetime was 
simulated by normalizing the recombination factors, 
similar to Giartner’s relationships,' so that diffusion 
length and sample thickness occur as a ratio. Reducing 
the slab thickness then affects the PME response in the 
same manner as increasing the bulk lifetime. 

All measurements were taken at fields of 2000 gauss; 
control measurements at lower fields confirmed that the 
effect did not deviate from a linear dependence on the 
magnetic field to.a measurable extent in the range 
investigated. 


3. EXPERIMENTAL RESULTS 


The lifetime of the samples was previously deter- 
mined to be 60 microseconds, leading to a diffusion 
length in this material of approximately 0.05 cm. 
Samples of three different thicknesses were investigated 
corresponding to approximately 102, 5Z, and L, where 
L is the diffusion length. Following the example of 
Gartner, AG, 7,*° and their ratio have been plotted ver- 
sus the absorption. coefficient rather than wavelength. 
The symbol, K, is represented by 


K=kw, 


922 





SPECTRAL DISTRIBUTION OF 








LOG AG + const 

















LOG K 


Fic. 1. Short-circuit PME current (a), photoconductance (b) 
(both normalized for light intensity), and their ratio, (c) as a 
function of normalized absorption coefficient for various values 
of surface recombination velocity (S) with (diffusion length < 
sample thickness) W ~10L. If R=front surface S/dark surface S, 
we have for curve (1), R=1; curve (2), R>1; and curve (3), R>1. 


where k is the absorption coefficient? and w is the sample 
thickness. In terms of wavelength, for long K=3,A=1.5 
microns and for K=1, A=2 microns. 

In Fig. 1, we have plotted the results obtained on a 
sample whose thickness is 0.55 cm. Since lifetime for 
this material is about 60 microseconds, the ratio of 
sample thickness to diffusion length is 11. This implies 
that virtually all of the carriers generated at the front 
surface will recombine before they reach the dark sur- 
face. Three cases have been plotted. The curves labeled 
1 correspond to a low surface recombination velocity 
(S) on both illuminated and dark surfaces. The second 
case represents a situation where the front’ surface 
recombination velocity is greater than the dark surface 
recombination velocity, and the third case corresponds 
to a much greater increase in front surface recombina- 
tion velocity. Several interesting features are observed. 
The PME response undergoes an inversion in sign for 
cases 2 and 3 at some wavelength in the neighborhood 
of 1.8 microns. In these figures, the solid lines represent 
positive PME response and the dashed lines negative 
PME response. It is also noted that for increased front 


2 W. C. Dash and R. Newman, Phys. Rev. 99, 1151 (1955). 
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Fic. 2. Short-circuit PME current (a), photoconductance (b) 
(both normalized for light intensity) and their ratio, (c) as a func- 
tion of normalized absorption coefficient for various values of 
surface recombination velocity with (diffusion length < sample 
thickness) W ~4L. If R=front surface S/dark surface S, we have 
for curve (1), R=1; curve (2), R>1; and curve (3), R>1. 


surface recombination velocity the sign reversal occurs 
at shorter wavelengths. In addition, the magnitude of 
both the PME response and the conductance change 
is decreased as the front surface recombination velocity 
is increased. Figure 1(c) indicates the ratio of the two 
effects multiplied by the factor wl (u,—u»)/D] which 
was chosen to permit comparison with the equation for 
lifetime developed by van Roosbroeck? for thick samples 


t= D[0AG/ (unt+uy)l 2" F, 


where D is the diffusivity, @ is the sum of Hall angles, 
AG is the relative photoconductance change, /,°° is the 
PME short circuit current, and ua, up are the electron, 
hole mobilities, respectively. 

It will be noted that this factor is essentially a con- 
stant value for the case where the carrier generation is 
confined to the front surface which indicates the neces- 
sity of using light with wavelengths corresponding to 
high absorption for lifetime measurements. 

In Fig. 2, we have plotted the same parameters under 
the condition that w/Z=4. In this case, the bulk recom- 


3 W. van Roosbroeck, Phys. Rev. 101, 1713 (1956). This article 
contains an excellent bibliography on the PME effect. 
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Fic. 3. Short-circuit PME current (a), photoconductance (b) 
(both normalized for light intensity), and their ratio, (c) as a func- 
tion of normalized absorption coefficient for various values of 
surface recombination velocity with (diffusion length ~ sample 
thickness) WL. If R=front surface S/dark surface S, we have 
for curve (1), R=1; curve (2), R>1; curve (3), R>>1; and 
curve (4), R is very much greater than one. 


bination, while still dominant for short wavelengths, is 
not as important as in the previous case. Again one notes 
the decrease in response as the front surface recombina- 
tion velocity is increased, and the point of inversion 
shifts toward shorter wavelengths. In addition, the 
relative magnitudes of the PME response are reduced 
somewhat from the first case. This follows from the fact 
that the difference in excess carrier densities on the two 
surfaces (which determines the magnitude of the 
response) is reduced because more carriers reach the 
back surface than in the previous case. One also notes 
that compared to Fig. 1, the “lifetime factor” shows a 
deviation at short wavelengths for changes in front 
surface recombination velocity. This effect, of course, is 
related to the fact that the carriers generated at the 
front surface do not all recombine as they diffuse to the 
back surface and the expressions for photoconductance 
and PME short circuit can no longer be considered 
independent of the ratio of diffusion length to sample 
thickness. 

Figure 3 illustrates the results for a “thin” sample 
where the ratio of diffusion length to sample thickness 
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Fic. 4. Short-circuit PME current (a), photoconductance (b) 
(both normalized for light intensity), and their ratio, (c) as a func- 
tion of normalized absorption coefficient to show effects of chem- 
ical treatment on the surface recombination velocities. Curve 1 
illustrates conventional PME effect, Curve 2 results after front 
surface is exposed to HCI vapor. 


is almost unity. Again, the characteristic inversion is 
noted when the appropriate conditions of absorption 
coefficient and surface recombination velocities are 
satisfied. Curve 4 represents a case where the front 
surface recombination is so great that the response 
appears to remain negative over the entire spectrum. 
Actually, the inversion is shifted so far to the right that 
the positive response is never observed. It is also noted 
that the level of PME response is considerably lower 
than either of the two previous cases, again due to the 
fact that the excess carrier concentration on the front 
surface is only slightly different from that of the dark 
surface. On the other hand, one might have expected 
photoconductance to increase since this case corresponds 
to a long bulk lifetime. However, control of the surface 
recombination velocities to a degree sufficient to permit 
observation of this effect was not possible in these 
experiments. One, therefore, concludes that we have 
gone from one extreme to the other. In Fig. 1, the bulk 
lifetime is most important and the surface recombina- 
tion velocity is secondary, except for curve 3 where S 
is making a major contribution. In Fig. 3, the situation 
is just the opposite; the bulk lifetime must now be 
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negligible compared to the surface recombination 
velocity but the relative response comparing Figs. 1 
and 3 is the same. Fig. 2 represents an intermediate 
case. These findings are in good qualitative agreement 
with the theoretical predictions of Gartner’s theory. 

In order to explore the possibility of utilizing the 
PME spectral dependence as a tool for investigating 
changes in surface recombination velocity, a specimen 
was freshly etched and measured. A stream of air, 
saturated with HCl vapor was allowed to impinge on 
the illuminated surface of the sample. The results are 
shown in Fig. 4. It is noted that after treatment (curve 
2) an inversion typical of increased front surface recom- 
bination velocity occurs, which after rinsing with water 
reverts to the original condition (curve 1). 
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It seems reasonable to expect that this effect could 
be utilized to study the effects of different environments 
on surface recombination velocities. If experimental 
conditions are established so that the PME response is 
at a null point and an environment is introduced which 
alters the surface recombination velocity, the PME 
effect could register either a positive or negative signal 
depending on whether the environment increased or 
decreased the recombination effect. 
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The Hall effect, magnetoresistance, thermoelectric voltage, and 
transverse Ettingshausen-Nernst potential have been measured in 
a single crystal of zinc in the liquid helium temperature range. 
Oscillations as a function of magnetic field strength were observed 
in all of these potentials. The measured period in 1/H for the 
transverse oscillations was 6.2X10~* gauss?+0.5%, with the 
magnetic field parallel to the hexagonal axis. Both transverse 
effects possessed strong second harmonic oscillations. The oscil- 
lations in the longitudinal effects both exhibited a phase inversion 
in the neighborhood of 4.2 kgauss, the same field region for which 
the gross Hall field changed sign. In this same field region the 
period of the oscillations for the longitudinal effects was that of 
the second harmonic. 


I. INTRODUCTION 


N 1930 Schubnikow and de Haas! found that the 

transverse magnetoresistance of bismuth exhibited 
a magneto-oscillatory dependence at low temperatures. 
This led de Haas and van Alphen to their discovery 
of a similar behavior in the diamagnetic susceptibility 
of bismuth. In recent years more attention has been 
given to the analogous oscillations in the galvano- 
magnetic and thermomagnetic effects in metals and 
semimetals such as Bi,*" graphite,!—5 Mg,'* Sb,!” 


* This work was supported by the Office of Ordnance Research, 
U. S. Army. 
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A further correlation between the oscillatory thermal effects 
can be achieved by assuming that the difference of the absolute 
thermoelectric power and the temperature derivative of the 
chemical potential is negligible. 
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parameters in zinc was studied by Berlincourt and 
Steele.” Borovik’s*® experiment on the transverse 
galvanomagnetic effects in zinc showed oscillations at 
very high fields. Alers™ detected an oscillatory com- 
ponent in both the thermal and electrical magneto- 
resistance. This was confirmed in the work of Grenier 
et al.” who also reported oscillations in the Hall effect. 
It was reported at a later date that oscillatory thermo- 
magnetic potentials were superimposed on the galvano- 
magnetic effects.*® The oscillations in the Ettingshausen- 
Nernst effect and in the thermoelectric potentials were 
subsequently isolated, and preliminary measurements 
were done by Bergeron et al.?”:* 

The present study was undertaken as a first step 
toward an experimental determination of the com- 
ponents of a six by six tensor relating the electrical 
and thermal currents to the electric potentials and 
temperature gradients in a single zinc sample. 


Il. NOTATION AND CONVENTION 


Following the convention employed by Jan” in 
defining these effects: 


Ey= pird et €xGit (1/e)0E0/0x;; (1a) 
and 


— rind etrAn-Gpet (Eo/e)J;, (1b) 


where p,x.=the electrical resistivity tensor, \,.=the 
thermal conductivity tensor, €,,=the absolute thermo- 
electric power tensor, 7.=the Peltier tensor, Eo=the 
chemical potential, the Fermi energy as measured from 
the nearest zone boundary, e=the electronic charge 
(negative number), w,=the heat current density of 
carriers, J,=the electric current density, E;=the 
electric field, G,.=the negative gradient of the absolute 
temperature, and 7, k=1, 2, 3. All of the various tensors 
have an arbitrary magnetic field dependence. However, 
it will be convenient to distinguish between the purely 
oscillatory effects of these tensors and their gross or 
smoothly varying field dependence, e.g., piz=pi.tPic, 
where fi, expresses the nonoscillatory field dependence 
and pix the oscillatory component. 

It can be seen from Eqs. (la) and (1b) that the 
isothermal Hall effect and magnetoresistance are 
characterized by p2, and pi, respectively; and the 
isothermal Ettingshausen-Nernst effect and absolute 
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thermoelectric power by 2; and ¢€:;. With reference to 
Fig. 1(a) the distinction between the adiabatic and the 
isothermal case is the following: 


we=0; adiabatic, (2a) 


G.=0; isothermal. (2b) 


Although Eqs. (1a) and (1b) were defined in terms 
of an isotropic medium, they can be applied to a 
crystallographic system if there is sufficient symmetry 
between the system and the field and current vectors. 
With reference to Fig. 1(b), if the magnetic field is in 
the z direction, it is not necessary that the medium 
be strictly isotropic, but only that there be isotropy 
in the x—y plane.” This is guaranteed by Onsager’s 
reciprocal relations if a crystalline axis of three-, four-, 
or sixfold symmetry lies along the z direction.” 

Since the theorist calculates the components of the 
conductivity tensor and then performs a matrix 
inversion to arrive at explicit expressions for the 
magnetoresistance and Hall coefficient, it is only under 
special conditions that the expressions for these quanti- 
ties are amenable to comparison with experimental 
data. Therefore, it is in general more profitable to 
reverse this procedure and to transform the experimental 
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Fic. 1. A schematic representation of the field and current quanti- 
ties in a flat rectangular sample 
*® H. B. Callen, Phys. Rev. 73, 1349 (1948). 
31 L, Onsager, Phys. Rev. 37, 405 (1931); 38, 2265 (1931). 
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Hall effect and magnetoresistance data into the various 
components of the conductivity tensor. For a two- 
dimensional isotropic case, 


11> P11 ‘(p21*+ p11"). (3) 


Since the thermomagnetic effects were measured with 
a constant heat current, w; [see Fig. 1(a) ], and not with 
a constant temperature gradient, G:, and also under 
adiabatic conditions, the experimental data were not a 
direct measure of €2; and €;, rather of €;’ and €2’, 
where 


o21= prr/ (p21°+ 011") ; 


1 = Ey Wi 


= {feu— (1 edo OT |—e2 tang’}Aqr, (4a) 


€21' =F, Wi 


” ={en+[Lenu—(1/e)0Eo/aT] tang’Pu. (4b) 


Ai: | is the diagonal component of the thermal magneto- 
resistance tensor, and ¢’ is the Righi-Leduc angle. 


Au 1=)qy (Ay-+Aoy’); tang’ =G>/Gi. (5) 


Ill. THEORY 


Most of the theories of galvanomagnetic and thermo- 
magnetic phenomena are classical treatments. Hence, 
the oscillatory behavior observed at low temperatures 
is unexplained by these theories since the origin of these 
oscillations is essentially quantum mechanical. How- 
ever, in recent years calculations by Lifshitz and 
Kosevich,” and Zil’berman® have taken into account 
the effect of the orbital quantization (due to an applied 
magnetic field) upon the galvanomagnetic and thermo- 
magnetic properties. 

Zil’berman’s approach is the more standard of the 
two. A two-band model with a field independent 
relaxation time and an isotropic quadratic dispersion 
law is assumed. Introducing lattice defects as a pertur- 
bation to a perfect-lattice Hamiltonian, which already 
includes the electric and magnetic fields, the component 
of the magnetoconductivity tensor in the direction of 
the electric field, a1; is calculated: 


o1:= (e/H")f, (6) 


where 


f= (8/3)m‘A[1— (9/40)BH/Eo 
—57v 2kT / (BH Eo) te? Cos (n—2/4)+ tidal 


In the above expression for f, y=22kT/B8H, and 
n= 22E>/BH. The symbols, k, T, and 8, are the Boltz- 
mann constant, the absolute temperature, and the 
double effective Bohr magneton, respectively. A is a 
constant which is directly proportional to the lattice 
defect concentration. For the case of two overlapping 
conduction bands, o1:.= (e/H*)(fi+ fe) with subscripts 


#2]. M. Lifshitz and L. M. Kosevich, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 33, 88 (1957) [translation: Soviet Phys.—JETP 6, 67 
(1958) ]. 

%G. E. Zil’berman, J. Exptl. Theoret. Phys. (U.S.S.R.) 29, 
762 (1955) [translation : Soviet Phys.—JETP 2, 650 (1956) ]. 
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“1” and “2” applied to m, 8, and » for fi and fs, 
respectively, and Ep is replaced by (Ao—£o) for fe. Ao 
is the overlap of the upper and lower bands. 

The perturbation of the lattice defects is neglected in 
deriving the expression for o2;, and the result is identical 
to the case of particles in a box for crossed electric 
and magnetic fields: 


o2=ec(Ni—N2)/H, (7) 


where NV, and N2 are the numbers of electrons and holes, 
respectively. 

In their analysis of the electrical conductivity 
Lifshitz and Kosevich® relate the oscillations in the 
components of the conductivity tensor to the oscillations 
in the diamagnetic susceptibility. These authors find 
that the oscjllatory terms in the conductivity tensor are 
proportional to the product of the classical mobility 
tensor and the oscillatory term of the magnetization. 
However, the components of the mobility tensor are 
evaluated only under the same simplifying, and hence, 
limiting assumptions employed by Zil’berman, e.g., 
elastic isotropic scattering, etc. 

The expression for the fundamental period, P, for 
one band is related to the extremum cross sectional 
area of the Fermi surface, A», perpendicular to the 
applied magnetic field: 

P=eh/cAm, (8) 
where A», is in momentum units. This is the Onsager- 
Lifshitz relation.**—*6 

As can be seen from Eq. (6), the period is also given 
by, 

P=8/Eo. (9) 

The conditions on the temperature, the magnetic 
field, and the electronic parameters of the material that 
are generally invoked in the contemporary theories of 
these effects are: 

(a) kT/BH<1, 
(b) kT/EvK\, 
(c) BH/E <1. 


(10) 


Condition (a) assumes Fermi surfaces which are 
sharp compared to the energy difference between 
successive orbital levels. Condition (b) requires that 
the de Haas-van Alphen type carriers obey Fermi- 
Dirac statistics. The physical implication of condition 
(c) is that the number of orbital levels below the Fermi 
surface is large. Generally, this is required for purposes 
of calculational expediency in the evaluation of partial 
sums over the number of levels. If this number is 
sufficiently large, these sums can be approximated by 
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of Science, U.S.S.R., in January, 1951 (unpublished). 
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Theoret. Phys. (U.S.S.R.) 31, 63 (1956) [translation: Soviet 
Phys.—JETP 4, 41 (1957)]. 
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Poisson integrals. These are in turn evaluated by 
means of Fresnel integrals at infinite limits, which is 
another approximation that requires the applicability 
of condition (c) for validity.™*7** However, in the 
present investigation this last condition is the one most 
open to question. 

Zil’berman has also calculated a relationship between 
the electric field and the temperature gradient in the 
direction of the electric field, the y direction of Fig. 1(b). 

/ * 


/ 


4 (g/ek)G,, 


where £* is the negative gradient of the electro- 


chemical potential. 
and 
e-¥(1—y¥) sin(n—7/4). 
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as a “bucking” voltage in opposition to the output 
of the dc amplifier when a measurement was being made 
of the magnetoresistance. Thus, the Brown recorder 
traced a curve in which the oscillatory component of 
the magnetoresistance could appear clearly, as most of 
the large monotonic part was compensated. 

The sample was chemically cut from a single crystal 
of zinc grown by a modified Bridgman method. The 
sample dimensions were 26.58 8.10.345 mm. It was 
cut from the mother crystal in such a manner that 
when placed vertically in the cryostat (i.e., the long 
length of the crystal being vertical) its hexagonal axis 
lay in the horizontal plane making an angle of 44° with 
the normal to the large face of the crystal. Its orientation 
was carefully determined by an x-ray diffraction study. 

For the galvanomagnetic experiments the crystal 
lay on the flat bed of the Lucite holder, Fig. 2, and was 
held in place by work-hardened copper pressure 
contacts. Originally both potential and current leads 
were connected in this manner to the sample ; however, 
it was noted that the contact resistance caused a 
production of heat at the current probes and a net heat 
flow through the crystai.“ Later the current leads were 
soldered directly to the ends of the crystal to isolate 
the galvanomagnetic potentials. After the Hall leads 
had been soldered to the pressure contacts, they were 
brought directly together along the line defined by th: 
Hall contacts. They were then twisted together so as to 
minimize the areal projection of the loop formed by the 
leads, the pressure contacts, and the crystal when 
viewed from above. This was a successful procedure 
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since the emf induced in the transverse leads by the 
constantly increasing magnetic field was negligible. 

In most of the experiments the magnetic field was 
directed along the hexagonal axis, i.e., at an angle of 
44° to the normal of the crystal; hence, there was no 
feasible way in which the same procedure could be 
applied to the magnetoresistance leads. Therefore, a 
compensating loop was introduced into the longitudinal 
leads themselves about a centimeter above the upper 
edge of the crystal. The orientation of this second loop 
was such that the emf induced in it by the increasing 
magnetic field opposed the emf induced in the crystal 
loop. To achieve sufficiently good compensation, a trial 
and error process of adjusting the area of the compen- 
sating loop was necessary. 

The calorimeter-crystal holder used for measuring 
the thermomagnetic potentials is shown in Fig. 2. The 
sample was clamped to the copper bar extending down 
into the brass vacuum jacket. It was insulated elec- 
trically from the bar by means of cigarette paper 
impregnated with silicone vacuum grease. Around its 
lower end was wrapped a 40-gauge resistance wire 
heater. The longitudinal and transverse potential leads 
were soldered directly to the crystal and were brought 
from the vacuum system into the helium bath through 
an epoxy resin seal.” The emf’s induced in the potential 
leads-crystal loop were compensated for in the same 
case. The same 
measuring apparatus that was used in the galvano- 
magnetic experiments was employed in the thermal 
measurements. 


manner as in the galvanomagneti 


The galvanomagnetic potentials were measured under 
isothermal conditions so that G;=G.,=G;=0 and with 
the current flowing in the 1 direction J,=J;=0. 

The field tensor reduces to 

Ey pu, I poi, E, 
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= —J ipiid; V(1)=V,(-—@). 
—Jipnd. and V2(H -V.(-—H). 
—Jipsd; and H V H), or 0. 


Rev. Sci. Instr. 30, 1058 


Cast 


and 





BERGERON, 


Te178°K 
w*40 mwatts 
4 

H (kgouss) 


hic. 3. The potential from which « 


V;=0 when #7 is in the hexagonal direction and the 
current is perpendicular to it. In case of misalignment 
of the field with the hexagonal axis V;(H)=V;(—H).* 
V (H)—V(—H)=2V2(A) and 


pn= —[V(H)—V(—8)] 


Therefore, 
2J id cosé. 
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reversal of the field was needed 


In the measurement of the Ettingshause n-Nernst and 
thermoelectri voltage, 


since the conditions were not 


difference existed between 


probes In 


isothermal, a temperature 


the potential mea most of these 


uring 
experiments the probes were hard-worked copper. In 
hould be to take account 
generated at the 
due to the Righi-Leduc effect, a 
temperature difference will appear between the probes 


during an 


principle, a correction made 


of the Cu-Zn thermocouple emf 


probe . I or ¢ xampl . 


Ettingshausen-Nernst measurement in such 


a way that a thermocouple emf proportional to the 


w*40 mwotts 


Teliit*«K 
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AND 


j 


effect D 1] iposed on 
en-Nerns 0 re I ict, this effect, 
analogous to the | have a reversal 


around 4 


Righi-Ledu: 
Ettingshau 
of sign having such 
ngshausen-Nernst 


Cu-Zn 


behavior could be det 
measurement Thus, no ion the 
thermocouple em! 


V. RESULTS 


The trace of the Brown recorder gave a continuous 


record of the field ariation of the various potentials. 


Some of these curves are reproduced in Figs. 3, 4, and 5. 


The transverse and longitudinal thermomagnetic po- 


tentials are represented in Figs. 3 and 4, respectively, 


and the compensated magnetoresistance trace is seen 


in Fig. 5. The period for the Hall effect oscill 


, and 
| he pl ase angle 


0+0.03x and is 


the oscillations of po, Fig l gauss 
for €;’, Fig. 7, it is 6.2 

for po for a cosine 
w/2+0.02m for « The average period of pi; and én: 
in the low and high field reg i 
~6.3X10-* gauss Thes ilts are also given in 


Table I along with simila 


ol the sciuiations 1S 


other transport 
and magnetic oscill: hen na in zin 

The oscillations ir land iusen-Nernst 
effects, Figs. 8 and 9, t! ame double peak 
system, although t d peak is | pronounced 
iN px. This is in part caused by tl raphical method 


of calculating p curve, jo, 
is drawn tangent ea np y 2) is then 
of the 
observed in other 


materials such as graphite'® and bismutt 


defined as (poi p ippearance 
maxima and minima in 


\ qualitative 
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discussion of this phenomenon and its interpretation 
has been given by Babiskin.* 

There is a great deal of similarity between the 
oscillatory components of the magnetoresistance (see 
Fig. 10) and the thermoelectric potential. As shown in 
Figs. 4 and 5, they both exhibit a phase inversion in the 
amplitude of their oscillations between 4 and 5 kgauss. 
This phase inversion is illustrated in the following 
way: An average period, P, is chosen (6310-5 
gauss"! for both e;’ and f,;). A phase angle a is then 
chosen (a=2/4 for py; a=—2/2 for e,’) that will 
cause P(n+a/2mr) to give a value of magnetic field 
corresponding to the maximum in the neighborhood 
of 9 kgauss (n=1, 2, 3, ---). This is indicated by the 
first arrow in the upper curve starting from the right. 
To calculate the field value for the next equiphase 


lasie I. Periods and phases of oscillatory effects in 
I : 


zinc along the hexagonal axis 


Effect Period X 10° gauss”! 


6.3 (above and below phase 
inversion point 


(another sample 


3 
8 
14 
22 
3 


) above and below phase 
inversion point 

6.0 

64 

5.3 

6.05 

6.4 


6.3 


another sample 


r a cosine dependence 
resent study 
B. Alers, Phys. Rev. 101, 41 (1956) 
G. Berlincourt and M. C. Steele, Phys. Rev. 95, 142 
M. Dmitrenko, B. I. Verkin, and B. G. Lazarev, J 
U.S.S.R.) 35, 328 (1958) (translation: Soviet Phys 


1 (1954 
Exptl. Theo 
JETP 8, 229 


Dhilion and D 


1955). 
Verkin and I. M. Dr: 


Schoenberg, Phil. Trans. Roy. So I 


itrenko, Izvest. Akad. Nauk S.S.S.R. 19, 409 


point 6.3 10~* gauss“! is added to the reciprocal field 
value of the first point. This field value is indicated by 
the second arrow from the right on the top curve. This 
process is repeated in order to calculate successive 
phase points for the top curve. It is then noted that 
these equiphase points, although initially occurring at 
or near maxima, become progressively coincident with 
minima at lower field values. By the same procedure 
another set of equiphase points is calculated, but these 
points are a plus one-half period out of phase with the 
first set of points. The intersection of the upper and 
lower smooth curves drawn through equiphase points 
indicates the neighborhood of the phase reversal. As has 
already been noted, this occurs at about 4.3 kgauss for 
both oscillations, which is the same neighborhood of 
magnetic field at which p2; reverses sign, as shown in 


Fig. 8. An empirical correlation between the reversal 


RMOMAGNI 


Fic. 7 


St POTENTIALS IN Zea 





4% 10" (geusd") 


The effective Ettingshausen-Nernst potential, 2)’ 
the reciprocal of the magnetic field 


, versus 


of sign of pa, to the reversal of phase of p,, will be 
developed in the discussion. 

The periods of the potential and 
magnetoresistance are not uniform. This is especially 


thermoelectric 


true in the neighborhood of the phase inversion where 
the second harmonic is dominant to the extent that the 
effective period is half its high and low field value. 
This can be seen clearly in the plot of the thermoelectric 
potential vs 1/H, Fig. 9. There was an apparent phase 
difference of 37/4 between these two effec ts, although 
it is of dubious value to talk of a phase felation for these 
two quantities since their apparent period is not a 
constant. 


VI. DISCUSSION 
Magnetoresistance Tensor 


The reversal of sign of the Hall effect in zinc has also 
sorovik.” Similar anomalies in the 
low magnetic field region have been reported in the Hall 


effect in aluminum” and graphite.“ Borovik® fitted the 
I 


been obse rve d by 


VERTICAL SCALES 





— 
field, 


“ E. S. Borovik, Doklady Akad. Nauk S.S.S.R. 70, O01 (1950); 
and J. Exptl. Theoret. Phys. ( 23, 83 (1953) 


FiG ’ yttal Hall effect, p2;, ver the magnetic 


SS.R 





is 
H's 10" (geuss") 


data for to a Sondheimer-Wilson 


Ly pe 
ing an additional pair « 


theory™ by 


and hole 


ol parameters te 


ntroduc f electron 
carrier hereby creating a sufficient number 
roduce an empirical fit. Soule’* used 
( entially the me procedure in his analy is of this 


He concluded that this anomalous 
group of fast minority carriers that 
in the 
theory prev it] 
Oscillation 


effect in graphite 


hump indi 


cate 


are dominant 


low field region where first order 


the rk 


high preci ion 


in the Hall potential appear in 
forovik™ at field The 


de employed in the 


of 
voltage 


ry high 
terminatior measurements 
reported here allowed a more detailed observation of the 


cf) cillatory behavior of this effect. Measurement 


nts made 
at different orientations, but not reported here, are 
also in agreement 


with the extensive studies made by 


Borovik on the angular dependence of the 
hinding that 


effect and 
ol 


confirmed hi the 


p 
inction of the field 


compone nt 


the 


tensor an evel 


o Curves 


amst 
curve is almost 


lower end of the 1/H 


conditiotr 
cle spite the bubbling 
keep the « 


thermoelectric 


point corresponds to 


at 


of the different behav ~ isotl | and 


H 
at 


AND 


axis, exhibiting only a negligible oscillatory component, 
while the a2; curve show 
unmodified Zil’berman 
behavior (i.e.. oscillatior na 


pronounced oscillations. The 


ory I 


edicts the opposite 


no oscillations in g2)). 
It is interé 


field, i.e., 1/H7>35 
are present in the 

mental of p Che 
(24-35 10 gau 
detectable. Fina 

presence of the tl 
flattening out of the 
The 


good 


sting to note tl for low values of magnetic 
x10-° gau , tl illati 


that 
funda- 


lations 
pure 
field range 


bec omes 


between the pe iks of 
6.14 10 
p21. Both of these 


curves are calculated from data take at 1.2°K. 


the fundamental 
gauss™! 


e4ri 


dl of 11 


, In very agreement 


wit} 


Comparison of the Adiabatic and Isothermal 
Hall Effects 
When the Hall potent 


2.18°K, 
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othermal 


1 
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Line 
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s, GOC not 


rystal 
eff 
The 


per \ i i 


arge 
ler such 
A 
and 


indications 
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all potentials can be 
2.1°K and 2.2°K 
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Val lily 


expected difference bet 
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difference of 
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1 from Fig 


an 


1 
the curves 
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TI 


expect 
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Va 
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1e interpretation of 
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lued function 
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effective period of one-half the fundamental, i.e., th 
second harmonic. 


Comments on Zil’berman’s Theory 


In assuming a quadratic dispersion law, Zil’berman’ 
theory implicitly guarantees the constancy of (V.—A 
as a function of magnetic field. However, in the case in 
which portions of the Fermi surface are open or are in 
sufficient proximity® to open constant energy surface 
the concepts of ‘‘number of holes” and “number of 
electrons” are not valid and should be replaced by an 
effective number of carriers which could be a fairly 
arbitrary function of the magnetic field. Also, by 
assuming that BH<E,» Zil’berman has placed himself 
in a position in which the constancy of the effective 
number of carriers of a closed region of the Fermi surfact 
is assured. However, from an 
experimental results (e.g., 
BH ~ Eo for H=16 kgauss. 

The general physical interpretation of these osci 
lations is that for every complete period of the oscil 
lations in 


examination of our 


Fig. 7), one can et 


1 


the experimental quantity one of the 
quantized orbital energy levels of the carriers passé 
through the Fermi surface. Hence, this 

case of zinc that for H> 16 kgauss there is 
still within the 
Therefore, if the magnetic field were allowed to increas 
indefinitely, the chemical potential, F 
the Fermi surface must also increase without limit. Thi 


implies in the 
, at most, one 
level Fermi surface. 


1] - 
allowed energy 


. of this re gion ol 


is a physically inacceptable conclusion. 
is that of Blackman*®’ and 
in which the number of carrier 
Fermi surface increases 
tonically and then oscillates as the magnetic field is 
The 


approat hing 


4 more feasible model 
Levinger and Grimsal** 
in this region of the mono 


allowed to decrease from an infinite value mono 


tonic increase corresponds to the 
coincidence of the first orbital quantum level with the 
Fermi surface, and the subsequent oscillations corre- 
spond to the passage ol higher levels through the Fermi 
surface. 

A further correction to 02 would be achieved if 

scattering 
This could 


u ed by 


t 
terms corresponding to the effects of elastic 


caused by crystal defects were introduced 


possibly be done by a similar procedurt 


Zil’berman in calculating these terms for o1). 


Correlations 


If it is supposed that the oscillatory component of 
much than that of o);, some 
correlation can be found relating the sign reversal of 


go is more significant 


px, Fig. 8, the phase reversal of p.,, and the presenc 
of a large second harmonic in the neighborhood of thx 
phase re versal. An explanation of the positive quadratic 


shape of the envelope to the Pu curve, Fig. ~ Fe 


also 


follows. The calculated ¢ curves, Fig. 11, lend empirical 


F. J. Blatt, in Solid-State Physics, edited by I 


Turnbull 


Seitz and D 


Academic Press, Inc., New York, 1957), Vol. IV, p. 22 
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Fic. 12. The tangent of the Hall angle, £:/F, 


versus the magnetic field, 1 


support to this assumption. The quantity o1;, which is 
directly related to Zil’berman’s f function, exhibits an 
almost negligible oscillatory component, and a2, which 
is proportional to the effective number of carriers, has a 
definite os¢ illatory character 

We may write, 


Pil 
O11 1+ tan*y) 


From Fig 
experiment, 


12 for the magnetic field range of this 
-0.3<tang<0.3. Therefore, to a fairly 
good approximation, 


pur (1 o1:)(1—tan’g---). 


Since o,; Is assumed to be a smooth function of the 
field, it can be seen from the above that 


P11= ~_ tan’¢ 711. 


\ consideration of the field dependence of tang, Fig. 
12, shows that this relationship predicts the quadratic 
curvature of the envelope of j;, observed in Fig. 5. 
It also predicts the large second harmonic in the 
neighborhood of the phase inversion point of py). 

In the magnetic field ranges where fo<<p2,(H < 3.5 
kgauss and H>5 kgauss) we may write f2:=6p2. 
Similarly where fi;<py; (this is true for all values of H) 
p11 6p,,;. Under similar restrictions, this same approxi- 
mation can be made for a; and a2. 


Op ii \a ? -0};" 60 13 26110 2;602 | (oo;°+ a;;"). 


Since @,,;=40;; is assumed to be negligible, 


bs ~~ ) 5 { 2. 2\y™ 4 
Opi £9 1102}00 711 721 — 2aiprpa. 


For H<4 kgauss px, >0 and for H>5 kgauss p2,<0 

see Fig. 8). Therefore, f,; is x out of phase with py; for 

low fields and then reverses its phase at H=4.5 kgauss 
and is in phase with pz at higher fields. 

From the experimental results for the thermal 
potentials empirical relationships can also be developed 
between the longitudinal and the transverse effects. 
Alers™ measured \,;~' along with p,;, and found that 
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both exhibited a magnetic field dependence of the same 
form reported here in py, i.e., a very small oscillatory 
compone nt 

ponent. Thi 


superimposed on a large monotonic com- 
and 
(4), have a varying scale propor- 


implies that the amplitudes of e)’ 

€o;, as given in Eq 

tional to Ay,;~', which to a first approximation is linear. 

This introduces no change in the period of €);’ and €21'. 
With reference to Eq (4), if [ey —(1/e)dal 


/oT is 
consid red to be ne gligible, we may write 


, 


’ 
€1) éo, tang. 
This predict 
shown in Fig 


the phase inversion of €;;' at 4.5 kgauss 
4, and the predominant second harmonic 
in this region, Fig. 9, since the oscillations in tang“ are 


in phase with €2;’ in the neighborhood of the phase 
The Zil’berman theory which fails to 


predict oscillations in og; disagrees also with the experi- 


inversion point. 


mental results on the thermoelectric power. Neglecting 
the Etting hausen-Nernst Eq. (12) 


derived from his theory most obviously does not agree 
] 


coefficient 2, 
with the experimental results, which more closely fit the 
relation €); é 

The 


i. an conduc tion 


tang 

absolute thermoelectri linear in ¢, 
caused by ele trons, it is me gative, 
it is positive.*® Therefore, the 
term in €11' 


power is 
or il caused by ' hole A 


absence of a monotoni makes the above 
assumption rea onable. It would be extreme ly fortuitous 
if the magnetic field dependence of €:, and 0 /dT were 
of the same form and magnitude such as to effectively 
the measured 
eem that it is more reasonable to 


assume they are individually negligible. 


cancel each other’s contribution to 


pote ntials. It would 


Temperature and Field Dependence 
of the Amplitude 


In the liquid helium temperature range, the ampli- 
tudes of the 
independe nt of the temperature. This can be seen for 
lig. 6 Probably the 


oscillations of all four effects were almost 


po in more information about 


“ Tang is the experimentally deter 
which by virtue of assumption of the 
Franz ratio is identi 


ined Hall angle, Fig. 12, 
validity of the Wiedemann 


al to the Righi-Leduc angle 
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temperature dependence of the amplitude could be had 
if these experiments were repeated at liquid hydrogen 
temperatures. Pos ibly 1 cdepe ndence of the pe riod on 
temperature might be detected in this range, which 
could be correlated with the results of Berlinco irt and 
Steele in their study of the magnetization.” 
The field de pende nce ol the amplitude of the various 


oscillations could not be fitted to any theoretical 
expressions known to the authors for any of these 


effects 


VII. CONCLUSIONS 
The 


complex, and a complete description of 


constant energy surias lI in are very 


their topology 
will require more detailed and intensive experimentation 


than is reported in thi i udy of these galvano 


magnetic and much 
higher fields might reveal oscillations which would give 
detailed information about re regions of 
the surface. Also, Lifshitz 


Peschanskii® the a ymptoti behavior of the 


thermomagnetic phenomena at 
atively large 


Fermi and 


a cording to 
conduc- 
tivity tensor o4 in stron agnetic fields for open 
can differ essentially from its asymptotic 


behavior when the constat 


Fermi surface 


urfaces are closed. 


nergy 


Therefore, an angular sti he galvanomagneti 


effects in large magnet would reveal when the 


carrier trajectories li r closed paths. 
Preparations are I rae | neasure the thermal 


magnetoresistan tensors in the same 


zinc crystal used in th res tudy. It will then be 


possible to extri , from the thermomagnetic 


potentials press in this paper and to determine the 
validity of th l mann al atio for these 
Os¢ illatory effects 

A much more fundamental feature is that the 
bined 
experiments Wl 


com- 
data of 


he proposed 


ipplicability ol 


Onsager’s reciproca itions” t these oscillatory 
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The influence of hydrostatic pressure on the oscillatory Ettingshausen-Nernst effect in a zinc single crystal 


has been studied in magnetic fields ranging from 2 to 11 kilogauss at 4.2°K. With the field « 
agonal axis, the long period oscillations decrease in period by 5° 


1 along the hex 
® as the pressure is increased from 300 to 


2300 psi. There is an average increase in amplitude of about 10% for each 250-psi increase of pressure. There 


is no evidence of phase change with pressure 


N order to see the effect of elastic deformation of a 

metal crystal on the shape of the surfaces of constant 
energy of its conduction electrons, several authors have 
made measurements on the de Haas-van Alphen effect 
in various metals under moderately high pressure.’ 
Of the various galvanomagnetic and thermomagneti« 
effects which show de Haas-van Alphen type oscil- 
the effect, in 
oscillations recently observed 


lations, 


Ettingshausen-Nernst which 


have been and ex- 
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Fic. 1. Crystal holder and pressure chamber 
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amined,*:* shows especially clean oscillations and lends 
itself readily to measurement in a pressurized system. 
Reported here are measurements on this effect in zin 
under pressures up to 2350 psi 


I. EXPERIMENTAL 


The zinc crystal was in the form of a thin right 
parallelepiped of dimensions 20.0% 6.00.3 mm. X-ray 
reflections showed the hexagonal axis to be in a plane 
normal to the of the crystal and inclined 46° 
flat surface of the crystal. The 
crystal was mounted on a copper and Lucite holder in a 
copper bomb (Fig. 1) which, in turn, was suspended 
in a cryostat by a j%-in. o.d. 


long axl 


from the normal to the 


tube, 
pressurized. The 
stainless steel tube passed through the cap of the cryo- 
stat and wa manifold to a 
high-pressure helium cylinder. The cryostat rested in a 
12-in. gap between 8-in. diameter flat poles of an 
electromagnet. The measuring circuit, and all 
not contained in the cryostat were 
those employed by Bergeron et al.* To avoid heat influx 
from room temperature to the crystal along the leads, 
the leads passed first into the liquid helium bath and 
then directly from the helium bath into the pressure 


stainless steel 


through which the bomb could be 


connected through a 


magnet, 


other apparatu 


bomb through an epoxy resin seal.’ Other experimental 


procedures were the same as those of Rergeron et al.® 


os. 6 
H (kgouss) 








Fic. 2. Typical recorder trace of the Ettingshausen-Nernst 
potential. This curve was taken with the magnetic field parallel 
to the hexagonal axis of the crystal and with the crystal under 
1000-psi pressuré 
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Fic. 3. Ettinghausen-Nernst potential vs reciprocal magnetic field. In the lower right-hand frame the amplitudes of the other 


curves are plotted 


II. RESULTS 


One of the recorder traces of the Ettingshausen- 
Nernst potential, taken with the crystal under 1000-psi 
pressure and with the field parallel to the hexagonal 
axis of the crystal, is seen in Fig. 2. In Fig. 3 Ettings- 
hausen-Nernst plotted against the 
reciprocal of the magnetic field for various pressures. 


potentials are 


The amplitudes of the oscillations in these curves are 
plotted in the lower right-hand corner of the figure. 
It can be seen that the effect of pressure is to increase 
the amplitude and decrease the period of the oscillations. 


rhe arrows indicate positions of maxima and minima at atmospheric pressure 


The values of H~ corresponding to maxima in three 
of the curves in Fig. 3 are plotted against integers in 
Fig. 4. The period signated as 8*/E») of the oscil- 
lations is given by the slope of each of these lines, while 
the phase is given by the ir 
H-=0 axis, such that: 


tercept (mo) with the 


where a is the phase angle. The common intercept of 


these lines gives a pressure independent value of a equal 
to (0.92+0.04)x/2 for a cosine oscillation. In Fig. 5 





ETTINGSHAUSEN 
the dependence of the period on pressure is shown. The 
values plotted in Fig. 5 are listed in Table I, along with 
comparative amplitudes. Because of error in determi- 
nation of the values of the magnetic field and of the 
pressure in the bomb, the absolute values of the period 
are not determined to the accuracy indicated by the 
numbers in Table I. Even so, it is expected that the 
relative accuracy between data at different pressures 
in a given run is good to the number of places shown. 
In Fig. 5 the points for 40 and 1000 psi were obtained 
in a different run from that of the other points. How- 
ever, they also fall in reasonably well with the other 
pressure points. 


Ill. DISCUSSION 


For ellipsoidal energy surfaces, the period of the 
de Haas-van Alphen type oscillations is given by 
8*/ Eo where §* is the effective double Bohr magneton 
and Ep is the chemical potential. It is possible to 
attribute part of the pressure induced decrease in 
8*/E (about 5% for 2000-psi pressure) to a change in 
Eo. Taking Ey from the results of Donahoe® and 
Mackinnon,’ as 4.1 10~ erg or 0.026 ev at 4.2°K and a 
£ (Fermi energy) of 11 ev at room temperature, the 
ratio Eo/€ is: 

Eo/t=2310-, (1 
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Fic. 4. The 1/H values for maxima in Fig. 3 
plotted against integers 
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Fic. 5. The dependence of the period on pressure. 


If — is taken for a Fermi sphere as a first approxi- 
mation, then £ is proportional to n! (m being the density 
of valence electrons) with nV=N. N is the total 
number of electrons and V is the volume, which is equal 


to Lilels. Then: 
‘( dl, “) 
2 + , 
3 hy l; 


For an electron overlap Ey=£—Ao where Ag is the 
energy of the Brillouin zone boundary in momentum 
(k) space. One of the most probable places for an overlap 
is in a direction perpendicular to the hexagonal axis. 
So as a first approximation, write 


(2) 


dt/é 


~™ 


2dk, — ddl 
~—2—. 


(3) 
k, l 


Since dEo/t dA o/§, 


dé/t by using Eqs. (2) and (3), 


Taste I. Effect of pressure on the period and amplitude of 
Ettingshausen-Nernst oscillations in zinc. 


Amplitude 
(in arbitrary 
units) at 7=8 
kilogauss 


Pressure Period 8*/1 


psi gauss 


2350 
2025 
1800 
1525 
1000 

300 


59.5010 
(0010 
60.1510 
61.00% 10 
61.4510 
62.65 X10 


14.2 
12.7 
11.4 
10.8 
10.3 

91 
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It is possible to approximate the value of dl,/l, and 
dl;/l; by using Bridgman’s” data for the coefficient of 


compressibility of zinc at 75°C and 30°C. Extrapolating 
linearly to 4.2°K: 


dl;/l; 
dl./l, 


9.18 10-7 per atm, 
dl,/l; 1.42 10 7 per atm. 


Therefore: dEo/Ey=2.25x 10~ per atm 
pressure of 2000 psi: d/o/ e0.03. Hence, 


and for 


which should be compared to the experimentally 
observed value of decrease in period of about 5%. We 
have not considered the effect of the change in overlap 
on 8* which could also be important. In general, from 
this kind of over! ip one should expect that ds* B* 0. 

In a calculation very similar to that above, Berlin- 
court and Steele" showed that the large temperature 
dep ndence of pe riod, which they observed in the 
susceptibility of zinc, could be largely accounted for by 
the change in Eo due to the anisotropic thermal con- 
traction of the zinc lattice, assuming the same kind of 
energy ove rlap employed above. 

It should be pointed out that the results of Dmitrenko 
et al.’ with moderate high pressure and the results of 


Verkin and Dmitrenko” with unilateral compression, 
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show an effect on the 
period of the same order of magnitude but of opposite 
sign to that reported Also, their amplitude 
decreases with pressure. In a more recent brief publi- 
reported that the pe riod of the 
de Haas-van Alphen effect in zinc is itself periodic in 
pressure. Their 1750 
obtained by freezing water in a constant volume while 
lower produced by water 
solutions of ethyl alcohol of varying concentrations in 


both on zinc’s susceptibility, 


he re 
cation these authors™ 


maximum pressuré¢ atm) was 


pressures were freezing 


the same bomb. Since each pressure point required a 
new solution in the bomb, points were taken at 250-atm 
intervals, reported here cover 
only the range of pressure 0 to 170 atm. The periods 
observed in this range can be fitted to Verkin and 
Dmitrenko’s oscillatory curve by adding 1150 atmos- 


while the measurements 


pheres to each pressure point. This would seem offhand 
to indicate that our crystal was initially under a severe 
compression strain or that theirs was under a tension 
strain. Their zero pressure pe riod adjusted to corre- 
spond to H parallel to the hexagonal axis) is 5.3K 10 
gauss! 
pressure period of 6.3 10~° gau 

I of the preceding paper, it is seen that these 
tute the 
Bridgman-type 
tory 


while the crystal used in this study has a zero 
. Referring to Table 
constl- 
two common values for 


pe riod. A 
ram is being constructed in this labora- 
to allow galvanomagnetic and thermomagnetic 
measurements Over a conti 
0 to 5000 atm. It 
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Quenching of Lattice Vacancies in Pure Silver* 


M. DoyamMa AND J. S. Korner 
University of Illinois, Urbana, Illinoi 
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Quenching data on 99.999% pure silver gives the energy required to form a lattice vacancy to be 1.10+-0.04 
ev. In addition, the data of Simmons and Balluffi (who obtained the vacancy concentration in equilibrium 
near the melting temperature) together with present data give the resistivity increase per atomic percent 


vacancies to be 1.34+0.7 micro ohm cm. 


ILVER wires, 99.999% pure, of 2-mils diameter 
have been quenched by turning off 93% of the 
heating current with the wire in an atmosphere of 
clean helium gas. The glass envelope containing the gas 
and specimen is immersed in liquid nitrogen during 
quenching. The temperature drops exponentially during 
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Fic. 1. The resistivity quenched into pure silver as a function of 
temperature. The three curves refer to different specimens. 


* Partially supported by the Office of Ordnance Research. 


cooling, reaching an absolute temperature which is half 
its initial value in 19 milliseconds. The results are shown 
in Fig. 1. The three curves refer to data obtained on 
three different specimens. One finds Ap the increase in 
resistivity quenched in on cooling from temperature T 
is given by Ap=A exp(—Er/kT), where A = (4.5+1.5) 
x10 ohm cm and Er=1.10+0.04 ev. The energy of 
formation of lattice vacancies Ey is in excellent agree- 
ment with the value found by Balluffi and Simmons! 
who measured equilibrium values for the lattice pa- 
rameter and length at a succession of high tempera- 
tures. Using their value for the vacancy concentration 
at the melting point of silver together with an exira- 
polation of the curve in the present note to the melting 
point, one obtains Ap(1%) = (1.30.7) micro ohm cm, 
where Ap( 1%) represents the resistivity increment pro- 
duced if 1% of the lattice sites are vacant. The present 
observations, together with seif diffusion measurements 
en silver by Tomizuka and Sonder,? predict an activa- 
tion energy for vacancy motion which is 0.81+0.04 ev. 
Great care has been taken in the present experiments to 
avoid contamination by oxygen. The residual resis- 
tivity of a well annealed slowly cooled specimen never 
exceeds 3X10-* ohm cm even after as many as 9 
quenches. Annealing experiments are now being done. 
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Auger Electron Ejection from Germanium and Silicon by Noble Gas Ions 
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Experimental results concerning electron ejection from annealed, atomically clean surfaces of germanium 
g 


and silicon by the singly charged ions of the noble gases are reported. The (111) and (100 
111) face of germanium have been studied. Total yield and kinetic energy 
electrons were measured and ion energies varied in the range 10 to 1000 ev 


and the 


faces of silicon 
arstribution of ejec ted 


A new method of operation of 


the apparatus and of obtaining the kinetic energy distributions from the recorded retarding potential data 
has been employed. Documentation of the state of the target surfaces is given including photomicrographs 


and electron micrographs of the silicon surfaces. Since these experimental results are sul 


atl +! } 
sequently to be 


interpreted theoretically, identification of the results with the theoretical ideas only is given here 


I. INTRODUCTION 


HE results of a study of electron ejection from 

germanium and silicon surfaces by noble gas ions 
of incident kinetic energies in the range 10 to 1000 ev 
are reported in this paper. For sufficiently large ioniza- 
tion energy it is in this kinetic energy range that ejection 
from a solid occurs predominantly by means of the 
two-electron, Auger-type neutralization of the ion at 
the surface. 

The transitions which give rise to the electrons ob- 
served outside the solid involve two electrons which 
originally reside in the valence band at the surface of 
the semiconductor. When the approaching ion has come 
close enough to the surface for the electronic wave 
functions of atom and solid to overlap, one electron from 
the valence band tunnels into the ground state of the 
approaching ion, neutralizing it. A second electron picks 
up the energy released by the first and becomes an 
excited (Auger) electron which will leave the solid if it 
has energy above the surface barrier and is properly 
directed. In this experiment one measures the total 
yield and kinetic energy distribution of these ejected 
function of the nature of the ion, its 
incident kinetic energy, and the state of the solid surface. 
The results reported here relate in the main to the 
atomically clean surfaces of germanium and silicon in 


electrons as a 


an annealed condition. Work on the effects of gas ad- 
sorption and surface damage on the Auger ejection 
process will be published later. 

This is an experimental paper in which apparatus 
and experimental conditions (Sec. II) and the methods 
of measurement (Secs. III and IV) are discussed. A 
new method of recording and reducing the retarding 
potential data from which the kinetic energy distribu- 
tions are obtained has been employed in this work. The 
preparation and observation of the target surfaces have 
been carefully documented (Secs. II and V). The basic 
results of total yield, y;, and kinetic energy distribution, 
No(Ex), of electrons ejected from atomically clean (111) 
and (100) faces of Si and the (111) face of Ge are pre- 
sented (Secs. III and IV). These are the first studies of 
Auger ejection from clean surfaces of the elemental 
semiconductors and constitute an extension of work 
already reported for the refractory metals.’ 

No attempt is made here to interpret the results 
theoretically. In other publications the theory of the 
Auger neutralization process will be extended from 
metals to semiconductors and machine calculations of 
the kinetic energy distributions reported. It has been 
possible to extend the theory for these semiconductors 
further than that for the refractory metals because of 
The 


the greater knowledge of their band structure. 
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Fic. 2. Shape of target cut from single crystal semiconducting 
material. The letters on the front face indicate positions at which 
photographs discussed in Sec. V and shown in Figs. 15-18 were 
taken. The front face is 14 by 7 mm in size. 


results reported here have been used to determine some 
features of the valence band structure of the semicon 
ductor and of the interaction of atomic species with its 
surface. In this paper, however, only a brief identifica- 
tion of the basic results with the theoretical ideas is 
made (Sec. VI). 


II. APPARATUS AND EXPERIMENTAL CONDITIONS 


The apparatus used in this work is like others reported 
earlier.2 The electrode arrangements are shown sche- 
matically in Fig. 1. This instrument is a rebuilt version 
of that used in the study of the effect of monolayer 
formation.’ The glass envelope was modified so that the 
electron collecting sphere S could be attached to and 
removed with the target assembly. Also, an arrangement 
for sputtering the target surface was included. 

Briefly, the operation of the apparatus is as follows: 
Electrons from the filament A traverse the tube in a 
magnetically collimated beam through apertures in 
electrodes B and C and are collected at F. Ions formed 
inside the box C are drawn out through an aperture in 
D, which is a part of C, and are focused by the lenses 
G-H and L-M. These lenses are arranged so that cross 
voltages, as between electrodes H,; and H, or M, and 
M>», may be applied to adjust the motion of the beam 
through the apparatus. Appropriate stops are provided 
to limit the angular spread of the ion beam. The focused 
ion beam then passes through apertures in NV and S§ 
without touching these electrodes and falls on the front 
surface of the target 7. Electrons ejected from T are 
collected at S. S is a sphere of 4-cm diameter. 

The semiconductor targets were cut from single 
crystal material in the geometrical form shown in Fig. 2. 
These are mounted in the apparatus as is shown in 
Fig. 1 and in Fig. 3, a close-up of the target chamber. 
After etching, the front face of the target is 14 mm long, 
7 mm wide, and 0.5 mm thick. The legs between the 
front face and the clamped portion are 4 mm long and 
1 mm thick. Three such targets were used in this work. 
They have been designated Si(100), Si(111), and 


?H. D. Hagstrum, Rev. Sci. Instr. 24, 1122 (1953 
*H. D. Hagstrum, Phys. Rev. 104, 1516 (1956). 
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TION FROM AND Si 


Ge 


Fic. 3. A cutaway view of the electron collector sphere S, the 
target 7, evaporation shield P, and arc filament Q. The sphere is 
4 cm in diameter. The ion beam enters the sphere through the 
rectangular aperture shown at the left in this figure. 


Ge(111) to indicate the material from which they were 
cut and the crystallographic direction which is perpen- 
dicular, within a few degrees, to the front face of the 
target. Si(100), Si(111), and Ge(111) were all cut from 
p-type material of initial resistivity 13.5, 15.0, and 3.3 
ohm cm, respectively. Since the resistivity changed as 
the result of heating during the experiments (Sec. V), 
the initial characteristics of the target material are of 
little importance. Furthermore, one does not expect the 
conductivity type aid doping of the sample, or, in fact, 
the presence of a surface p skin‘ to have any appreciable 
effect on the Auger characteristics presented in this 
paper. 

Before installation, the Si targets were etched in CP4 
etch for 1 minute, then washed in deionized water, re- 
etched for 20 sec in CP4, washed again in deionized 
water with supersonic agitation, and air dried. The Ge 
target was etched in a solution of 10 parts HNO, and 
1 part HF for a total of 11.5 min followed by dipping 
successively for about 1 minute each in hot xylene, 
acetone, concentrated HF, and a mixture of 1 part each 
of HNO, and deionized water with 30 sec rinses in 
deionized water only between each of these steps. 
Finally, the Ge target was boiled in deionized water for 
5 minutes and air dried before being installed in the 
experimental tube. 

In the evacuated apparatus the target surface could 
be further processed by heating, sputtering, and by the 
exposure to specific gases. The target was heated by 
passing alternating current through it. A resistive or 
reactive load in series with the target served as a current 
limiter which allowed the heating cycle to start with the 
applied voltage entirely across the target. When the 
target temperature rises, the target impedance drops to 
a very low value and the final current is determined by 
the series load and the applied voltage. The applied 
voltage was adjusted with the target shorted to provide 
the final heating current desired. A current of 8 amp 


‘F. G. Allen, T. M. Buck, and J. T. Law, J. Appl. Phys. 31, 979 
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was required to heat the Si(100) target to 1300°K, 
18 amp to heat it to 1570°K. 

The arrangement of electrodes for sputtering the 
semiconductor target is shown in Fig. 1 and in closeup 
in Fig. 3. A thermionic arc is run between the filament 
Q and the sphere S at about 60 v and 120 ma in neon 
at a pressure near 10-* mm Hg. The shield P prevents 
evaporation products from Q from striking the target. 
When the target 7 is put at a potential 100 volts nega- 
tive with respect to the plasma, sputtering proceeds 
over the entire surface of the target and its supports at 
Materia! 
sputtered from the metal supports or shield P cannot 


an ion current density of 3 to 5 ma cm 


land direc tly on the front face of the target. There is no 
evidence that foreign material migrates to this front 
face. The sputtering method resembles that used ex- 
tensively by Wehner and his co-workers®* and is the 
same as that used with a tungsten target in a test of 
sputtering as a means of cleaning solid surfaces.’ From 
the published sputtering yield of about 0.1 germanium 
atom per neon ion® one calculates for the present experi 
ment a sputtering rate of about 1.5 monolayers per 
second, Thus sputtering for 60 seconds, which was the 
normal procedure, removed about a hundred mono 
layers from the surface of the solid. The use to which 
sputtering was put in this work is discussed in Sec. V. 
Resistance of the Si(100) and Ge(111) targets at room 
temperature was measured periodically during the 
course of the experiment. The resistance change accom- 
panying cooling of the filament after a flash to high 
temperature was also measured. These data are also 
discussed in Sec. \ 
' Evacuation procedure and the vacuum conditions 
achieved are similar to those reported in earlier work.'? 
In the Si(100) experiment, chronologically the first, 
background pressures were in the 10~ mm Hg range. 
During one of the bake-out proc edures in the Si(111) 
experiment the apparatus sprang a small leak in a 
brazed joint between copper and steel parts as a result of 
crystallization of the brazing material caused by re- 
peated expansion on heating. After repairing the leak 
with Dow-Corning No. 806 silicone resin the apparatus 
was baked no hotter than 150°C and the pressure in the 
apparatus remained near 1X10~* mm Hg. It can be 
said categorically that this condition was not the result 
of a minute leak remaining in the vacuum envelope. The 
total yield and kinetic energy distribution of the Auger 
electrons ejected by 10 ev He* ions, for example, when 
measured as a function of time after cleaning the surface 
were always found to change slowly when exposed to the 
adsorbable gases present as background in the apparatus 
or admitted as impurities with the noble gases used. 
5G. K. Wehner, Advances in Electronics and Electron Physics 
Academic Press, New York, 1955), Vol. 7, p. 239; Phys. Rev. 
108, 35 (1957 
®N. Laegreid, G. Wehner, and B 
374 (1959) 


7H. D 
1960) 


Meckel, J. Appl. Phys. 30, 


Hagstrum and C. D’Amico, J. Appl 715 


HAGSTRUM 


During the Ge(111 t one point the kineti 
energy distribution for He* io1 10 ev 

undergo almost no detectal 

target for 28 days to the ba 
reading of 1X10~* mm Hg. When O 
ire of about 


the other hand, a dra tic change wa 


experiment 
was found to 
je Change on exposure of the 
kground gases ata pressure 
was admitted to 


1x 10 


observed ina matter 


the system at a pre 7 mm Hg, on 
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Currents to electrodes S and 7 
means of Cary vibrating reed « 
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were measured by 
The 


grounde d, that meas- 


iectrometef.rs. elec- 


trometer used to measure 


uring Ir was ope rated off ground by the voltage V sr. 


We shall turn now to a discussion of the experimental 
methods of measuring total yield, 7 
distribution, Vo(/,), and a report of results 
atomically clean surfaces. We shall 
a documentation of the state of 


ind kinetic ene rey 
for the 
return in Sec. V to 
the 


target surfaces 


during these experiment 


Ill. MEASUREMENT OF TOTAL 
ELECTRON YIELD, y 
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rasie I. Total electron yields, +, in electrons per ion.* 


Ion 
K.E 
ev) Ge(lll 


Sidl11) =Si(100 W Mo 


10 0.196 
100 0.191 
1000 0.193 


0.188 
0.180 
0.191 


0.172 
0.168 
0.178 


0.289 
0.263 
0.252 


0.400 
0.274 
0.263 


10 0.138 
100 0.144 
1000 0.160 


0.128 
0.145 
9.181 


O.115 
0.131 
0.169 


0.213 
0.246 
0.250 


0.254 
0.281 
0.306 


10 0.032 
100 0.037 
1000 0.047 


0.024 
0.027 
0.039 


0.096 
0.095 
0.099 


10 0.008 
100 0.010 
1000 0.019 


0.007 
0.009 
0.019 


0.050 
0.051 
0.061 


10 0.0006 
100 0.0003 
1000 0.002 


0.0005 
0.0007 
0.0018 


0.013 
0.012 
0.016 


0.019 
0.025 


* The data for W 


the papers of 


and M 


reterence 1 


¢ for polycrystalline r 


respec tively. When S is slightly positive with respect to 
T (V sr=1v, say) Js is the total ejected electron current 
and (Js+J/r) the incoming ion current. Under thes« 
conditions ;, the total yield measured in electrons per 
incident ion, is the negative of p. 

y; data for Ge(111) are given in Fig. 4 and for Si(100 
and Si(111) in Fig. 5. In each case the surface is in what 
is considered to be the annealed atomically clean con- 
dition. Data were taken after the target had cooled to 
within 50°K of room temperature following a high 
temperature flash. A small percentage of the ejected 
electrons escape through the entrance aperture to ele 
trode S when V sr is negative. However, this is well 
within the overall estimated value of 5% for the ac- 
curacy and reproducibility of the data and so has not 
been corrected for. 

Some variability from curve to curve was observed 
for the y; of Ne* on Si(111) and Si(100) above 600 ev. 
This more rapidly rising part of the curve was not re- 
producible and is not understood. Some runs yielded 
results indicated by the dashed curve for the Si(100 
surface. As the Si(111) experiment proceeded a small 
decrease in y; for He*+ and Ne* was observed as is dis- 
cussed in Sec. V. The Si(100) and Ge(111 
very stable, however. 

Some of the electron yield data are given in Table I. 
Here the results are compared with those published 
earlier for tungsten and molybdenum. 


results were 


IV. MEASUREMENT OF ELECTRON ENERGY 
DISTRIBUTION, N,(E;) 


The kinetic energy distribution, No(/,), of electrons 
ejected from the target has been determined as dp/dV g7 
=dIs/dV sr for constant ion current in the range 
V sr>0. The quality of this determination depends on 


JECTION 


FROM Ge AND Si 943 
the geometry of target and electron collector and on the 
extent to which the results are affected by the secondary 
and tertiary currents associated with the reflection of 
ions as ions and as metastable atoms at the target. 
Lukirsky* has discussed for aspherical condenser how the 
retarding potential determination of the energy distri- 
bution of electrons released from the inner electrode 
depends on the relative sizes of inner and outer elec- 
trodes. Electrons of initial energy /, = eV 9 released at the 
inner electrode of radius a will be collected completely at 
the outer electrode of radius 6 from a retarding voltage of 
V=0toV 


falls to zero in the range V 


(1—a®/b*) Vo. The current to the outer sphere 
(1—a?/B)Vo to V= Vo. 
The narrower this retardation range is for monoenergetic 
electrons the more accurately will the slope of the cur- 
rent versus retarding potential curve reproduce the true 
energy distribution of electrons ejected with a range of 


energies. In the present experimental apparatus b= 2 cm 


and a may be taken to have a mean value of about 0.5 


cm giving (1—a*/b*?)=0.94. Thus an electron of energy 


k,=eVo will be retar ied at a voltage V gr which lies 
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Fic. 5. Plots of total electron yield, +;, as a function of incident 
kinetic energy of the ion for He* and Ne* on the atomically clean 
and annealed (111) face of silicon and for all the five singly charged 
noble gas ions incident on such a (100) face 


& *P. Lukirsky, Z. Physik 22, 351 (1924). Note that there is an 
error in Eq. (8) in this paper. The quantity 9 is (6—a)/b not 
b—a)/a as given. Lukirsky’s expression (2n-—-7*) reduces to 
(i a’, P) 
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in the case of X« irtl ’ , as discussed elsewhere,’ 
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to dp dl 


are accelerated when V s7 
stant and contribute nothing except when 
V sr is very near zero. From what has been said about 
we can be confident 
that dp/dV sr gives an energy distribution Vo(/ 
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one point and to use it for the values of Js read at other 
points on the curve 

Using a magnifying lens, Js was carefully read at 
constant time intervals corresponding to AV sr~0.4 v. 
The data were reduced by an IBM 704 calculator to the 
quantities V sr, p, and Ap/AV gsr. An example of the 
data thus obtained is the No(Ex)=Ap/AV sr plot for 
10 ev Het ions on Ge(111) in Fig. 7 which was derived 
as discussed above from the data of Fig. 6. Note that 
no smoothing of the data has been done here. The 
recorder chart paper runs at 1 inch per minute so that a 
complete p vs V sr run can be made in about 13 minutes. 
More rapid change of potentials in the apparatus was 
found to induce measurable current flow through the 
sensitive amplifiers. Ion beam and ejected electron cur- 
rents were of the order of those shown in Fig. 6. 

The requirement that ion beam intensity at the target 
surface be independent of Vsr over the range —3 to 
+16 v is a very stringent one, especially for a beam 
energy at the target surface as low as 10 ev. Constancy 
of ion energy at the target surface, Vpr, requires that the 
ions enter the sphere with kinetic energy (Vpr+V sr) 
which varies with V sr. This variation in voltage must 
be compensated for at some point in the lens system. 
Taking up the difference at the beam focus between 
electrodes K and Loy (Fig. 1) did not work because it 
introduced a variable angular spread in the beam be- 
tween electrodes L; and 1, resulting in a variable beam 
intensity emerging through the apertures in electrodes 
Ls.6.7. After considerable experimentation it was found 
best to leave all electrode potentials constant through 
the L-M lens and to accelerate the ions by the requisite 
amount between electrodes NV, and N,» just before they 
enter the sphere. 

The details of how the electrode potentials were set 
and/or varied is illustrated for the case of ions of 10 ev 
kinetic energy at the target surface. The L-M lens 
potentials provided by the circuits previously described? 
were set in this case for Vpw=-—6.5 volts. Thus the 
ions leave the L-M lens with 6.5-ev kinetic energy. 
Electrode N, is connected to the M potential (midway 
in potential between M, and M2). Electrodes N2 and § 
are grounded, S through the amplifier measuring J. 7 
is connected through its amplifier and a voltage source 
(in the control circuit) putting it permanently 3.5 volt 
negative with respect to M and making Vpr= —10 v. 
A motor driven potential divider is connected between 
ground (S$) and T. Variation of V sr thus varies not only 
the potential of T with respect to V2 and S but of M and 
all other electrode potentials in the lens system with 
respect to S also. When V sr=0 there is an ion accelera- 
tion of 3.5 volts between electrodes NV; and Ne. As V a7 


is made positive in order to retard the ejected electrons, 


the ions are accelerated by (V srt 3.5) v between V; 
nd V, and decelerated by V sr between S and T. It has 
that V,-—AN 


It is essential, however, that 


been shown the lens action at is smal] 


enough not to bother us. 
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l'1G. 7. Kinetic energy distributions, No(/.), of electrons ejected 
m the atomically clean, annealed, (111) face of germanium by 
He*, Ne*, A*, Kr*, and Xe* ions of 10 ev incident kinetic energy. 


the ions are accelerated between NV, and N; at all times 
throughout the V sr run. Acceleration of the ion beam 
between NV, and N» followed by deceleration inside S so 
close to the final destination of the ions at T results in 
negligible variation of the total ion current at the target 
even though V gr is varied from —3 to +16 volts. These 
conditions are critical only at low ion energies where 
the ion deceleration from S to T is comparable with the 
ion energy at 7. 

Data obtained as discussed above for 10 ev singly 
charged ions of the noble gases incident on the atomically 
clean and annealed (111) face of germanium are given in 
Fig. 7. In the case of Xe* the effect of reflected ions was 
an appreciable fraction of the ejected electron current. 
The No(£;) curve shown for Xet in Fig. 7 is an esti- 
mated distribution based on a reasonable disentangling 
of the two effects in the retarding potential data. 

N.(E,) distributions for 10 ev He*+ and Net ions 
incident on clean and annealed Si(111) are shown in 
Fig. 8. These data were taken as described above for 
Ge(111). The data for Si(100) given in Fig. 9, however, 
were obtained by one of the methods used in earlier 
experiments. Js and J were read individually at a series 
of V sr values set manually. When p, Ap, and Ap/AV gr 
are calculated point by point, greater scatter than that 
in Figs. 7 and 8 is obtained in the differentiated data. 
This is to be seen in published data for the refractory 
metals.' In the present work the p vs Vgr data were 
plotted to a large scale and a smooth curve drawn 
through the points. A new set of p data were read from 
this curve and used to obtain the curves of Fig. 9. Here, 
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Fic. 8. Kinetic energy distributions of electrons ejected from 
atomically clean and annealed Si(111) by He* and Ne* ions of 
10 ev incident kinetic energy 


as for Ge(111), the Xe* distribution is estimated. That 
a difference in No(/ 
crystal face for silicon is shown in Fig. 10 where the 
10 ev He* data for Si(111) and Si(100) are compared. 
A similar change is evident in the data for Ne* ions. 
Measurements of .Vo(/, 
greater than 10 ev have also 


was observed with change of 


for electrons ejer ted by ions 
of initial kinetic energy 
been made. A sample of these data for He* ions on 
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ric. 9. Kinetic energy distributions of electrons ejected from 
atomically clean and annealed Si(100 10 ev singly charged 
ions of the noble gases 
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tically different from those shown in Figs. 4-9. Auger 
data for silicon in the contaminated condition have been 
published in a paper with Allen, Eisinger, and Law” in 
which cleaning of the surface by heating is discussed. 
For germanium such data are being published else- 
where.” Details may be obtained by reference to the 
papers cited; only a brief statement of the cleaning 
procedures used will be given here. 

The Si(100) target was cleaned by heating only." 
Attainment of the atomically clean condition required 
heating initially to 1530°K. Subsequent thermal restora- 
tion of the clean surface could be accomplished at tem- 
peratures as low as 1100°K for a 60 second flash. At the 
time the data reported here were taken the Si(100) 
target had been heated for a total of several hours at 
1570°K. Of course, considerably more heating at lower 
temperatures had occurred. 

The Si(111) target surface was treated in the following 
way. After some initial heating to outgas the material 
at temperatures below 1000°K the target was sputtered 
three times for a total of 180 seconds before the arc 


filament Q burned out. This treatment produced & 


marked change in the surface, as indicated by the Auger 
characteristics, in the direction of the atomically clean 
surface. There is no reason to believe that the atomically 
clean condition would not have been completely reached 
by further sputtering under improved conditions as the 
tube, in particular the target vicinity, cleaned up. After 
the arc filament burned out cleaning was done by high 
temperature heating alone. Considerable further heating 
at lower temperatures and heating to 1570°K for a total! 


1073 
rw 





Ge (i) 
Het 


ON PER eV 








No (Ex) IN ELECTRONS PER 








12 
ELECTRON ENERGY, Ey (€-), IN eV 


Fic. 11. Variation of the No(F,) distribution for He* on 
Ge(111) with incident ion kinetic energy, FE, (He*) 


“ F. G. Allen, J. Eisinger, H. D 
J Appl Phy s. 30, 1563 (1959). 

“ H. D. Hagstrum, to appear in the Proceedings of the Second 
Conference on Semiconductor Surfaces, held December, 1959, and 
in J. Phys. Chem. Solids 
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Fic. 12. Several No(/:,) distributions for 10 ev He* ions incident 
on the Ge(ill) face in various conditions. Curve 1 is the final 
result of heating to 1170°K (40°K below the melting point) for 
about three hours. A single sputter of one minute duration (no 
annealing) took the distribution from curve 1 to curve 2. Curve 3 
was taken immediately after the 4th sputter (one minute duration, 
no anneal). The target was then heated for one minute to 1170°K 
after which curve 4 was taken. Curve 5 is the distribution after 
the atomically clean surface has been exposed for 4 hours to oxygen 
at a pressure of 1X 10°? mm Hg 


of several minutes had occurred at the time the data 
given in Figs. 5 and 8 were taken. As is discussed below 
considerable further heating to 1570°K produced a small 
change in the measured results. 

As has been reported" an attempt was made to clean 
the Ge(111) target by heating only. It was found that 
heating to within 40°K of the melting point only 
partially cleaned the surface (Fig. 12); sputtering was 
required. After this had occurred, cleaning by heating 
could be accomplished by a 60 second flash to tempera- 
tures in the range 600-800°K even after exposure to 
oxygen. The germanium target had been heated for 
about 3 hours to 1170°K and sputtered 4 times for a 
total of 240 seconds at the time the data given here 
were taken. 

Each semiconductor target when atomically clean 
was reactive to oxygen but much less so to the back- 
ground gases in the instrument. Some of these results 
have been reported"; others will be published later. 
Little difference was found when the surface was de- 
liberately cooled slowly (over a period of about 2 hours) 
or cooled as rapidly as radiation and end cooling would 
allow. In the latter case, as will be seen, the target re- 
quired several minutes to cool from the high tempera- 
ture to about 50°K above room temperature. We thus 
consider the data given here to be representative of the 
surface in a reasonably well annealed condition. How- 
ever, we must conclude that the Auger process is not 
particularly sensitive to surface roughness or damage 
because data taken immediately after sputtering the 
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Ge(111) target did not differ greatly from what was 
observed after careful annealing. Results illustrating 


ig. 12. Here No( £,;) distributions 


for 10 ev He* ions are shown after heating only (curve 


this point are given in I 


1), after sputtering only (curves 2 and 3), after sputter- 
ing followed by annealing (curve 4), and after exposure 
for four hours to oxygen at 1X 10-7 mm Hg (curve 5 
This is taken as evidence that heating only will not 
clean the surface as etched and that reaction with oxy 
gen profoundly alters the electronic states in which 
electrons reside at the surface. 

Once the atomically clean condition had been achieved 
the results were very stable for the Si(100) and Ge(111 
targets. Repeated measurements of No(/) for 10 ev 
He* on Ge(111) gave results which consistently lay in 
the range between curves 3 and 4 of Fig. 12. During the 
period when such measurements were taken the Ge(111) 
surface was sputtered several times and heated for a 
total of several hours to 1170°K. In the case of Si(111), 
however, an irreversible change in the results occurred 
on prolonged heating near the end of the experime nt. 
The yj; characteristics for both Het and Ne* 
found to drop by about 5% with no essential change in 


ions were 


the form of the dk pe ndence on ion kinetic ene rey. The 
change in form of the kinetic energy distribution for 
10 ev Het ions during this period is shown in Fig. 13. 
The curve has dropped in area by about 5% and the 
minimum near 5-ev electron energy has filled in some- 
what. Curve 1 in Fig. 13 was taken after the target had 


been heated for several minutes to 1570°K, curve 2 after 
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material from which the target was cut. At the end of 
the experiment the resistance of this target was about 
640 ohms. The most rapid decline came during the 
period when the target was first heated to 1570°K. The 
Ge(111) target resistance fell from an initial value near 
190 ohms (about the resistivity specified) to a value 
near 30 ohms. Measurements of target resistance were 
not made for the Si(111) sample. 

The simplest explanation of the drop in target re- 
sistance is the formation of the surface p layer due to 
boron from the pyrex envelope which has diffused into 
the first 6 of the bulk.* As indicated above, the pres- 
ence of the p layer most likely has no detectable effect 
on the Auger process. The number of impurity atoms 
resident on the surface to be “seen” by the incoming ion 
is an extremely small fraction of a monolayer. The p 
layer found on the Si(111) sample contained about 10" 
acceptor atoms per cm*. Even if all of these atoms wer« 
concentrated directly on the surface the coverage would 
be the order of only 0.01. Variation of the electrostatic 
potential over the first few microns inside the solid 
should not affect the Auger process which occurs as a 
result of the overlap, outside the solid, of the wave 
functions of the ion and of the valence band electrons. 

The measurement of target resistance, Rr, and total 
yield, y;, as a function of time on cooling after a flash to 
high temperature (Item 4 above) yields a number of 
interesting and informative results. The basic data are 
plotted in Fig. 14. The principal curves in this figure, 
labeled Ge(111) and Si(100), show the variation with 
time of Rr for the targets indicated beginning at the 
instant the heating current is shutoff. Ge(111) had been 
heated to 1170°K, Si(100) to 1400°K before cooling. 
These curves are traces of recordings of the target re 
sistance made with a Model G Leeds and Northrup 
recorder. A simple constant current circuit was used 
consisting of a 90 volt battery, the target, and a 165 000 
ohm resistor in series. The recorder was connected across 
the target through a high impedance divider. This 
circuit was connected to the target at the instant the 
alternating heating current was shut off and the heating 
circuit disconnected. 

The Rr curves of Fig. 14 have the familiar form and 
may be used to estimate the target temperature at any 
given time during the cooling period. This has been 
done for the Si(100) curve by comparison with Fig. 1 of 
the paper of Morin and Maita." The Rr curve here was 
taken when the target had a room temperature resist- 
ance of 1620 ohms. This is indicated by the horizontal 
mark on the right-hand axis. The Rr curve, after passing 
through the maximum at about 1.6 minutes 
through a shallow minimum at about 6 minutes and, in 
parts not shown in Fig. 14, rises slowly to the equilibrium 
value. The conductivity of the target is then about 
3.6X10-? ohm™ cm™ which is not far from that of 
sample 27 of Morin and Maita. The conductivity mini- 
mum (Rr maximum) for Morin and Maita’s sampk 


goes 


*F. J. Morin and J. P. Maita, Phys. Rev. 96, 28 (1954 
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occurs at 460°K as seen in their Fig. 1. The Auger data 
presented in this paper were always taken after several 
minutes of cooling at which point the target should have 
been within 50°K of room temperature. Note the slower 
approach of Rr to normalcy on cooling Ge(111) which 
reflects its narrower forbidden gap as compared to 
ilicon. 

In Fig. 14 three other curves are shown on the same 
time scale indicating the variation of electron current 
from the Si(100) target during the cooling period. When 
the target is very hot one expects thermionic emission 
to be observable. This current should decay away 
rapidly during the cooling period. In curve 1 is shown 
the current to electrode S with V sr accelerating elec- 
trons toward S and no ion beam incident on the target. 
One sees a sharp peak which disappears rapidly. If the 
ion beam is incident on the target and +, is measured as 
a function of time one obtains curve 2 for 10 ev Het ions. 
It shows some evidence of the decaying thermionic 
current followed by a slower decay of 7, over a period 
roughly comparable to that in which the major change 
in Rr occurs. The amount of thermionic current one can 
record depends on the rapidity of manual switching 
from heating circuit to recording circuit. 

The main variaticn in y; in curve 2 of Fig. 14 is inter- 
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| 14. Tracings of recorder charts showing target resistance, 

Rr, and electron emission currents as functions of time while 

ling from a high-temperature flash. The curves labelled Ge(111) 

| Si(100) are Rr versus time for the targets indicated. The 

inset curves are plotted to the same time scale. Curve 1 

licates the decay of thermicnically emitted electon current 

no ion beam); Curve 2, the variation of electron current ejected 

y 10 ev He*ions from Si(100); Curve 3, the variatiou of electron 

rrents ejected by 10 ev Kr* ions from Ge(111). +4 scales are 
licated for curves 2 and 3 at their right-hand extremities. 
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preted to result from the decrease in density of thermally 
excited electrons in the conduction band as the tempera- 
ture decreases. Conduction electrons, lying higher in 
energy in the solid and thus closer to the vacuum level 
than valence electrons will give rise to a higher total 
yield in the Auger neutralization process than an equiva- 
This effect is 


more pronounced for the heavier noble gas ions where 


lent number of valence band electrons. 
vi is lower and electron ejection involving the conduc- 
tion electrons is a greater fraction of the whole. Curve 3 
in Fig. 14 shows the variation in +; for 10 ev Kr* ions 
incident on Ge(111). Note not only that the effect is 
greater for the Kr* ion but that it persists over a longer 
time for Ge than for Si by virtue of the narrower for- 
bidden gap in the band structure. In this work, data for 
the Si targets were taken after at least 2 minutes, for 
the Ge target after at least 5 minutes of cooling. At this 
time essentially all conduction electrons have subsided 
into the valence band and no other effect of the fact 
that the target is still somewhat above room tempera- 
ture is exper ted. 

Observations of the Si target surfaces after completion 
of the experiment (Item 5 above) were as follows. The 
Si(111) target was looked at by electron diffraction 
using 40-kev electrons at grazing incidence. These elec- 
trons probe an estimated depth of 50 A. Four photo- 
graphs were taken across the front face of the target. No 
evidence of reciprocal lattice spots from epitaxial SiC 
or amorphous SiC were found. A monolayer cannot be 


SL (111) 


hic. 15. Four photo 
graphs of the Si(111) target 
surtace. Parts (a), (b), (c), 
d) on the target face of 
Fig. 2, respectively. In part 
a), a wire of one mucron 
diameter was placed in the 
field of view to indicate the 
scale and the direction of the 
lighting. The line at the 
bottom of the figure indi 
cates a length of 4 microns 
on the photographs 
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| 16. Photographs of 
the Si(111) face 
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detected in this way but comparison with Allen’s field 
emission from Si tips treated as were the targets here 
indicates that All photographs 
showed Kikuchi lines indicating crystalline regularity. 


There was some general darkening above the reflected 


no SiC was present. 


spot, however, indicating some amorphous or strained 


material on the surface at the time the photographs 
were taken. The target had been exposed to air upon 
removal from the vacuum system. 

The Si(111) surface was also photographed optically. 
In Fig. 15 are shown four photographs made at the 
d indicated on the 
From the relative positions on the target, it is clear that 


points a, 8, ¢, target face in Fig. 2. 
point a had been heated hotter than 6 which had been 
heated hotter than c, etc. It is observed that with more 
heating the closely pitted structure gives way to larger 
and larger regions without which are inter- 
spersed with mounds [see Fig. 15(a It is perhaps 
true that during the course of the heating the surface 
at point a went through stages not unlike those shown 
finally by points d, c, 6, a, in this order. 

The central part of the Si(111) target (point a, Fig. 2 
was photographed in direct illumination [Fig. 16(a 
with a partially silvered flat mirror above 
light to indicate interference fringes [ Fig. 16(b) ], and 
with dark field illumination [ Fig. 16(c) ]. The inter- 
ferometric technique was identical with that of Batdorf 
and Smits." Notice how very flat the “lake-like” regions 
of the surface appear to be. T| ittle resemblance 
between Fig. 16(a) and Fig. 11 of Dillon and Farns- 
worth'’® showing triangular etch patterns developed on 
the Si(111) face after 200 hours of heating at 1260°K 
followed by 24 hours at 1350°K 

Three electron micrographs made of carbon replicas 
of the Si(111) lowed by evaporated ger- 


tructure 


it in sodium 


4) 


surface shad 
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manium are reproduced in Fig. 17. Fig. 17(a) shows a 
region within one of the flat “lake-like” pits of Figs. 
15(a) and 16(a). It is essentially devoid of structure. In 
Figs. 17(b) and 17(c) are shown “‘mesa-like” structures 
which appear with about the surface density of the dark 
mounds of Figs. 15(a) and 16(a). However, these fea- 
tures are much too small, being about 0.2 micron across, 
to be identified as the whole of one of the mounds of 
Fig. 16(a) whose average diameter is about 10 times 
this amount. Note also that in the dark field illumina- 
tion of Fig. 16(c) only parts, in many cases only the 
centers of the dark mounds of 16(a) are evident at all. 

It was not possible to find any structure on the elec- 
tron microscope replicas which could be reliably identi- 
fied with the whole of one of the dark mounds of Fig. 
16(a). One notes that the structures of Figs. 17(b) and 
i7(c) do, in fact, project from the surface and cast 
shadows and that the surface rises perceptibly immedi- 
ately around the base. It is possible that these mounds 
are like those observed after sputtering by Dillon and 
Oman'* and by Meckel and Swalin"’ and attributed to 
migration of material to and accumulation at an active 
center on the surface such as the termination of a screw 
dislocation. One would expect high mobility of surface 
atoms on heating as well as on sputtering. 

There appears to be a reasonably good chance that 
the surface in the “lake-like” regions of Fig. 16(a) is 
atomically plane. The interference fringes of Fig. 16(b) 
are very straight in these regions and the electron micro- 
graphs there [ Fig. 17(a) ] are essentially devoid of 
structure. Furthermore, in the work of Allen'* with field 
emission from Si tips it appears that the (111) region 
always appears to be flat (emission-free) and tends to 
grow at the expense of neighboring planes. This corre- 
lates nicely with the observation of Batdorf and Smits" 
that the flat “lake-like’” regions of Fig. 16(a) grow 
larger the closer the face normal lies to the (111) direc- 
tion. Further evidence that the (111) face of a diamond 
type semiconductor prefers to be flat comes from the 
work of Bennett and Longini’® on dendritic crystals of 
germanium. They find the wide faces of these crystals 
to be (111) faces which appear to be shiny and mirror 
smooth. In some instances these faces can be produced 
in size approaching 1 mm square. One expects that some 


crystal faces will have lower surface free energy than 


others.” A surface of relatively low surface free energy 
would become and remain atomically smooth except for 
steps of atomic dimensions of sufficient density to ac- 
count for the geometrical angle cf the surface with 
respect to the true crystallographic plane. This is ap- 


“ R. L. Batdorf and F. M. Smits, J. Appl. Phys. 30, 259 (1959) 
See also W. L. Bond and F. M. Smits, Bell System Tech. J. 35, 
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parently the case for the (111) face of the diamond-type 
lattice. Faces of higher surface free energy might facet 
into faces of lower free energy as apparently occurs for 
the (110) face of tungsten®™ and may well be true for 
the (100) face of germanium and silicon. 

| Batdorf and Smits" concluded that the steps at the 
edges of the “lake-like” regions they observed were 
200-500 atomic layers high. In Fig. 16(b) in this work 
one can see flat areas which differ in height by as much 
as half a fringe corresponding to a minimum difference 
in elevation of 500 atomic layers. 

In Fig. 18 optical photographs in direct and dark 
field illumination of a point such as 6 of Fig. 2 on the 
Si(100) target face are reproduced. Note the evidence 
of pitting. Figure 18 is similar to Fig. 9 of Dillon and 
Farnsworth'® obtained after heating for 200 hours to 
1260°K but differs markedly from the etch pattern ob- 
tained by these investigators after the heating to 1260°K 
for 200 hours only (their Fig. 8). Most likely a sizeable 
fraction of the Si(100) surface is made up of areas having 
surface normals quite far from the (100) direction. 
However, as we have seen, there is a definite difference 
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Fic. 17. Three rographs of 
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Fic. 18. Photographs of 
the Si(100) face in direct (a) 
and dark field illumination 
(b) at a point on the surface 
such as 5 of Fig. 2. The line 
at the bottom of the figure 
indicates a length of 4 mi 
crons on the photographs 
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between the Auger characteristics measured for this face 
and for the Si(111) face. These differences also have the 
direction and magnitude which theory would predict. 
Thus the Si(100) target face cannot be made up entirely 
or even largely of facets of (111) planes. It is clear that 
one can specify the surface structure of the Si(100) 
target with much less confidence than that of the Si(111) 
target. 


VI. CONCLUSION 
The experimental results given in this paper will form 
the material for theoretical interpretation in other pub- 
lications as stated in the Introduction. Only a brief 


identification of these results with theoretical ideas is 
attempted here. 

The +; characteristics of Figs. 4 and 5 resemble in 
general form those already measured for metals. This is 
interesting in view of the fact that the electrons in- 
volved in the Auger neutralization process are valence 
band electrons in a semiconductor and conduction band 
electrons in a metal. It is apparent that the electrons in 
the highest lying filled band in the solid become involved 
in these Auger-type processes. The general constancy of 
electron yield over two orders of magnitude of ion kinetic 
energy again points to the fact that the energy expended 
in releasing the electrons from the solid comes basically 
from the potential rather than the kinetic energy of the 
ion. The fine structure in the y,; characteristics is related 
to the identical features of the theory already published 
for metals.” 

The general level of magnitude of the total electron 
yield from silicon and germanium is a little over half 
that for the refractory metals. This is the result of the 
lower electron state density in the valence band of 
these semiconductors compared to the conduction band 
of the metals. 

The No(£,) kinetic energy distributions of electrons 
plotted in Figs. 7, 8, and 9 show interesting structure. 
This can be related to the form of the state density 
function in the valence band at the surface of the semi- 
conductor. The state density function derives its form 
in turn largely from the concentration of the two de- 


=H. D. Hagstrum, Phys. Rev. 96, 336 (1954 
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generate p electrons in a relatively narrow band at the 
top of the over-all valence band.” The differences be- 
tween the results for the three surfaces, Si(111), Si(100), 
and Ge(111) are in the direction and of the magnitude 
predicted by the theory. 

The variation of the No(£,) function with ion kinetic 
energy shown in Fig. 11 also follows the same general 
pattern as for the metals. The broadening of the func- 
tion as ion kinetic energy increases is the result of two 
factors: (1) the variation of the ground state level of the 
ion as it appraoches the metal and (2) the Heisenberg 
uncertainty principle. Both of these effects arise from 
the fact that the primary result of firing the ion at the 
surface with greater velocity is to cause the Auger 
process to occur closer to the solid surface. Theory also 
predicts in a satisfactory manner this dependence of 
No(Ex) on incident kinetic energy of the ion. 

Studies made of the target surface conditions de- 
scribed in this paper indicate that the data presented 
relate to atomically clean surfaces in an annealed con- 
dition. For the (111) faces studied there is good reason 
to believe that to an incoming ion the surfaces appear 
to be essentially atomically plane over a large fraction 
of their area. 
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Note added in proof.—Since submitting this paper 
further experimentation with the Ge(111) target has 
been completed and the target removed from the ap- 
paratus, inspected, and photographed. In its final state 
the target shows evidence of surface melting at the 
center of its front face (the hottest point on heating) 
and along one of its longer edges. This melting occurred, 
in all probability, during a heating period of many hours 
at temperatures thought to be near but not above the 
melting point. This occurred after al] data published in 
this paper had been recorded. A series of photographs 
like those of Fig. 15 show the same tendency to form the 
flat “lake-like” regions with increased heating. How- 
ever, for germanium only in places very near the surface 
melted portions does one find as well developed a struc- 
ture as shown for silicon in Fig. 15(a). Even here the 
surface tends to look more like Fig. 15(b) than 15(a). 
Over most of the surface which the ion beam strikes, 
the Ge(111) surface looks most like Fig. 15(c). These 
observations would appear to be consistent with the 
fact that germanium cannot be heated as hot nor evapo- 
rated as rapidly as can silicon. The occasion of a future 
publication will be used to give further details on these 
observations. 

“H. D. Hagstrum, J. Phys. Chem. Solids 8, 211 (1959) 
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Measurements have been made of the electron spin-lattice relaxation of the —}, +4 line of Cr*** in 
K;Co(CN). at 9kMc/sec as a function of temperature, chromium concentration, and the proximity of 
the —#, —} line. The experimental procedure, involving inversion of the line, is capable of distinguishing 
a “bottleneck”’ relaxation time from a true spin-phonon relaxation time, 7;. At Cr*** concentrations up 
to 0.5%, the relaxation data are fitted well by single exponential functions of time. Between 1.3°K and 
4.8°K, 7, varies approximately as 7~'* indicating that the single phonon process is dominant. No phonon- 
bath bottleneck is observed, in agreement with calculations based on the measured parameters. A “proxi 
mity effect”’ is observed in which the relaxation rate of the — 4, +4 line is enhanced when the —}, —4 line is 
within 20 linewidths. At one percent Cr***, the relaxation behavior is markedly different: the recovery is 
considerably faster and can no longer be described by a single time constant. This change and the proximity 
effect are interpreted qualitatively in terms of spin cross relaxation. The measured linewidth increases with 


concentration from 0.03% to 2% Cr***, even though the line is observed to be inhomogeneous at and 


below 0.5% Cr***. 


I. INTRODUCTION 


HE existing theory’ of the interaction between 

the electron spins of a paramagnetic solid and 

the crystal lattice postulates two relaxation processes : 
a direct process in which a spin absorbs or emits a single 
phonon at the frequency of the spin transition, and an 
indirect or “Raman” process in which one phonon is 
absorbed and another is emitted at a frequency differing 
by the frequency of the spin transition. The strength of 
the interaction is characterized by the spin-lattice 
relaxation time, 7, which is, properly, the time constant 
for the equilibration of the spin system and those lattice 
modes with which it exchanges quanta. At temperatures 
low enough that only the direct process is active, 7; for 
a two-level system is expected to be inversely propor- 
tional to the density of lattice modes at the spin transi- 
tion frequency, to the occupation number of these 
modes including the zero point term, and to the square 
of the appropriate spin-phonon matrix element. A 
frequency or magnetic field dependence enters through 
all three factors and a temperature dependence through 
the second. For sufficiently high fields, there is no ex- 
plicit dependence on the density of paramagnetic centers 
in the absence of exchange or other cooperative process. 
Experimentally, a number of factors may complicate 
the task of determining 7; and its dependence on tem- 
perature and magnetic field. This is particularly so 
where the spin-phonon coupling is strong and the spin 
density is high in relation to the number of interacting 
lattice modes. Here, if the spin system is heated, a 
phonon emitted by a spin in the center of a crystal has 


* Supported mainly by Wright Air Development Command, 
U. S. Air Force, and in the latter stages by the Electronics Direc 
torate, Cambridge Research Center U. S. Air Force. 
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41. Waller, Z. Physik 79, 370 (1932). 


a high probability of being reabsorbed by another spin 
before it is scattered by a crystal boundary or by 
another phonon.‘* The recovery of the spin system is 
then retarded and is largely governed by the rate at 
which the “imprisoned’’* phonons can escape. This rate, 
in turn, depends on the size, geometry, and physical 
perfection of the sample and on the mechanism of line 
broadening.’ Such a situation is often termed a phonon- 
bath “bottleneck.” Under such circumstances the 
recovery does not proceed with a single time constant 
nor does it reveal the true spin-lattice relaxation time.’ 

If the spin density is reduced sufficiently, by dilution, 
the phonon imprisonment can be made negligibly small, 
and the true 7; should be observed. The effects of 
dilution have been studied by the Leiden school using 
the nonresonant technique.** In many cases dilution 
increases the measured relaxation time. This is the 
opposite of what one would expect from a phonon-bath 
bottleneck and may indicate the presence of yet other 
factors. No results have been reported for dilutions at 
which the measured times become independent of 
dilution. Unfortunately, in this method there is a limit 
to the permissible dilution, set by the breakdown of the 
Casimir-du Pré hypothesis.* 

Microwave resonance techniques on the other hand 
are well fitted to deal with very dilute materials and 
have been applied in several ways.” In a recent micro- 


‘J. H. Van Vieck, Phys. Rev. 59, 724 (1941) 

5M. W. P. Strandberg, Phys. Rev. 110, 65 (1958). 
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wave study of three diluted salts, GdeMg3(NOs)12- 
24H2O, K3Cr(CN)g and Cu(NH,4)o(SO,4)2-6H,0, 
Giordmaine ef al." have concluded that the observed 
times are due to lattice-bath bottlenecks, even at dilu- 
tions of 100 or more, and that the true spin phonon times 
must be shorter than the observed times by some orders 
of magnitude. It was also suggested that the frequency 
width of the imprisoned phonons is much broader than 
the resonance linewidth‘ and that the lines, which they 
had expected to be inhomogeneously broadened, are in 
fact homogeneously broadened by the phonons. 

Phonon imprisonment in a relatively narrow fre- 
quency band in dilute KsCr(CN).« and in ruby has 
been postulated by Strandberg ef al. and Morris 
el al.” on the basis of the operating characteristics of 
two different masers. On the other hand, relaxation 
measurements on three other dilute paramagnetic 
crystals, Gd(C2HsSO,4)3-9H2O, (NH,4)AI(SO4)2-12H,O 
and ruby, by Davis ef al.,'® and on dilute K;Cr(CN)¢ by 
Collins el al.,* appear to show that there is no phonon- 
bath bottleneck. 

The assumptions and conclusions of Giordmaine 
et al. have recently been questioned from several points 
of view. Anderson’ has shown that the frequency distri- 
bution of the phonons interacting with the spins cannot 
be significantly broader than the resonance linewidth. 
Bloembergen™ and Strandberg ef al." have pointed out 
that low frequency masers would not be able to operate 
if such broadening were significant. 

Another factor in spin-lattice relaxation, called ‘cross 
relaxation,” has recently been discussed by Bloem- 
bergen ef al.** In this process excitation is transferred 
among the various lines of a multilevel system by 
means of multiple spin transitions. Although phonons 
are not directly involved, cross relaxation can strongly 
affect the pattern of thermalization of spin systems at 


low temperatures. It provides an explanation for the 


effects observed by Giordmaine ef al. and may also 


account for some of the observations of Strandberg 
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AND WAGNER 
et al. Cross relaxation can be made negligible by suffi- 
cient dilution. 

In addition to phonon impri 
tion, a further factor complicate 
spin-lattice 


onment and cTOSS re laxa- 
the interpretation of 
multilevel 
everal transitions 


relaxation measurements in 
systems. In such systems there are 
each with a distinct spin-phonon transition probability. 


A number of time constants, each compounded from 


_these probabilities, is in general required to properly 


describe the relaxation 
the 
and 


The aim of the present study was to examine 
relaxation, and its dependence on temperature 
concentration, in a material that had been previously 
studied. In particular, it was desired to establish the 
presence or absence of a phonon-bath bottleneck and 
the effects of Dilute 
potassium chromicyanide was chosen because it 
at that time, the most widely investigated*! 
salts of interest and was ava 
of Crt 


to delineate cross relaxation. 

was, 
of the 
ilable in rather a wide range 


concentration 


Il. EXPERIMENTAL TECHNIQUE 


Of the various resonance techniques for investigating 


spin-lattice relaxation, the cw saturation method, 
developed in nuclear resonance, 
used” 12,14 


measuring the magnitude of the resonance absorption 


has been most widely 


because of its simplicity. It consists of 


as a function of the microwave power incident on the 
sample. Only one relaxation time is taken into account 
and certain assumptions which are not always reliable 
are needed to deduce it from the data. The method does 
not directly distinguish between a genuine spin-phonon 
time and a phonon-bath bottleneck time. 

Other methods rely on observation of the absorption 
as a function of time after the spin populations have 
been disturbed by microwave power. In the “saturation- 
recovery” method'®* the magnetic field is held constant 
at a value corresponding to maximum absorption, a 
pulse of microwave power of sufficient intensity and 
duration to saturate the absorption is applied, and the 
recovery of the absorption is then monitored as a func- 
tion of time. Any multiplicity of relaxation times is in 
principle observable. This requires no 
assumptions regarding the paramagnetic system save 


tex hnique 


that the line is uniformly saturated. Complications can 
arise with inhomogeneously broadened lines.2* Under 
certain conditions the method can distinguish a bottle- 
neck from genuine spin-lattice relaxation.'® 

In the “inversion-recovery” method,'*!?-® the spin 
populations are inverted by rapid passage or by a 180° 
pulse. As used in the present st idy, the method consists 
of the field 
through resonance and subsequently observing the 


of inverting a line by rapid passage 
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ELECTRON SPIN-LATTICE 
whole line as a function of time during its recovery 
toward thermal equilibrium. An important advantage 
of the inversion technique is the test that it provides for 
phonon imprisonment. When the spin system is at a 
negative temperature, a phonon interacting with it 
stimulates the emission of another phonon. If this 
phonon stimulates another emission before it reaches 
the boundary, the relaxation will be accelerated. The 
situation changes as soon as the spin temperature be- 
comes positive, at which point the imprisonment sets in 
and the recovery is retarded. A marked decrease in the 
slope of the recovery curve at the point of saturation is 
therefore to be taken as evidence of imprisonment. 

In the present technique, inhomogeneous broadening" 
is readily detected by the “hole burning” method” and, 
even if present, does not affect the results, as microwave 
energy is applied across the whole line. Since the shape 
of the whole line is observed, any gross effects of cross 
relaxation or spin diffusion within the line may be 
detected. 

In the present work, resonances were observed with 
a superheterodyne spectrometer operating near 9 kMc/ 
sec with an input power of 10~* watt. This value was 
found to be low enough to have no effect on the re- 
coveries. Relaxation measurements were made over the 
range 1,3-4.8°K. The cavity” was constructed of 
silvered C-8 epoxy resin to permit the rapid field sweeps 
required for inversion. A pair of Helmholtz coils 
mounted on the cavity in the liquid helium allowed 
sweeps up to 120 gauss in a time 220 microseconds. 
Above the A point of helium, bubbling in the cavity was 
reduced with a shaped insert of polystyrene foam which 
diverted bubbles away from the regions of strong E 
field and out of slots cut in the cavity walls. This 
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Fic. 1. Time sequence for observation of recovery after inversion 
by rapid passage. The magnetic field is swept through resonance 
at 1 and 2. On alternate cycles, rapid passage is effected by a pulse 
of microwave power applied during sweep 1. The resulting inver- 
sion is observed on sweep 2. The time interval between the sweeps 
is adjustable. Each cycle is much longer than 7). 
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Fic. 2. Oscilloscope presentation of traces (b) and (d) of Fig. 1 
superposed. The deviation of the absorption from equilibrium is 
read off directly 


arrangement allowed good circulation of liquid helium 
about the sample and ensured thermal contact between 
the crystal and a carbon resistance thermometer outside 
the cavity in the helium bath. Microwave power for 
rapid passage was provided by an auxiliary X-13 
klystron, normally not oscillating, whose beam voltage 
was pulsed to 900 v for the duration of the inverting 
field sweep. In some of the later work, inverting power 
up to 12 watts was obtained from a pulsed traveling 
wave amplifier. 

The sequence of events in a measurement of 7; is 
shown in Fig. 1. The steady magnetic field was held 
slightly below the resonant value. A current pulse of 
the form shown (a), applied to the Helmholtz coils, 
swept the field through resonance at times 1 and 2. The 
absorption line was seen twice at the output of the spec- 
trometer as indicated in (b). For rapid passage, a pulse 
of microwave power was applied at the resonant fre- 
quency of the cavity during the first sweep.” Inversion 
of the line resulted and was observed on sweep 2 as in 
(d). By delaying the second passage to later times the 
recovery to normal absorption was followed. The 
quantity of interest is the deviation of the line height 
from its equilibrium value. By applying the inverting 
pulse only on alternate cycles this deviation was read 
directly from an oscilloscope presentation, Fig. 2. The 
duration of each cycle was much longer than 7). An 
exact correction was applied to each reading, using the 
relationship between reflection coefficient and cavity 
Q’s to give a quantity proportional to the deviation of 
the peak absorption from its equilibrium value. Care 
was taken to have the resonance loss a small fraction of 
the total cavity loss, in order to avoid the complications 
of radiation damping.” With one sample a direct check 
for radiation damping was made by altering the 
cavity Q. 

The stability of the spectrometer with helium II in 
the cavity allowed line shapes to be obtained by record- 

* The conditions of rapid passage were typically: microwave 
field strength 0.5-2.0 gauss, time of passage through 10% points 
~10~* sec with T7;~10 sec. A field of 5 milligauss produced a 


saturation factor of 10 at Cr*** concentrations below 1%. 
* S. Bloom, J.!Appl. Phys. 28, 800 (1957), and references therein 
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TABLE I. Samples of dilute KsCr(CN)¢ 


Percent Percent 
Cr:Co Cr:Co 
nominal chemical* 

Sample (in liquor) analysis 


Volume Linewidth 
mm? Mc/sec* 


Source 
Crystal” 
0.03 + JHU359 35 8.8 
0.1 0.06 15 
0.1 0.06 22 
0.1 0.06 . . eee 
0.5 0.24 J87 24 
0.5 0.4 J ; 46 
0.5 0.5 wL 7 45 
1.0 1.0 js ; 56 
0.5 1.9 : ; tee 87 


* On crystals cut from the same host crystal or grown from the same 
solution 
» JHU—Johns Hopkins Radiation Laboratory, courtesy of A. Kiel and 
J. Minkowski. 
LL—Lincoln Laboratories, courtesy of J. W. Meyer. 
CRC—Cambridge Research Center, courtesy of I. Lessin. 
* Full width at half absorption 


ing the output of the spectrometer as the steady mag- 
netic field was swept slowly through resonance. A small 
correction was made to the traces to allow for the 
effects of dispersion. 


Ill. THE PARAMAGNETIC MATERIAL 


Crystals of chromium doped K;Co(CN)¢, grown from 
aqueous solution, were obtained from several sources as 
indicated in Table I. Most of the crystals were optically 
clear except for a few occlusions. Samples were prepared 
in several ways: B, C, and H were cut out with a wet 
string saw and sanded to size; D and J were sanded and 
then etched down; FE and F were used as cut; G was 
reduced to size by etching only; and A was the crystal 
as grown with only a light surface etch. Samples A, C, 
D, and F were glued to styrofoam with rubber cement, 
the others to solid polystyrene. 

The paramagnetic resonance spectrum of Crt*** in 
K;Co(CH),s has been studied by Baker ef al.,” by 
Walsh,* and more recently by Artman ef al.“ The 
principal features of the spectrum in an external field H 
are ascribed to two nonequivalent ions with $=} on the 
two Co sites in the monoclinic unit cell.**** Orientation 
of the magnetic field is specified with respect to a set of 
orthorhombic axes.” Coincidence of the two spectra is 
expected when H is applied in the ac plane or in the bc 
plane.*” Samples were mounted to permit rotation of H 


= J. M. Baker, B. Bleaney, and K. D. Bowers, Proc. Phys. Soc. 
(London) B69, 1205 (1956). 

* W. M. Walsh, Jr., Phys. Rev. 114, 1485 (1959) 

* J. O. Artman, J. C. Murphy, J. A. Kohn, and W. D. Townes, 
Phys. Rev. Letters 4, 607 (1960) 

* V. Barkhatov and H. Zdhanov, Acta Physicochim. U.R.S.S. 
16, 43 (1942); and V. Barkhatov, Acta Physicochim. U.R.S.S. 16, 
223 (1942) 

** The positions of C and N have been observed with neutron 
diffraction by N. A. Curry and W. A. Runciman, Acta Cryst. 12, 
674 (1959). 

%? Note added in proof.—It has been pointed out by J. O. Artman 
and J. C. Murphy (private communication) that a splitting of the 
lines is to be expected even with H in the ac plane if two or more 
crystal polytypes (see reference 34) are present. It seems likely 
that the splitting of the 1-2 line and some of the inhomogeneous 
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in the ac plane. The alignment was checked in each 
case** by plotting the values of field required for reso- 
nance as a function of magnet angle and comparing 
them with the calculations of Chang and Siegman.™ 
Figure 3 shows the spectrum observed with sample G. 
The angle in the ac plane between H and the crystal « 
axis is labelled 6. The energy levels are numbered in 
order of increasing energy. The alignment of a sample 
was considered acceptable if the 2-3 line was observed 
to be a singlet over the range of angles used in the 
relaxation measurements. In order to make comparisons 
among samples, the relaxation measurements were made 
at a standard orientation where the field required for 
the 2-3 line is a maximum with respect to 6. This orien- 
tation is designated @, in Fig. 3. 

The 2-3 absorption was found to be Lorentzian out 
to three linewidths for samples B, E, F, H, and J. For 





t 











Fic. 3. Magnetic field strength, H, required for resonance of 
the 1-2, 2-3, and 3-4 lines as a function of angle between H and 
the c axis in the ac plane. The points were taken at 9200 Mc/sec 
with sample G at 4.2°K 


A and G the line was slightly narrower than Lorentzian. 
The observed width increases with concentration even 
at the lowest concentrations, as given in Table I. The 
nature of the broadening was investigated by attempting 
to burn or invert a hole in the line. By applying micro- 
wave power to only part of the line during the first field 
sweep, it was found possible to invert a hole for samples 


broadening of the 2-3 line in the present work arise in this way. 
A quantitative comparison must await measurements of polytype 


parameters at helium temperatures. A complete explanation of 
our results along these lines would seem to require that the poly- 
type distribution be a function of concentration or at least vary 
from sample to sample. The presence of crystal polytypes does not 
affect the discussion of phonon imprisonment 

In crystais A, B, C, E, G, and H x-ray photographs were also 
used. 

® W. Chang and A. Siegman, Technical Report 156-1, Stanford 
Electronics Laboratory, May, 1958 (unpublished) 
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A, B, and C, [see Fig. 4(a) ], and to saturate a hole for 
E. We conclude that in this concentration range most 
of the observed broadening is inhomogeneous. At higher 
concentrations the inhomogeneity was not as marked. 
Figure 4(b) shows the behavior of sample G. In sample 
H we were unable to detect any signs of a hole 50 psec 
after passage. It is interesting that the linewidth is a 
strong function of concentration in a range where 
inhomogeneous broadening predominates. The in- 
homogeneous contribution to the linewidth is evidently 
a function of the Cr*** concentration. This may be due 
to strains introduced by the larger chromium ion on the 
cobalt site.*” 


IV. RELAXATION RESULTS AND DISCUSSION 


The recovery of the 2-3 line after inversion was 
measured at the standard orientation 6, as a function of 
time, temperature, and concentration. Further measure- 
ments were made at the angle 6,, and in the vicinity of 
6, as defined in Fig. 3. 


(a) (b) 


Fic. 4. ‘Hole burning.” In (a), an inverted hole in the 2-3 line 
of sample C at 2.16°K is seen 280 usec after rapid passage. In (b), 
a hole in the 2-3 line of sample G at 2.0°K is seen 70 usec after 
rapid passage. 


Time Dependence 


For samples A through G at 6, the data at all tem- 
peratures can be fitted within the experimental error by 
single exponential functions. Figure 5 shows a typical 
recovery curve, starting from an inversion of ~20% 
and proceeding to ~ 2% of complete recovery. 

It is instructive to see under what conditions a single 
exponential is to be expected from the six possible 
relaxation paths in a four-level system. The rate equa- 
tions, neglecting any cross relaxation, are 


ne= DL wjimj— win, (1) 


tf) 
where w,;,=spin-phonon transition probability from 
level 7 to i and w;;=w,; exp(hv;;/kT). The solutions can 
be written 
n:= > dq exp(—Deaf). 


a 


Because of the conservation condition > #i;=0, only 
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Fic. 5. Recovery of absorption as a function of time 
after inversion in dilute K,;Cr(CN)g. 


three of Eqs. (1) are independent, and there are in 
general three values for A. Only in special cases should 
a single time constant result. However, in many cases 
the recovery may proceed in a fashion indistinguishable 
in practice from a single time constant. 

A comparison with experiment is facilitated by con- 
sidering the case of v;2= 34. This adds a further con- 
straint to the system by tending to produce a common 
spin temperature in the coincident lines in a time of the 
order of 72, the spin-spin relaxation time. When 
wT rK1, the thermal relaxation has to take place in 
a way that closely maintains the equality of spin tem- 
perature of the coincident lines. To take account of the 
constraint we add the following spin-spin rates (,), to 
Eqs. (1) 

(vy) = —A(my—n2— natn), 
(tio), = A(ni— n2z— natn), 
ns+ms), 


(n4),= —A(mi—n2— a+), 


(tis), = A(ni—Ne- 
(2) 


where A~1/7;, and it is assumed that h»v<kT. The 
precise form of the spin-spin terms is not crucial, since 
we are concerned with the behavior of the system only 
for times much longer than 7». 

The values of \ obtained from the augmented equa- 
tions are 

ha~A ~L T? * 

Ag Ay = Dos t+D gt § (Woe tis) +4 (Diz tas) 


+[(Wis— Dos)? +3 (Wa t+-Dis—Di2— Dy)" }', (3) 


where @,;= (w,j+w,,)/2, and terms of order w(hv/kT) 
have been neglected. \, is presumed to occur too quickly 
to be seen. Ag and A, characterize the two possible 
thermal relaxation modes consistent with the constraint. 

Recoveries were measured with samples C and G at 
2.16°K at the orientation for which »;.= v4, shown as 
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FG. 6. Reciprocal of 7; vs temperature for six samples of dilute 
K;Cr(CN )s. Samples are described in Table I. For sample F only, 
T, was measured in three cavities having different Q’s (solid 
circles Qm/Q.~7, open circles Qn/Q.~23, crosses Qm/Q.~4). 


@=0, for A, B, D, FE, and F; @=82° for G. 
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6,, in Fig. 3. By adjusting the magnetic field either the 
2-3 line or the (1-2, 3-4) line could be inverted. A single 
time constant fits the data over the whole range of 
observation from ~40% inversion to ~6% of thermal 
equilibrium.” On the basis of plots of composite ex- 
ponential functions made for comparison, it is estimated 
that two components, with comparable coefficients and 
with time constants differing by a factor of two, could 
just have been distinguished. Within this limitation the 
following possibilities are compatible with our observa- 
tions at @,,." 


(a) Ali Wi; comparable ; 

(b) One of the w,; negligible, special relationships 
among the others; 

(c) Certain cases with two w,; negligible and a special 
relationship between the others. 


The case that any one #,; dominates is ruled out. 
Evidently at @,,, and probably at other angles most of 
the six paths are effective in relaxation. 


Temperature Dependence 


The dependence of 7; on temperature was measured 
at 6, in the range 1.3 to 4.8°K. Temperatures were 
measured to an accuracy of 0.02°K with a calibrated 
carbon resistance thermometer, but were generally 
regulated to within ~.001°K. The results are shown in 
Fig. 6. The length of the vertical bars gives an estimate 
of the uncertainty in determining the time constant of 
a given recovery curve. The points at 2°K for sample B 
were taken after warming to room temperature. The 
points for sample F include measurements in three 
different cavities. Measurements of 7; at 2.16°K on 
five samples with 0.06% Cr**+* showed a spread of 
about +10%. 

For the data at @, a 7— law is not an acceptable fit 
over the whole temperature range. If all these data are 
to be described by a single 7—* law, then the best value 
for m is 1.2. However, there are signs of a faster depen- 
dence near 4°K. 

Even with the single-phonon process, there are two 
possible reasons for a small deviation from a 7~ law in 
a multilevel system. When ky~kT for some paths, the 
zero point motion weakens the temperature dependence. 
In the present work, however, this effect is not expected 
to be noticeable above the scatter for any reasonable 
relationship between the w,;’s. The second factor is the 
redistribution of the spins toward the lowest energy 
levels as the temperature is reduced. Depending on the 
this 


could lead to an increase or a decrease in the exponent 


relative importance of the various transitions, 


At 2.16°K 7; for the (2-3) line at 
seconds and 7; for the (1-2, 3-4 
seconds 

“\ It is conceivable thatjeither Ag or A, might be too fast for us 
to observe. This, however, is not compatible with the observed 
degrees of inversion. 


3680 gauss is 14.5 milli- 
line at 2840 gauss is 18.0 milli 
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of T. The law is closer to 7 in sample G, for which the 
level separations were different. 

It is concluded that in dilute KsCr(CN). the direct 
process predominates in this temperature range,” but 
that an additional mild temperature dependence is also 
present. 


Discussion of Phonon-Bath Bottleneck 


Whatever the relative importance of the several spin- 
lattice paths discussed above, the fact that the curve of 
Fig. 5 is linear throughout the whole range of observa- 
tion on both sides of infinite spin temperature, implies 
that there can be no serious phonon-bath bottleneck. 
This remains true down to 1.3°K and for concentrations 
up to and including 0.59 Cr***. 

We may ask whether such a bottleneck is to be 
expected for the direct relaxation process in these 
crystals. A crude estimate of the mean lifetime (7 ,) and 
therefore the mean free path (A) of a phonon against 
reabsorption by the spin system is given for a two-level 
system, by the expression 


A= CT pr cL(T1)0/AN Jo(v) Av, 


where (T;)o=(2n+1)(Ti)r, and c is the velocity of 
sound, p(v) is the density of lattice modes at frequency 
v, n is their occupation number, Av is the frequency 
width of interaction, (7 )o is the spin-lattice relaxation 
time at 0°K, and 4 is the excess of spin population in 
the lower state at any temperature 7. In a multilevel 
system we must take into account the several possible 
relaxation paths. In the present case, if we assume that 
all six transitions are active in relaxation the appropriate 
(T;)r to use for a given transition is of the order of six 
times the observed 7;. The mean free path for phonons 
at v23 is then given by 
6(2n+1)T; 8x 


(X2o3)7™ — v23"Av23, 
a 


(AN), ¢ 














me - milliseconds 


Fic. 7. Recovery as a function of time after inversion 


in one percent potassium chromicyanide. 


© This conclusion is also reached in S. Shapiro and N. Bloem 
bergen, Phys. Rev. 116, 1453 (1959). 
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Fic. 8. Reciprocal of 7; at 2.16°K vs concentration of Cr***. 


where 7, is the observed relaxation time at temperature 
T. Taking the equilibrium value for AN», we have for 
sample F at 4.2°K: v=9.3X 10° sec"', AN~~4X 10'7/cc, 
n~9, T,;=4.5X 10 sec, c~2 10° cm/sec, and Av~10* 
sec', giving A~2.8 cm. At 1.3°K, A~8 mm. In this 
sample the mean distance of a spin from the surface is 
about one mm. If the phonon excitation is transferred 
to the helium bath upon one collision with the surface, 
we should not expect severe imprisonment. However, 
a slight degree of imprisonment is possible and might 
have given rise to a small change in the slope of the 
recovery at the point of saturation, if the relaxation had 
taken place entirely through the 2-3 transition. In fact, 
the recovery is compounded from several paths and the 
change may not be detectable. Moreover, since most 
transitions are at positive temperatures, the overall 
effect may even be a slowing, when the 2-3 line is itself 
inverted. 

Since imprisonment becomes relatively more impor- 
tant as the temperature is lowered, it would give rise to 
a dependence faster than 7~', the exponent increasing 
with sample dimension. A check on this is afforded by 
the data for samples B (~3 mm) and D (0.5 mm), 
which were cut from the same host. As seen in Fig. 6 
there is no significant difference in temperature depen- 
dence between the two sets of data. While the rates in 
the thin sample are about 10% faster, this is within the 
sample to sample reproducibility. If phonon imprison- 
ment had been responsible for the 7~'? law in sample B, 
one would have expected a noticeable change toward 
T-'* in sample D. 
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Fic. 9. Reciprocal of 7; for the 2-3 line vs proximity (in fre- 
quency) of the 1-2 line for samples A, B, F, and H at 1.70°K. The 
normal appearance of the two lines is shown in each case to correct 
frequency scale. 


Concentration Dependence 
Between 0.5% and 1% Cr**, the nature of the 
recovery appears to change. A recovery curve for sample 
H is shown in Fig. 7. The rate of recovery is faster than 
at the lower concentrations and no longer proceeds with 
a single time constant. Even the asymptotic time con- 
stant is shorter than those observed in the more dilute 
materials at the same temperature. As the temperature 
is lowered, this time constant varies roughly as 7 but 
accounts for a decreasing fraction of the recovery, 85% 
at 4.2°K and 35% at 1.7°K. It seems highly improbable 
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that the onset of phonon imprisonment could be respon- 
sible for this new behavior, since imprisonment is 
expected to reduce the rate of recovery rather than to 
increase it. Radiation damping cannot be responsible 
since at 4.2°K the resonance absorption amounts to 
only 3% of the total cavity loss. 

Figure 8 shows the concentration dependence of 
relaxation rate at 2.16°K. It should be noted that the 
point for sample H corresponds to the asymptotic time 
constant. It is clear that the rate of relaxation increases 
with concentration particularly above 0.5% Cr***. 
Further light is shed on this matter by the results of 
the next section. 


Angular Dependence 


A series of experiments was carried out at 1.7°K in 
which the value of H and @ were varied about the point 
6, so as to alter the frequency separation between the 
2-3 line and the 1-2 line. At each setting a measurement 
of T; was made for the 2-3 line. The results for four 
samples are plotted in Fig. 9. The normal appearance 
of the lines is shown in correct frequency scale for each 
case. In most cases the 1-2 line appeared split in spite 
of attempts to make it coallesce by small adjustments 
of angle.” 

A general feature for samples A, B, and F is an in- 
crease in the rate of relaxation as the lines approach 
each other. The rate reaches a maximum when the lines 
overlap substantially and falls somewhat when they 
coincide and are inverted together. This “proximity 
effect” extends over a frequency range of approximately 
+80 Mc/sec in A, +300 Mc/sec in B, and +550 Mc/ 
sec in F.“ In most cases, even within the proximity 
region, recovery takes place with a single time constant 
over the whole range of observation. In cases of actual 
line overlap a second, shorter, time constant is observed 
for the first few percent of recovery. 

Since we have shown that there is no serious phonon- 
bath bottleneck in these samples, the explanation of the 
proximity effect cannot lie along these lines. The effect 
can be explained on the basis of cross relaxation. The 
process of inversion heats the 2-3 transition and cools 
the 1-2 transition. When the frequencies come within 
a few linewidths of each other, simultaneous spin flips 
become possible.* The simplest case is a double spin 
flip in which a state 1 spin flips up to state 2 while a 
state 3 spin simultaneously flips down to state 2. The 
effect of such cross relaxation is to increase the observed 
rate of recovery of the 2-3 line 

At separations such that the cross coupling rate is 
significant but does not dominate over the spin-phonon 
rates, we may not be able to resolve it as a separate time 
constant. When the lines are sufficiently close, the cross 


coupling rate should appear as a fast component in the 


* See note added in proof 
“ A similar result is obtained by a cw method by Shapiro and 
Bloembergen (reference 41) for 0.5 ‘+++ 
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recoveries. A fast component is indeed observed at 
partial overlap. 

The interpretation of the behavior of sample H is not 
as clear cut. There still appears to be a dip in the 
(asymptotic) relaxation rate at coincidence. The region 
of accelerated relaxation is not clearly defined but 
appears to extend over at least 1 kMc/sec, a value 
compatible with an extrapolation of the data for lower 
concentratgons. At @,, (v12—v23)=1.2 kMc/sec and 
(ves— ¥13) = 1.9 kMc/sec. Thus, in sample H, cross re- 
laxation extends far enough to couple together all the 
levels* and to alter their spin temperature distribution 
during recovery. Consequently the pattern of spin- 
lattice relaxation is drastically affected. Cross relaxation 
is undoubtedly responsible for the marked change in 
behavior between 0.5% and 1.0% Cr*** and is prob- 
ably responsible for the slight concentration dependence 
of T; below 0.5% Cr+. 


Vv. CONCLUSIONS 


The present study resolves some of the problems 
associated with spin-lattice relaxation in dilute K3Cr 
(CN)s. In particular, for samples of the size and con- 
centration used in masers, there is no serious phonon- 
bath bottleneck. The same conclusion is reached on the 
basis of an approximate analysis. A bottleneck may not 
set in even at higher concentrations because the in- 
creased spin density may be offset by the increased 
number of lattice modes provided by the greater line- 
width and by cross relaxation. As the Cr*** concentra- 
tion is increased, maser action will evidently be impaired 
by cross relaxation before it is by a phonon-bath 
bottleneck. 

By working with crystals sufficiently dilute to avoid 
cross relaxation, the true spin-phonon relaxation has 


“+ A similar conclusion is reached by Shapiro and Bloembergen 
(reference 42) for 2% Cr***. 
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been examined for one crystal orientation. The ob- 
served, apparently single-exponential, recoveries are 
consistent with multipath relaxation. Cross relaxation 
involving an adjacent line appears to speed up the 
recovery even at a separation of 20 full linewidths, and 
consequently cannot be avoided at concentrations of 
1% Cr*** and greater. 

The temperature dependence confirms the expecta- 
tion that the single phonon process is dominant, but 
the deviation from 7~'® appears to be real and to 
require an explanation. 

The linewidths depend on concentration over the 
whole range in spite of the inhomogeneity observed at 
and below 0.5% Cr***. An explanation of the broaden- 
ing mechanism would be of interest.*” Homogenization 
by phonons is certainly ruled out below 0.5% Cr***. 

In discussing the discrepancies between results ob- 
tained by different techniques, it should be borne in 
mind that the true spin-phonon time may be obscured 
by complicating factors in all of them. The discrepancies 
undoubtedly reflect the relative influence of these 
factors. The most reliable values will be obtained by 
methods that measure a time directly and require the 
fewest assumptions regarding the paramagnetic system. 
In this respect the recovery methods, and in particular 
the field sweep inversion method, are much to be 
preferred. 


ACKNOWLEDGMENTS 


We are indebted to T. Holstein, E. I. Blount, R. H. 
Boyer, P. G. Klemens, and Y. Yafet for stimulating 
discussions ; to B. H. McAvoy for assistance with instru- 
mentation; and to R. H. Hoskins, A. Kiel, I. Lessin, 
J. M. Minkowski, J. W. Meyer, L. M. Pollitzer, and C. 
H. Townes for generously providing crystals of dilute 
K,Cr(CN)<. 





PHYSICAL REVIEW VOLUME 


119, 


NUMBER 3 


Excitation and High-Temperature Absorption of KC1:T1 


Davip A. PATTERSON 
U.S. Naval Research Laboratory, Washington, D. ( 
Received March 22, 1960) 


Optical measurements have been made on crystals of KCI with a wide range of thallium concentr 
Absorption measurements have been made up to 560°C and excitation spectra for luminescence have 


ations 


been 


measured from liquid nitrogen temperature to 100°C. These measurements, in conjunction with earlier work, 


lead to the conclusion that there are at least seven bands in KC1:TI: three in the ‘‘A”’ bar 
C” band regions. The large shift from 
which has been previously reported was not found here. It is noted that the addition of smal! am« 


each in the “‘B” and “ 


1 region and twog 
“C” band to “‘B” band at high temperatures 


yunts of Sr 


to KCI shifts the fundamental absorption edge to short wavelengths 


INTRODUCTION 


SMALL amount of thallium introduced into an 

alkali halide produces a luminescent material of 
considerable fundamental interest. The relative simplic- 
ity of the cubic lattice, the univalent ionic nature of the 
constituents and the apparent simplicity of the phos- 
phor’s optical properties have stimulated efforts to un- 
derstand the fundamental processes involved for more 
than thirty years. 

The absorption spectrum associated with the thallium 
activator consists of three principal bands which Seitz! 
has called the “A,” “B,” and “C” bands. In KCI:TI 
their spectral positions are 247, 209, and 196 my, re- 
spectively, and their relative strengths are C>A>B 
Associated with them are two main emission bands at 
305 and 475 my. Seitz' has proposed a model in which 
the luminescent center consists of a thallium ion replac- 
ing an alkali ion in its regular lattice position. Certain 
optical properties of the phospher have been described 
with some success using this model and a configuration 
coordinate diagram proposed by Seitz’ and developed 
quantitatively for KCl:Tl by Williams.? 

Recent experimental results, however, tend to suggest 
that the apparent simplicity of the system is an illusion 
and that a more complex problem must be dealt with 
before a complete solution is obtained. Typical are the 
facts that both the “A” and “C” bands are quite asym- 
metric at room temperature but sharpen into essentially 
symmetric bands at low temperature’; that an addi- 
tional emission band has been found in the “A” ab- 
sorption band region‘; and that excitation of the two 
main emission bands occurs in two separate portions of 
the 
interest are the additional facts that the “ 


‘‘4” band rather than in a single one.® Also of 
A” band ab- 
sorption maximum shifts abruptly to shorter wave- 


1938 
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Rev. 112, 296 (1958 
Teegarden, University of Rochester, 
; for discussion see R. S. Knox, Phys. 
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length at the pressure-induced phase change®; and that 
the emission bands of thallium in NH,Br are affected 
in very different ways by the thermally-induced phase 
change.’ To account for these results, some authors*:7: 
have suggested that more than one type of center is 
involved while others*® have adapted the configuration 
coordinate curves for the single center model to include 
some of the new information 

It has also been reported by Forr6” that at high 
temperatures the “C”’ band decreased and the “B” band 
increased in amplitude. Thi 
in relative amplitudes ha 


thermally induced change 
s important implications in 
choosing models for the centers involved. One purpose 
of the present work was to reinvestigate the Forré effect 
and to see whether or not a similar effect occurred in 
the “‘A”’ band. In addition, it felt that a detailed 
study of the absorption and excitation spectra of care- 
fully prepared crystals both as a function of tempera- 
ture and thallium concentration would be worthwhile 
in showing more clearly the structure” in the 
optical spectra of KC]: TI and in determining its proper- 
ties. A careful study of this sort seemed necessary in 
order to be able to evaluate the extent to which various 


Li 
, 
was I 
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simple models describe this ystem. 


EXPERIMENTAL TECHNIQUES 
A. Crystal Growth 


The crystals were grown under dry argon gas by the 
Kyropoulos tec hnique. The apparatus consisted of a 
temperature controlled electric furnace with a cylindri- 
cal quartz liner; a close fitting Pyrex lid for the liner; 
a hollow, gas-cooled platinum “finger” which was raised 
continuously by a variable speed motor drive; and a 
The lid has a 
finger, two larger holes for 


platinum crucible containing the 
small central hole for the 
observation ports which are closed by glass cover slides 
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during the growth, and a gas inlet tube. The crucible, 
liner, and finger were cleaned before each growth in 
boiling HNO; and then in boiling HCi. A large single 
crystal of KCl grown by the Optovac Manufacturing 
Company was used as the starting material. The thal- 
lium was introduced as TIC] powder which had been 
triply recrystallized from aqueous solution, ground to- 
gether thoroughly with a much larger amount of the 
Optovac KCI and placed in the bottom of the crucible. 
The crucible was filled with cleaved KCl sections and 
placed in the bottom of the liner. The lid and finger were 
put in place and the liner thoroughly flushed with dry 
argon gas. The gas was allowed to flow continuously, 
maintaining a small positive pressure in the liner 
throughout the rest of the process. The furnace was 
then heated to above 200°C and held there overnight 
before the growth. The crystals were grown with an 
average rate of rise of the finger of about 0.2 inch per 
hour and were allowed to cool slowly to room temper- 
ature in the furnace before removal. The crystals grown 
for these investigations had “A” band absorption max- 
ima ranging from 0.9 cm to over 400 cm™ corres- 
ponding to thallium concentrations" of approximately 
10-* M % to well over 5X10 M 9 


B. Excitation 


The excitation spectra of a series of thallium doped 


KCI single crystals were measured between 200 my and 
290 mu at room temperature. Monochromatic excita- 
tion was provided by a Beckman DU Spectrometer with 
an Allen arc hydrogen lamp and by a Gaertner quartz 
prism spectrometer with a Xenon arc lamp. The crystals 
were mounted as shown in Fig. 1 with one face normal 
to the exciting light. The fluorescence excited in a 14-mm 
length of the crystal was observed at right angles by 
an RCA 1P28 photomultiplier. This arrangement mini- 
mized the reflected light reaching the photomultiplier 
and increased the detection probability for weak or in- 


i. 
LIGHT 


oa, LIGHT FILTER 


PHOTOMULTIPLIER 


Fic. 1. Schematic arrangement for excitation measurements 
with crystals. The right-angle arrangement reduces stray light 
reaching the photomultiplier to a minimum. The filters are used 
to select the emission region to be studied. 


“ W. Koch, Z. Physik 57, 638 (1929). 
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efficient emissions. Sharp cutoff Wratten, Polaroid, and 
Corning filters were used to study selectively various 
regions of the emission spectrum. Some additional cor- 
roborative work with narrow band interference filters 
was also done. The data were reduced to the same scale 
and corrected to equal numbers of quanta incident by 
comparison with a plaque of sodium salicylate which 
has constant quantum efficiency in this region. No cor- 
rection for photomultiplier sensitivity was applied; as 
a result the plotted excitation bands for the ultraviolet 
emission are enhanced relative to those for the visible 
emission. No excitation of the 247-my emission band 
separate from that of the 305-my band was found at 
room temperature. This agrees with previous reports* 
and indicates that the contribution of the 247-my band 
to the total emission at room temperature is negligible. 
Excitation data are presented for the visible emission 
alone and for both the 305 my and the visible emissions. 
It was found that the very broad visible emission could 
not be entirely eliminated by the use of filters. 


C. Absorption 


The absorption spectra of several of the thallium 
doped KCI crystals were measured from room tempera- 
ture to 540°C. The optical ovens are described else- 
where” and were used with a Cary Model 14 spectro- 
photometer. The data were taken in the region from 
185 my to 280 my with considerable accuracy and detail. 
Reflection corrections were applied by subtracting linear 
base lines drawn for each curve between the extremities 
of the impurity bands. No residual effects of the heating 
were found in comparing the spectra before and after 
the high-temperature run with the exception of the ap- 
pearance of a small band at about 195 my. This band 
was uniform through the crystal, therefore not a surface 
effect, and was apparently unaffected by the presence 
or lack of impurities or by subsequent reheating. 


RESULTS 


For convenience the data will be divided into two 
sections. First the “B’’ and “C”’ bands will be discussed 
and second the data on the “‘A”’ band will be presented. 

The excitation spectra for five of the thallium-doped 
crystals are shown in Fig. 2(a) for the combined 305 my 
and visible emission bands and in Fig. 2(b) for the vis- 
ible emission alone. Comparison of the ordinate scales 
shows that the contribution of the weak visible emission 
is rather small in Fig. 2(a) so that it shows primarily 
excitation of the 305-my emission band. The absorption 
coefficients of the “A” band maxima of crystals 1 
through 5 are 101, 415, 16, 7.3, and 0.9 cm™, respect- 
ively. Crystal 6 is the undoped control crystal. No sig- 
nificance is attached to the apparent decrease of exci- 
tation with increased absorption in crystal 2 relative to 
crystal 1. 


21). A. Patterson and H. S. Goulart, Rev 


Sci. Instr. 29, 1141 
(1958) 
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Fic. 2. Excitation spectra of KCI crystals containing different 
amounts of Tl for emissions to long wavelengths (a) from 280 my 
and (b) from 385 mu. No significance is attached to the fact that 
crystal 2 has a higher thallium concentration but a lower excitation 
amplitude than 1 


In Fig. 2(a), the rise toward the short wavelength 
“C” band is clear despite relatively large correction fac- 
tors in that region. The “B” band is clearly present at 
209 my and another band" is seen growing on the long 
wavelength side of the ““B” band as the TI] concentration 
increases. 

Figure 2(b) shows the effect of removal of the ultra- 
violet emission so that now the detector sees only the 
visible region beyond 385 mu. The additional band at 
about 218 my is clearly associated with the visible emis- 
sion and with high thallium concentrations. There is 
also evidence of additional asymmetry growing on the 
long wavelength side of the 218-my band. The excitation 
spectra for the ‘‘A” band are included here for conveni- 
ence. They were taken with the same experimental ar- 
rangement as was used for the “B” and “C” bands. 
Additional “A” band spectra, with improved resolution, 
are presented later. 

The absorption spectra of KCl crystals with a low 
concentration (19 parts per million) of thallium have 
previously been reported’ for temperatures from 4°K 


to 295°K. In the “C”’ band region at low temperatures 


13 A similar band has been reported at 214 my by Ewles and 
Joshi, reference 8. 
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a single sharp band at 195 my and a very small “F 
band were found. On warming to room temperature 
the “B” band grew and the “C” band became asym- 
metric. The asymmetri ’ band can be described by 
adding to the 195-my band a band at 201 my with 
approximately half its amplitude. 

In the present work absorption measurements have 
been extended into the high temperature region. Typi- 
cal results for the “B’and “C” bands are shown in 
Fig. 3 for a crystal in which the amplitudes of the bands 
and the crystal thickness very nearly duplicate those 
used by Forré. The dashed curve is Forré’s high-tem- 
perature data. The detailed behavior in the “B” band 
region is shown in Fig. 4 for another thicker crystal. 
Similar data were obtained with NaCl: T! and with sev- 
eral different KCI:T1 crystals. No substantial growth 
of the “B” band with temperature was observed. In 
addition, as is apparent in the figures, the ““B’’ band in 
the present work was completely obscured by the ad- 
vancing fundamental absorption edge at the tempera- 
tures at which Forré reported measurements. 

A rough estimate of the thermally broadened “C” 
band’s contribution to the increase in the “B”’ band was 
made using the experimental changes in amplitude and 
half-width of the band and assuming Gaussian 
shaped bands with constant areas. The results indicated 





T ! F 


° 


ABSORPTION COEFFICIENT (Cm™') 











220 


Fic. 3. Effect temperature on the absorption spectrum in the 
region of the “B” and “‘C” bands of Tl in KCl. The dashed curve 
of Forr6” is shown for comparison. The curves are corrected for 
reflection losses by assuming zero absorption in the 26°C curve at 
220 my. The “crystal thickness is 0.036 cm. 
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that, in the present work, most of the increase in the 
“B” band region could be ascribed solely to the thermal! 
broadening of the “C” band. Thus the present data fail 
to reproduce the growth in the “B” band reported by 
Forré. The reason for these different results is not pres- 
ently understood. 

Another interesting difference between the present 
work and that of Forré is found in the high-temperature 
positions of the edge of the fundamental absorption 
band. In Forré’s KCl crystals it lies 8 my to shorter 
wavelengths than in those used in the present work. The 
same difference is found in NaCl crystals, with the ex- 
ception of Forré’s pure synthetic crystal in which the 
edge position agrees with that found here. The care 
taken in preparing the present crystals makes it seem 
likely that their impurity content is small and that the 
displacement of the absorption edge to shorter wave- 
lengths may be produced by the presence of certain im- 
perfections. Another possibility is suggested by recent 
work" in which it has been found that addition of some 
divalent positive ions to alkali halide crystals may sub- 
stantially improve their optical quality in the far ultra- 
violet. A brief investigation of this as a possible explana- 
tion of the discrepancies noted above showed that Ca 
had no large effect on the high-temperature position of 
the fundamental] edge in NaCl but that Sr in KCI did 
shift the edge to shorter wavelength and very nearly 
to the position for synthetic KCl reported by Forréd. 
Further work on this interesting effect is planned. 

In the following paragraphs the experimental data on 
the optical properties of the “A” band will be briefly 
reviewed and new results will then be presented. In 
previous work? it was shown that the single symmetric 
absorption band found at low temperatures became 
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Fic. 4. Effect of temperature on the absorption spectrum in the 
region of the “B” band of Tl in KCl. A constant reflection cor 
rection which brings the 26°C curve to OD=0 at 230 my has been 
subtracted from all the curves. The data of Fig. 5(a) were also 
obtained with this crystal (thickness = 0.073 cm). 


“ H. W. Etzel and D. A. Patterson, Phys. Rev. 112, 1112 (1958). 
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Fic. 5. (a) Effect of temperature on the absorption spectrum in 
the region of the “‘A” band of Tl in KCl. Crystal thickness in 
0.073 cm. (b) Other experimental data for comparison with Figs. 
5(a) and 5(b). The curves are al) normalized at their peaks. 
(c) Resolution of the complex A” band [curve 5 in Fig. 5(a)] 
into Gaussian shaped bands A;, Az, and A, using assumed A, 
peak position at 261 my 


quite asymmetric upon warming to room temperature. 
This appeared to be due to the growth of a second band 
at 253 my. From the abrupt shift of the “A” band 
which accompanys the change in structure from NaCl- 
type to CsCl-type at high pressures,® it was suggested 
that the 247-my band might arise from single TI* ions 
surrounded by Cl ions in a CsCl arrangement while the 
253-my band might be due to an isolated TI* ion in an 
NaC! arrangement. In addition to these bands which 
appear in absorption, an additional band at 262my 
appears in the excitation spectrum for the visible emis- 
sion.® Since this emission increases faster than linearly 
with thallium concentration, it has been suggested that 
this band arises from thallium ions in pairs or larger 
aggregates. The three bands at approximately 247, 253, 
and 262 my will be referred to as the A;, A», and 
A; bands. 
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Fic. 6. Effects of temperature on the “A” 


band absorption 
curve areas in two KCI: TI singie crystals with thallium contents 


differing by a factor of 16. Curve 1 is for the lower concentration 


and curve 2 for the higher concentration [from data of Fig. 5(a) ] 
The two low-temperature points are adjusted data from reference 
3. The areas are normalized at room temperature 


In Fig. 5(a) the “A” band absorption of a KCI:T! 
crystal measured from room temperature to 561°C is 
shown. It appears that there is a general broadening and 
shift to long wavelengths as the temperature is in- 
creased. In Fig. 6 the “A” band areas measured with a 
planimeter are plotted against temperature for two crys- 
tals with different thallium concentrations. Their room 
temperature absorption maxima, which are related to 
thallium concentration," differ by a factor of 16. Curve 
1 is for the lower concentration and curve 2 is for the 
higher concentration [ from data of Fig. 5(a) ]. The areas 
have been normalized at room temperature and the low- 
temperature points are from reference 3. It is apparent 
that the area of the “A” band decreases as the tempera- 


ture increases and that the rate of this decrease in 
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Fic. 7. The “A” band absorption at room temperature and at 
834°K for the two KCI:TI crystals used in Fig. 6. The curves are 
normalized at their peaks. The peak absorption coefficients at 
room temperature are 2.6 cm”! for crystal 1 and 41 cm™ for 
crystal 2. 
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area is dependent on the thallium concentration in the 
crystals. 

A likely reason for the dependence of the curve area 
on the thallium content of the crystal is shown in Fig. 7. 
In this figure the ‘‘A”’ bands for the two crystals in Fig. 
6 are shown normalized at their peaks and plotted at 
room temperature and at 834°K. Their shapes are iden- 
tical at room temperature despite the different thallium 
contents of the crystals. This shape actually remains 
unc hanged over the entire range of thallium concen- 
trations investigated. This indicates that the relative 
amplitudes of the A; and A» absorption bands are es- 
sentially independent of thallium concentration. How- 
ever, a significant difference in shape is found in the 
high-temperature “A” bands of the two crystals. This 
is due to the more rapid growth of the long wavelength 
tail in the higher concentration crystal number 2. Thus 
the dependence on thallium concentration of the area 
versus temperature curves in Fig. 6 is apparently due 
to the concentration-dependent growth of the long 





Fic. 8. Effect of temperature or xcftation spectrum for 
uv emission of a KC1:T! single crystal v w thallium content 
The absorption coefficient at the peak of “A” band is 7.3 cm™. 
The data are uncorrected 


wavelength tail of the “A” tail is in the 


wavelength region to be exper ted for the A3 band at 
high temperatures. Also the 


se in this region with 
thallium concentration is in agreement with the inter- 
pretation of the A; band mentioned above. 

In Fig. 5(« band absorption 
curve at 298°C can be reselved analytically into three 
it the A, As, and A; po- 
sitions. The analysis used here assumed only that the 
bands were Gaussian in shape and that the A; band 
peaked at 261 my. The positions and magnitudes of the 
other bands were derived from the data 

Thus the absorption data indicate that; (1 
temperature there is a single, symmetric A, band; (2) at 
room temperature there is an overlapping A» band at 
} +} 


has the same dependence on 


increa 


) it is shown that the “‘A”’ 


components having maxima 
} 


at low 


longer wavelength which 
thalltum concentration as the A, band; and (3) at higher 
temperature there is an overlapping A; band which in- 
creases with thallium concentration 

Further evidence for the existence of the three com- 
ponent bands indicated above is found in excitation 
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spectra taken with improved resolution. Figure 8 shows 
the excitation spectrum for uv emission of a KCI: TI 
crystal with a low Tl concentration. The emission ob- 
served in this case is almost exclusively the 305-mu 
band. The primary effect of increasing temperature is 
an increasing asymmetry at about the position of the 
Az band. It is also found that the A;/A: ratio at room 
temperature is essentially independent of Tl concen- 
tration. These facts, similar to those found in absorption 
spectra, indicate that the A; and A; centers vary in the 
same way with concentration but have different tem- 
perature dependences. 

For the visible emission, both the temperature effect 
on A; and the A;/A; ratio depend on TI concentration. 
For low TI] concentrations, the shape of the spectrum is 
unaffected by temperature. At higher concentrations, as 
shown in Fig. 9, the Az band becomes quite prominent 
at low temperature and strongly temperature depend- 
ent. This is just the opposite of the uv case and might 
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Fic. 9. Effect of temperature on the excitation spectra for visible 
emission of a KC1:TI single crystal with high thallium content. 
The absorption coefficient at the peak of the “A” band is greater 
than 400 cm". The data are uncorrected. 


reasonably be ascribed to an increasingly efficient 
energy transfer from A: to A; (visible emitting) centers 
as the number of centers and their proximity to one 
another increase. On the other hand, the A; band at 
265 my grows at a rate which seems to be consistent 
with the increase of absorption in this region as shown 
in Fig. 5. 

Although the above effects are somewhat complex it 
seems clear that there are again at least three bands 
in the A;, Az, and A; positions. Each of the bands 
will apparently show both uv and visible luminescence 
under certain circumstances. It seems likely that this 
is partly due to the closeness of the bands in energy 
and, for high concentrations, of the centers in space 
which would allow for easy resonance transfer of energy 
from one center to another. In the low concentration 
case, where this complexity is least troublesome, it 
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seems clear that excitation in the A; and A, bands gives 
rise to uv emission and in the A; band to emission in 
the visible region. 


SUMMARY 


It is felt that little doubt remains about the complex- 
ity of the “A” band in KCI:TI and that there are at 
least three component bands involved. These are called 
the A;, Az, and A; bands in this paper. The high-tem- 
perature absorption curve can be analytically resolved 
into three Gaussian bands whose peak positions match 
those of bands observed in low-temperature absorption 
and excitation spectra. 

The A, band at 247 my is the strongest and is most 
clearly seen in low-temperature absorption and excita- 
tion spectra. It increases with thallium concentration, 
decreases with increasing temperature and leads pri- 
marily to the 305-my emission band. Its suggested ori- 
gin is a center composed of a substitutional Tl* in a 
local CsCi-type environment. 

The A; band at about 253 my is seen most clearly in 
low-temperature excitation spectra. Absorption data in- 
dicate that its dependence on thallium concentration is 
the same as that of the A, band. It apparently increases 
with temperature and produces primarily uv emission. 
The responsible center has been suggested’ as being a 
substitutional Tl* ion in a local NaCl-type environment. 

The A; band (or bands) between 262 and 266 my is 
seen in excitation at room temperature and indirectly 
in its effect on the shape of the absorption curve at high 
temperature. It increases with thallium concentration 
and with temperature and produces visible emission. 
It is probably due to an interaction-type center (e.g., 
pairs or aggregates). 

The “C” band is also complex and, from absorption 
measurements, is composed of at least two bands at 
195 and 201 my. There are also the “B” band at 209 
my and an additional maximum at 218 my in high 
concentrations. 

Thus it seems clear that there are at least seven ex- 
citation and absorption bands in thallium-doped KCl. 

The Forré effect (growth of the “B”’ band absorption 
with increasing temperature) has not been observed in 
KCI: TI or NaCl: T1 in the present investigation. In ad- 
dition, a considerable difference exists between the high- 
temperature positions of the fundamental absorption 
edge observed in the present work and in that reported 
by Forré, except in synthetic NaCl. This difference is 
removed by the addition of Sr to KCI] but Ca in NaCl 
has no apparent effect. 
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A theoretical analysis is given of the properties of solid He* 
on the basis of: (1) a gas-phase Lennard-Jones “12-6” potential 
modified at small interatomic distances; (2) a Heitler-London 
type variational-trial wave function for all the atoms in the solid 
constructed from a properly antisymmetrized product of individ- 
ual atom orbitals localized on the various lattice points; (3) a 
Dirac vector model to describe the symmetry energy with an 
exchange integral deduced from (1) and (2); (4) a spin-wave 
approximation at “low” temperatures and a Kramers-Opechowski 
approximation at “high” temperatures for calculation of the free 
energy of the nuclear spins; and (5) a Debye phonon model for 
the description of the vibrationally excited states of the solid. 
On this basis, calculated values at low pressures and temperatures 
(p~30 atm; TS1 °K) are presented for: (a) the cohesive energy 


1. INTRODUCTION 
ELATIVELY little is known from experiment, at 
the moment of writing, about the properties of 
solid He’. Also, except for a few more or less qualitative 
discussions'~* with partially conflicting conclusions, 
no detailed quantitative treatment of the solid He? 
problem has as yet been presented. 

In the present paper we describe a _ theoretical 
analysis of the properties of solid He* on the basis of: 
(1) a gas-phase Lennard-Jones “12-6” potential 
modified at small interatomic distances; (2) a Heitler- 
London type variational-trial wave function for all 
the atoms in the solid constructed from a properly 
antisymmetrized product of individual atom orbitals 
localized on the various lattice points; (3) a Dirac 
vector model to describe the symmetry energy with an 
exchange integral deduced from (1) and (2); (4) a spin- 
wave approximation at “low” temperatures, and a 
Kramers-Opechowski approximation at “high” tem- 
peratures, for calculation of the free energy of the 
nuclear spins, and (5) a Debye phonon model for the 
description of the vibrationally excited states of the 
solid. On this basis we calculate several properties 
of solid He*: cohesive energy, entropy, specific heat, 
coefficient of thermal expansion, nuclear magnetic 
susceptibility, etc., at pressures p~30 atm and tem- 
peratures TS1 °K as well as obtain the melting curve 
for T<0.5 °K.* A summary of the results may be 

+t This work was partly done at the Ames Laboratory of the 
U. S. Atomic Energy Commission and was also supported in 
part at Washingtor University by the U. S. Air Force Office of 
Scientific Research 

1 J. Pomeranchuk, Zhur. Eksp. i Theoret. Fiz. 20, 919 (1950). 

2H. Primakoff, Bull. Am. Phys. Soc. 2, 63 (1957). 
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per atom; (b) the root mean square deviation of an atom from 
its lattice site: ~0.36X nearest neighbor distance; (c) the nuclear 
magnetic susceptibility which corresponds to an antiferromagnetic 
behavior with a “paramagnetic’”’ Curie temperature Tc<0.1 °K; 
(d) the variation (decrease) of T¢ with increasing pressure cor- 
responding to a possible nuclear antiferromagnetic to nuclear 
ferromagnetic transition for p~150 atm; (e) the specific heat 
which exhibits an anomaly at 70.1 °K associated with the 
alignment of the nuclear spins; (f) the thermal expansion coeffi- 
cient which becomes negative below about 0.6 °K; (g) the melt- 
ing curve which is characterized by a minimum at 720.37 °K 
and a maximum at 70.08 °K. Comparison of the theory is 
made with available experimental data 


found in Sec. 10. The present paper supercedes the 
brief and preliminary account which has previously 
appeared.°® 


2. SPIN ALIGNMENT AND NUCLEAR MAGNETIC 
SUSCEPTIBILITY OF SOLID He* 


Due to the relatively large zero point energy and 
weak interatomic attraction, a pressure of the order of 
30 atm is necessary in order to solidify He* (or He*) 
at temperatures 7<1 °K. As regards the He* magnetic 
properties, Fairbank and his co-workers® have measured 
the nuclear magnetic susceptibility of liquid He? for a 
wide range of pressures and temperatures, and of solid 
He? for pressures above the melting pressure. Some of 
their results are presented in Fig. 1. From these results 
we can conclude that the nuclear magnetic susceptibility 
of He* can be represented, to a fair degree of approxi- 
mation, by a Curie-Weiss law, 

x(T)=C/(T+Tc); T>Te, (1) 
with a pressure dependent “paramagnetic” Curie 
temperature 7¢ given in Table I. 

Figure 1 and Table I show that both solid and 


TABLE I. Values of 7c obtained from the data in Fig. 1. on the 
basis of the definition: x(7)T/C=4 at T=T, 


p (atm) Tc (°K) 
liquid 0 
liquid 25 
solid >30 


e=(),2 
e=().1 
0.1 


5N. Bernardes and H. Primakoff, Phys. Rev. Letters 2, 290 
(1959). 

*W. M. Fairbank and G. K. Walters, Suppl. Nuovo cimento 
9, 297 (1958). 
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liquid He* behave as “nuclear antiferromagnetics,” 
i.e., T¢>O. For the liquid, Table I indicates that the 
pressure coefficient of the Curie temperature, (1/T¢) 
X (dT c/dp), is —2X10-*/atm. For the solid, on the 
other hand, no systematic data on the variation of 
Tc with pressure is available though Fairbank and 
Walters* have on occasion observed susceptibilities 
corresponding to “nuclear ferromagnetic” behavior, 
i.e., to Te<0; unfortunately, the exact experimental 
conditions for occurrence of this effect are not known. 
From a theoretical point of view, since the forces 
between two He atoms at small distances are strongly 
repulsive, one can anticipate that under sufficiently 
high pressure the solid becomes a nuclear ferromagnetic 
and hence T¢ becomes <0. Our calculations in fact 
indicate that a pressure of the order of 150 atm may 
be sufficient to produce such an effect [see Eq. (23) 
below ]. It should, however, be admitted that the 
available experimental data on x(T) for solid He* are 
not certain and it is even conceivable that solid He’ 
is a nuclear ferromagnetic at all pressures above the 
melting pressure. 

Before attempting a quantitative calculation of the 
nuclear magnetic properties of solid He*, we have to 
understand the mechanisms for spin alignment in 
this solid. There are two essentially spin dependent 
terms in the effective Hamiltonian of solid He*: (1) a 
spin-spin magnetic interaction, which gives rise to an 
energy per atom AE,;>(2/2)(u?/R*), where z is the 
number of nearest neighbor atoms to a given atom in 
the solid, u the nuclear magnetic moment, and R the 
nearest neighbor distance; (2) a “symmetry” or 
“exchange” interaction between nearest neighbor 
atoms which depends on the root mean square deviation, 
5, of an atom from its lattice site and which gives rise 
to an energy per atom 


AE=> (z/2)[a,.W (R,8) +a,U (R,6) J exp[ ra i (R/6)*), 


where W and U are, respectively, the average kinetic 
energy and average potential energy per atom in the 
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Fic. 1. Nuclear magnetic susceptibility x of liquid He* and of 
solid He’ as a function of temperature according to the measure- 
ments of Fairbank and Walters, reference 6. 
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solid, and the a’s are numerical constants whose absolute 
values are of the order of unity. 

The spin-spin magnetic interaction, AZ), is the only 
term considered for the solid by Pomeranchuk' in 
his paper on liquid He*; Pomeranchuk argues that 
“symmetry” or “exchange” effects, although important 
in the liquid, should be negligible in the solid, since 
here the atoms are bound to well-separated lattice sites 
(6/R<1) so that the overlap between individual atom 
orbitals of neighbor atoms is negligible. From this 
argument Pomeranchuk concludes that, in the solid, 
spin alignment should not occur above a temperature 
To = AE\=(2/2)u?/R*,’ which for solid He?® 


[u= —2.1(ch/2M,c) = —1.1K10-** erg/gauss, 
R=3.8 A, s= 12°] 


is of the order of 10~’ °K. However, due to the smail 
mass of the He’ atom and to its weak binding within the 
solid lattice, 6/R is actually quite large in contrast to 
the heavier solids.’ Thus in solid He* the individual 
atom orbitals corresponding to nearest neighbors do 
have an appreciable overlap which produces an effective 
spin correlation much stronger than that due to the spin- 
spin magnetic interaction. This can be seen in a bit more 
quantitative detail, by using 6/R~4, W~—U=10 °K 
(see Table II, p. 972), which gives To ~ AE, ~0.05 °K. 
On the other hand, the above argument does not 
provide any information about the exact magnitude or 
even the sign of T¢, since as noted, W~ -—-U and since 
the signs of a; and a, cannot be predicted without a 
detailed calculation. However, we can conclude that 
symmetry or exchange effects represent the predominant 
mechanism for spin alignment in solid He’ at low pres- 
sures, and our discussion will be concerned largely with 
the determination of the symmetry energy. 


7 Here and below we choose our units in such a way that the 
Boltzmann constant & is a pure number equal to 1. Consequently 
energy wili be expressed in °K. 

*The value R=3.8A corresponds to an empirical value of 
0.13 g/cm* for the density of solid He’ at TS1°K and p~WO atm 
and to the assumption that the solid He’ crystal lattice is close- 
packed cubic with s=12, i.e., face-centered cubic, under these 
conditions. This assumption is consistent with the known lattice 
structures of solid Ne, A, Kr, Xe, and with the fact that the 
known lattice structures of the two forms of solid He* are also 
close-packed and is anticipated on the basis of the short-range 
character of the attractive Van der Waals forces among closed 
shell atoms. On the other hand, an experiment by A. F. Schuch, 
E. R. Grilly, and R. L. Mills (Phys. Rev. 110, 775 (1958); see 
also E. R. Grilly and R. L. Mills, Ann. Phys. 8, 1 (1959) ] indicates 
that solid He* possesses a body-centered cubic lattice for 1.5°K 
<T<3°K and 530 atm<p<150 atm; as mentioned just above, 
the existence of such a non-close-packed cubic lattice, at least 
for the states of lowest energy of solid He’, is difficult to under- 
stand from the point of view of the short range attractive character 
of the interatomic Van der Waals forces. The various results 
obtained below, while calculated for an assumed close-packed 
cubic lattice, are also expected to hold at least semiquantitatively 
for a body-centered cubic lattice. 

*N. Bernardes, Phys. Rev. 112, 1534 (1958); Nuovo cimento 
11, 628 (1959), gives 5/K for solid Ne, A, Kr, Xe. 

*C. Domb and J. S. Dugdale, Progress in Low-Temperature 
Physics, edited by C. J. Gorter (North-Holland Publishing 
Company, Amsterdam, 1957), Vol. II, Chap. 11. These authors 
give 6/R for solid Het. 
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3. THE INTERATOMIC POTENTIAL 


Within the general limitations of the Born-Oppen- 
heimer approximation, it is possible to deduce the 
properties of gaseous, liquid, and solid He’ from the 
energy eigenfunctions and eigenvalues, V,(--- Xx, Si, 

-) and E,, of the many-atom Schrédinger equation : 


N N 


2 N 
LD Vite dD LD V(X) 
M r=! il jel 


4. F7' (+++ X,,5.,° ° )|-«.| 


KW (e+ Xe,Se@,---)=0. (2) 
In Eq. (2) X, is the space coordinate of the center of 
mass of the &th atom, i.e., of the &th nucleus, and 
S, is the corresponding nuclear spin coordinate, 
V2 is the Laplacian with respect to X,, H’(--- Xe, Se, 

-) is the interaction of the N-atom system with 
external forces such as an external magnetic field, the 
walls of a container which may exert an external 
pressure on the system, etc., and V(X,;) is a spin 
independent, spherically symmetrical, phenomenolog- 
ical potential which can be considered as given and 
which ultimately reflects the Coulomb interaction 
between the nucleus and electrons of the ith atom and 
those of the jth atom. An explicit form for this phenom- 
enological interatomic potential can be obtained from 
low-temperature gas-phase data, e.g., from the second 
virial coefficient.'' In fact, it has been shown that the 
so-called Lennard-Jones “12-6” potential, 


A 
V (X;,) (x55 — 2x,;-*) = ev(x,;), (3) 
X;}" ’ 


where rox,; = X,;, and ro and ¢€ are such that 


(dV/dX)|x-=ro=0, and V(%m)=—e, 


gives a good description of the gas-phase data of all 
inert elements and the solid-phase data of Ne, A, Kr, 
and Xe up to 20 000 atm.® 

The main difficulty in finding the ¥,(---X,, S,, 

-) and E, of Eq. (2) for solid He* by the various 
standard approximation methods is connected with 
the strong singularity of the V(X,;) of Eq. (3) at 
X,;=0, i.e., with the strong interatomic repulsion at 
short In order to eliminate divergences 
introduced by these various standard approximation 
methods, we modify the V(X,;) by multiplication with 
an exponential factor 


distances. 


exp(—Ax,;—”), (4) 


and discuss the eigenfunctions and eigenvalues of 
Eq. (2) with V(X,,;) replaced by an “effective” non- 


1! See, for example, R. H. Fowler, Statistical Mechanics (Cam- 
bridge University Press, Cambridge, 1955), Chap. 10. 
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singular interatomic potential 


Vets (X ij) = v(x) exp(—Axjij-” (5) 


where A is a small parameter, <1, whose exact value 
is determined below (see Sec. 5). The factor 


exp(—Az, 


chosen as such for calculational convenience, effectively 
modifies the V(X ,;) of Eq. (3) only at small interatomic 
distances— X;;SA"/"ro —and consequently does not 
upset the fit to the low-temperature gas-phase data. 
We note that since the dominant spatial correlation of 
the atoms in solid He?’ is to individual lattice points 
with nearest neighbor distance R&4r) (see Table IT) 
and since in addition the Y, are very small for X;,; 
appreciably less than ro (W,—>0 faster than any 
power of X;; as X,;—> 0), we can write to a very good 
approximation : 


E,= (¥,.*|H|¥,)= 


v," Hots Vv, y 


where H.4; differs from the H of Eq. (2) by replacement 
of the V(X,;) of Eq. (3) by the Veur(X,,;) of Eq. (5). 


4. SYMMETRY OR EXCHANGE EFFECTS 


We now treat the symmetry or exchange effects in 
the energy eigenvalues of solid He*. For the ground-state 
energy eigenvalue of the solid, Eo, with corresponding 
ground-state energy eigenfunction, Wo, we have 


Eo= (Wo*| H| Wo) (Wo* | Hets| Vo) < (Ho*| Hert! Po), (6) 


with #o, the variational-trial approximation to Wo: 
= Wo, expressed as a suitably antisymmetrized product 
of individual atom orbitals, ¢( X.— R,)Xa4(S), local- 
ized on the various lattice points R;. Thus » is a 
variational-trial wave function of the Heitler-London 
type. Further we use the Dirac vector model" for a 
quantitative description of the exchange effects. 
According to this model, if we consider: (1) the expecta- 
tion values of the Hamiltonian operator 


(Hott) n = (®,* Hots ?, 


2 \ 


the Do =WVo, ?,- Vv), iain! ®,, 
N 
(4 @:)*,=Sa(Sp +1), 
=| 


being ordered according to the eigenvalues of 


so that (Hetso< (Het 1< (Ha)e<--+ but otherwise 
involving the same individual atom space orbitals 


2P. A. M. Dirac, The Principles of Quantum Mechanics 
(Oxford University Press, New York, 1958), 4th ed., Chap. 9. 
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¢( X.—R,); and (2) the corresponding ordered eigen- 
values 2, of the equivalent Hamiltonian operator 


N N 
2=K-3>> Yh 


> 
2 


il j=l 


(1+2¢,;-@;), 


we have the equality 


(Hott) n= 


2,, 


where 


k= f- fax. --dXye*(Xi:—R,)-- 


—WN NWN 
x[——E wey dE Vaal X | 


2M k=l i=l j=l 


gt x,-— 


«* o( X,—R,)--- ¢( X,.—R,) (10) 


is the “volume energy” of the system of He* atoms and 


Jom f faXdXeer X,.— R,) ¢*(X:—R, 


— hf? 
XK | —(V 24+ V2?) + Vere xw)| 
2M 


as 


o(X:—R,)¢(X.—R,) (11) 


is the “exchange integral’ between the atoms at R; and 
R;. The quantity: 


N WN 
—32 2 }. Ji 1+e;-@;) 


is the “symmetry energy” or “exchange energy” of 
the system of He’ atoms. From the point of view of 
Eqs. (10), (11), the use of Vor rather than V in K 
and J,; may be viewed as roughly equivalent to the 
replacement of the atom pair potential energy operator 
by the corresponding scattering operator. 

The equality of the indicated expectation values of 
H. and the corresponding eigenvalues of 2 [Eq. (9) ] 
is rigorously valid only: (1) if the individual atom space 
orbitals in the K and in the J,; of 2 are orthogonal; 
and (2) with the further neglect of terms in arising 
from higher order permutations involving three or more 
atoms. However, Van Vleck" and more recently Carr'* 
have presented “a priori” arguments showing that it is 
indeed plausible in Dirac vector model calculations to 
neglect both the nonorthogonality and the higher order 
permutation terms, and the success of theories of 
electronic ferro- and antiferromagnetism’ based on 
equations analogous to Eqs. (7)—(11) above constitutes 
a further, “a posteriori,” justification. 


3 J. H. Van Vleck, Phys. Rev. 49, 232 (1935). 

4“ W. J. Carr, Phys. Rev. 92, 28 ( (1953). 

18 See, for example, the excellent review of J. Van Kranendonk 
and J. H. Van Vleck, Revs. Modern Phys. 30, 1 (1958). 
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5. DETERMINATION OF V.« AND CALCULATION 
OF THE VOLUME ENERGY 


The volume energy A of Eqs. (8) and (10) may be 
written as: 


ai 
K(V,a; X) ; ) fax go*( X)Vx2¢(X) 
2M 
5 ff faxax o (X)y*(X’) 


— X’-+ Ry— R,|) o( X) o( X’) 


eNeWot+NeUo, (12) 


Vere is the “effective” interatomic potential of 
Eq. (5) which depends on the parameter A, V is the 
volume which enters through the lattice spacing 

R,—R,|, and a is a variational parameter appearing 
in the individual atom space orbitals which we take to be 


¢( X,.— R,) R,)*}. 


Now in solid He* most of the contribution to the 
(low-temperature) cohesive energy : 


where 


= (const )exp[ — }a*( X,- 


| Eo| > | (Do* | Aun Po )| 


== |Q| = | K+lowest eigenvalue of 


- '> > Jig(ltor: o;) || (Eqs. (6)-(12)] 
i=l j=) 

comes from the volume energy K ; hence, in minimizing 
E, with respect to the variational parameter a, we may 
neglect the symmetry energy : 

N N 

—i> S&S Jy(1+e;-e;). 

i=] j=l 
This follows since the cohesive energy per atom at zero 
pressure in solid He’ is only a little less than that in 
liquid He’ which is, empirically, 2.5 °K'* while, again 
empirically,* spin alignment in solid He’ first occurs at a 
temperature ~0.1°K which, according to Sec. 6 
below, corresponds to a numerical value of ~}(0.1 °K) 
for the nearest neighbor J,;. One can therefore, to a 
rather good approximation, find the optimum value 
the variational parameter a, and hence the 
optimum ei atom space orbitals, ¢(X) = (const) 
exp — 4a? X*], from the condition 


ag of 


(d 0a)K(V a; dA) a=ag= 0. 


Thus the ground-state energy Ey of: solid He?’ is given 
as afunction of the volume V by Eo(V,ao(V,A);A) 
~K(V ,ao(V A) ; A). 
The volume energy K(V ,ao(V A); A) and so 
EW(V ax ( V A) : d) 
* J. de Boer, Progress in Low-Temperature Physics, edited by 


C. J. Gorter (North-Holland Publishing Company, Amsterdam, 
1957), Vol. II, Chap. 1. 
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TABLE II. Calculated ground-state energies and root mean square 
deviations obtained by the method described in the text. 


R/ro ag? 5/R Wo ‘/Ne 


Solid Het: «= 10.2 °K, ro 
R8 0.35 0.93 
8.6 0.34 0.91 
8.4 0.33 0.89 
8.2 0.32 0.87 
8.0 0.31 0.85 —1.; 

Solid He®: «= 10.2 °K, ro=2.88 A; A=1/15 
7.0 0.39 0.99 —1.21 
6.9 0.38 0.97 1.22 
6.8 0.37 0.96 — 1.23 
6.6 0.36 0.92 ~1.17 
6.4 0.35 0.90 -1.13 


still depend on the parameter \ which enters explicitly 
in Eq. (12) through the Ver of Eq. (5) and implicitly 
through the dependence of ap on A. In order to find a 
resonable value for A, we calculate the ground-state 
energy, Eo(V,ao(V,A);A), and the mean square devia- 
tion of an atom from its lattice site, 


5? = (@)*| (X;— R,)?|4, 
= (o*( X,—R,)| (X,—R,)?| ¢( X;— R,)) 
= $[ao(VA) } - 


for solid He‘, where experimental values are known, 
using different values of \ and determine that which 
gives the best fit to the experimental values; this value 
of \ depends on a» and conversely ao may be considered 
as a function of A so that one can also compare with 
experiment calculated values of ao (or 4) for various 
\. We anticipate that the A appropriate to solid He’ 
will be fairly close to that appropriate to solid He* 
since the actual interatomic potential V(X,,;) is the 
same in He‘ and in He’ and since the dominant spatial 
correlation of the atoms in either the ground state of 
solid He‘ or in any of the states ®, in solid He’ is to 
individual lattice points. 

Evaluation of Eo(V,a0(V,A);A\)=K(V,a0(V,A) ; A) 
and of 5(ao(V,A)) as a function of A for solid He* shows 
that A=1/15 gives a fair description of these experi- 
mentally known" properties of solid He‘ at pressures 
«30 atm. The same value of \ used for solid He* then 
yields the corresponding Eo(V ,ao(V,1/15); 1/15) and 
5(ay(V,1/15)). The numerical results are exhibited in 
Table IT. 

The results in Table II are obtained by a variational 
calculation with respect to the parameter a; the 
lattice summation involved in Eq. (12) has been 
approximated by a summation over the first 42 neigh- 
bors in a close-packed cubic lattice (12 at a distance R, 
6 at Rv2 and 24 at Rv3). The comparison with the 
experimental data is made by assuming the values 
adopted by de Boer'® for the parameters ¢ and fo, i.e., 
e= 10.2 °K and ro= 2.88 A for either of the two isotopes. 

The approximate agreement in the case of solid He‘ 
at pressures ~30 atm between our results for A=1/15 
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and experiment progressively disappears at higher 
pressures (smaller R/ro). In particular, we predict too 
slow an increase of EZ» with pressure for solid He* and 
so presumably for solid He*. Thus, it is clear that A 
must actually decrease with increasing pressure as in 
fact one anticipates since the interatomic repulsion 
must become progressively more and more important 
in determining Ey at higher pressures. This short- 
coming of our procedure is however not serious for the 
present calculation since our interest is mainly to 
obtain at pressures ~ 30 atm a reasonably good estimate 
of the exchange integral J,; in Eq. (11). In a very rough 
fashion we can even give a discussion of several interest- 
ing phenomena in solid He* at higher pressures, say 
107-10 atm (see Sec. 6), by making a crude estimate 
of the variation of A with pressure. 


6. EXCHANGE INTEGRAL AND ITS DEPENDENCE 
ON PRESSURE 


In the preceding section we obtained for solid He’ the 
ground-state energy and the root mean square deviation 
of an atom from its lattice site based on the assumption 
that symmetry or exchange effects are negligible. 
However, as we discussed in that section, even though 
the symmetry terms do not contribute appreciably to 
the ground-state energy, they nevertheless play an 
essential role in the determination of the magnetic 
properties. 

According to Eqs. (7)—(11), we have to compute the 
exchange integrals J,; of Eq. (11) which constitute the 
starting point for a calculation of the nuclear magnetic 
properties. Since the individual J,; decrease rapidly 
with increasing separation between the lattice points 
R, and R; on which the individual atom orbitals are 
localized, we may approximate the summation over 
all pairs of atoms in Eq. (8) by a summation over 
nearest neighbors, i.e., 
energy as: 


approximate the symmetry 


y 
—i>° 
—~ 


1+9¢,;-@;) 


(13) 


pa nN 0;° Gj, 


=! 


where 7,;=1 if i and 7 are nearest neighbors and =0 
otherwise, and 


1 1 
Jas (Ran, ) ) 
15 15 
= ff faxaxrcrx—R)o* X 


ae 
x| Vx?+Vx7)+Verr(| X— X’ 
2M 
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—f? 
Jw =2(—) f dX ot (X)Vx7%¢( X—R)-4, 
2M 


I =f faxax ot X’—R)o*(X) 
XK V ete! x-— xX’ )e( X—R) ¢( X’), 


(16) 


a= fax ¢*(X—R)¢(X). (17) 
The empirical value of the nearest neighbor distance 
R and the corresponding optimizing value of the 
variational parameter a are taken from Table II, and 
for a pressure of the order of 30 atm are: R=3.80 
A=1.329,87 ao(R,1/15)ro= (6.6)'= 2.56. Evaluating 
the integrals, Eq. (17) yields: 


A=exp[_—} (aore)?(R/ro)? |= exp[— 2.9], 
and Eqs. (15), (18) give 
Jw [ex 2W [1 —} (aory)?(R/10)? JA? = —5.4«10 . 


(18) 


(19) 


where Wo= 3h*ao?/2Me=0.92 is the average kinetic 
energy per atom Gefined in Eq. (12) and also listed in 
Table II. Thus, as may be anticipated from general 
arguments, the “exchange kinetic energy,” Jw in 
Eq. (15), is megative. Further the “exchange potential 
energy,” Jv in Eq. (16), can be written as 


2 4 n 
Ju/e= (aoro)® | ( ) f dx x?(x~"@— 2x6) 
us 0 


x exp[—Ax~] exp[— } (aoro)*x*] la? 


= (aoro)*{ I (aro; A)} A. (20) 
For ao(R,1/15)ro=2.56 (see Table II) a numerical 
integration or an approximate analytical evaluation 
gives 1(2.56; 1/15) =5.6X10-, so that Eq. (20) yields 
a positive exchange potential energy : 


Ju/e=+3.2XK10-, (21) 


corresponding to the greater relative importance, even 
at p~30 atm, of the repulsive term in V4. Equations 
(14), (19), and (21) show that J, the exchange integral 
between a pair of nearest neighbor atoms, is negative: 


J=[-—5.4+3.2]x 10-%e= —0.02 °K. (22) 


From the fact that the exchange integral is negative, 
so that the symmetry energy of Eqs. (8), (13) is: 
N WN 


+} J > DL nj(1+e;-0,;), 


i~l j=l 


17 The value of R appropriate to a pressure of 30 atm, Ryo, is 
certainly less than the value of R appropriate to zero pressure 
which, from Table II, is 1.2879. It is however more accurate to 
use an empirical value of Ra=3.80 A=1.32r9 as calculated from 
the empirical density at 30 atm obtained by an extrapolation of 
the molar volume data of E. R. Grilly and R. L. Mills [Ann. 
Phys. 8, 1 (1959)] which extends along the melting curve from 
130 atm, 3.0°K to 50 atm, 1.3°K. 
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we conclude that the nuclear spins of neighboring He’ 
atoms effectively align in opposite directions in energet- 
ically low-lying states of the solid, i.e., we conclude 
that solid He* behaves as a nuclear antiferromagnetic at 
sufficiently low temperatures. At temperatures TT ¢ 
=(s/2)|J|=6|J\ [see Eq. (37) below] this spin 
correlation will be destroyed by thermal agitation; 
using Eq. (22), Tc=6|J|=0.1 °K, which is close to 
the value indicated by the susceptibility measurements 
of Fairbank and Walters.* Similar theoretical results 
for T7¢ have been obtained by Primakoff* on the basis 
of a different model for the calculation of the symmetry 
energy. On the other hand, and as we have already 
noted, Pomeranchuk! predicts Te~10-7°K in a 
treatment where only the spin-spin magnetic interaction 
energy is considered. 

The value of the exchange integral J, given by Eq. 
(22), is obtained by using values of R and ao(R,1/15) 
in Eqs. (14)-(21) appropriate to a pressure p= 30 atm. 
We have also estimated the pressure dependence of 
TCR (p) ool R(p),A(p)); (Ap)) on the basis of simple 
assumptions regarding the decrease of A (below 1/15) 
with increase of p (beyond 30 atm) and we find'"* 

1dJ 1 dT¢ 
~—1X10-*/atm. 
J dp Te dp 

Equation (23) indicates that for pressures 2 (30+ 100) 
atm= 130 atm the exchange integral J is positive so 
that for such higher pressures the energetically low-lying 
states of the solid correspond to alignment of neighbor- 
ing nuclear spins in the same direction. Thus solid He* 
may be expected to behave as a nuclear ferromagnetic 
(Tc<0) at sufficiently low temperatures (70.1 °K) 
and high pressures (p2150 atm)—a possibility by no 
means excluded by the available experimental evidence 
(see Sec. 2). In fact, our prediction of a nuclear anti- 
ferromagnetic to nuclear ferromagnetic transition for 
p~=150 atm and 750.1 °K could be connected with 
the crystallographic transition observed by Grilly and 
Mills’? at pressures ~ 100 atm so that the low-pressure 
stable (a:close-packed cubic*) and the high-pressure 
stable (8: close-packed hexagonal) crystal structures in 
solid He* may conceivably be characterized by Te>0 
and T¢<0, respectively." 


(23) 


7. NUCLEAR MAGNETIC SUSCEPTIBILITY AND 
SPECIFIC HEAT OF SOLID He’ 

Having obtained both the volume energy K and the 
exchange integral J in the symmetry energy and so 
having specified the equivalent Hamiltonian 2 [Eqs. 
(8)—(22) ], we proceed to calculate the (Helmholtz) 
free energy of solid He’ in an external magnetic field, 
F(T,V,B): 
exp[ —F(T,V,B)/T] 


<= exp[—E,(V,B)/T]. (24) 


all etates: + 


us To be published. 
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Once F(T,V,B) is known we can obtain the nuclear 
magnetization M, the entropy S, and the specific 
heat at constant volume and constant field Cy, by 
means of the usual formulas 
dynamics, viz., 


of statistical thermo- 


OF (T,V,B) 
M(T,V,B 
OB 


aF(T,V,B) 
S(T,V,B ; 
oT 
aS(T.V.B) 
Cy(T,V,B)=T 


&F (T,V,B) 


~I 


(27) 
oT oT? 
Also, for T~Tc¢, and B&<T¢/u, M is, to a very good 
approximation, linear in B so that the nuclear magnetic 
susceptibility is given by 
‘ OM(T,V,B) #’F(T,V,B) 
x(T,V,B) 
OB OB? 
(PF T,V,B) 
X(T,V.0). (28) 
| 0B BO 
In view of our previous discussion in Secs. 1, 4-6, 
we can approximately decompose the energy E,(V,B) 
of any state v of the solid He’ into: (1) the volume 
energy Eyoi(R)= K (Rao(R,1/15) ; 1/15); (2) the sym- 
metry plus spin orientation energy E,y.»(R,B)= 
eigenvalue of 


1 1 N N 
I (Rao( 2): -) L LX nj(1+0;-9;) 
5 = i-l j=] 


N 
—pB do, 
i=l 


an 


and (3) the lattice vibration or phonon energy,"® 
Fyn. (R)= ¥ n,(k, hex, (R). 
kg 
We thus have, 
E,(V,B)=Eyoi(R) + Esp;(R,B) + Epn;(R) ; 
V=NR*/v2. 


In view of Eq. (29) we can write Eqs. (24)—(28 


exp —F(7,V,B)/T] 

expL—Eyoi(R)/T] 3 expl—E,,,,.(R,B 
> : sil Eyn:>(R)/T ] 
=exp[ — Fyoi(V)/7 : 


exp[—F,,(7,V,B)/T] 


<exp[—Fya(T,V)/T], 
%k=phonon wave number; ¢=phonon polarization index; 


w,¢(R)=phonon frequency; n,(k number of phonons with 
wave number k, polarization £ in state » 


30) 
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M(T,V,B 
S(T,V,B) ipa (25) 


OF,,(T,V,B) OF,,(T,V) 


oT 
0 F on my (33) 
1 
oT? 
(PF (T,VI 
x(T,V.0 


(34) 
| 0B? 


Two different mathematical methods may now be 
used in the evaluation of the free ene rgy of the nuclear 
spins, 
expl—F,,(7,V,B)/7 

= > 

— 


sp. states: » 


1J7(R) N N 
Trace exp| —2?2, 2 


: = 


exp| 


Esp;»(R,B)/T 


the first in the case of 
second in 


“high” temperatures, and the 
temperatures. In the 
“low’’-temperature region the spin-wave method, as 
described for instance by Van Kranendonk and Van 
Vleck," is satisfactory for calculating 
F,,(T,V,B), while for “high” temperatures there exist 
several different though related procedures for approxi- 
mately evaluating F,,(7,V,B); we shall use a method 
proposed by Kramers, and developed by Opechowski.™ 

The Kramers-Opechowski method to 
F,,(T,V,B) in Eq. (35) involves the expression of 
—T \n Trace{ } as a series expansion in J/T which 
converges rather rapidly for 7>|/J|. Adapting the 
results of Kramers and Opechowski to our purpose we 
can write 


the case of “low” 


reasonably 


evaluate 


F,,(T,V,B 
VJ 


30 


where y=J/T and 6 
of A;3(y))7’, A,(yb . 
small correction for 7>>!|/ 


igher order terms in 
constitute a relatively 
and are neglected below. 


” W. Opechowski, Physica 4, 181 (1937 
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Equations (36) and (34) give: 


Nu Z s—2 s\? 
29 fe(eoY(Q 
J 2 z 2 


Equation (37) is just the Curie-Weiss law with 
Tc=—(2/2)J, i.e., in the case of a close-packed lattice, 
Tc=-—6J. From Eqs. (37) and (22) we conclude that 
solid He’ is a nuclear antiferromagnetic at pressures 
~=30 atm, with a “paramagnetic” Curie temperature 
Tc=6X0.02 °K=0.1 °K. Experimental results of 
Fairbank and Walters® (see our Table I and Fig. 1) 
indicate that T¢ is indeed close to 0.1 °K for p= 30 atm. 

We can also use Eqs. (32), (33), and (36) to calculate 
the entropy and the specific heat of the nuclear spins. 
We obtain, considering the case of no external magnetic 
field, b=0, 


Sap( i af V 0)=N(in2— T?e, 167°) -T>Te, 
C,p(T,V,0)=NT°?/8T?; TT c. 


(38) 
(39) 


These results are valid only in the “high”’-temperature 
region, T>Tc. In the “low’’-temperature region, 
TKTc¢, Fap(T,V,0), Sep(T,V,0), Crp(T,V,0), etc., can 
be obtained by a suitable adaptation of the spin-wave 
method as follows. 

According to the two sublattice model of antiferro- 
magnetism treated in the spin-wave approximation'® 
the eigenvalues, E,,.,(R,0), of the symmetry energy: 


» ¥ nij(1+e,;-e;) 


N 
j=l 


N 
4/J(R)| > 

are given by 
Exp.»(R,0) = Esp:0(R,0) +Eu [1 (hho (R) 


+n,” (k) fey? (R)}, (40) 


where E,»,o(R,0) is the spin-wave zero point energy, 
k, wx"? (R), wx (R) the spin-wave wave numbers and 
corresponding frequencies, and m,“)(k), m,@(k) the 
numbers of spin-wave quanta or magnons with wave 
number k present in the state v. Equations (40), (35) 
yield: 


F,,(T,V 0) = Esy.0o(R,0) 
+T ¥y (in{1—exp[—fux,” (R)/T)} 


+In{1—exp[—fe,(R)/T]}). (41) 


In the case of zero external magnetic field, and with 
neglect of anisotropy, the spin-wave frequencies are 
degenerate: wu," (R)=a,®(R)=a,(R). Further, at 
“low” temperatures, 7<T ¢, only spin waves with 
small wave number |k| are excited, and for these we 
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Fic. 2. Specific heat Cy of solid He’ as a function of temperature 
at a pressure 2 melting pressure in the indicated temperature 
range calculated from Eqs. (33), (39), (45), (46). 


can write.'® 


hi, (R)&(2/v3)|J(R)| |) R, (42) 


where, as before, R is the nearest neighbor distance. 

Equations (40)—(42) are derived on basis of a two 
simple-cubic sublattice model which is applicable, for 
instance, to a body-centered cubic lattice where z= 8; 
we assume, however, that these equations are also 
approximately valid with z= 12 for a close-packed cubic, 
i.e., face-centered cubic lattice. Then, substituting 
Exys. (40), (42) into Eq. (41) and using 


VR*/v2 
ae fa 
. (2r)* 

Tc, 
R,0) 


we obtain, for 7<6!} J 


Foali.0) Te 


V[0.6(T Tc)*]. (43) 


J 
Thus, from Eqs. (43), (32), (33), 
N(0.4(T/Tc)*); T&T, 


N(1.2(T Tc)*]; T<T¢. 


S,,(T,V,0) 


C.p(T,V,0) 


(44) 
(45) 


Equations (45), (39)—see also plot in Fig. 2—describe 
the specific heat of the nuclear spins at temperatures 
TKT (0.1 °K and T>T-—0.1 °K, respectively. Pre- 
liminary data of Brewer, Sreedhar, Kramers, and 
Daunt” seem to indicate a strong deviation of the 
measured specific heat of solid He* from the 7? law 
law of the Debye phonon model at temperatures 
T=0.1 °K; this deviation, if further confirmed, will 
constitute at least a qualitative experimental verifica- 
tion of the above predicted C,,(7,V,0). 

In concluding the present section it is important to 
note that the specific heat, the thermal expansion 
coefficient and the susceptibility of solid He? are 
expected, in our approximation [Eqs. (33), (39), (45), 
(46), (34), (36), (37), (52), (53) ], to exhibit “singular- 
ities’ —e.g., cusp-like or otherwise well-defined maxima 

at T~T¢ while no such singularities (at T~T7c¢) are 
found in the specific heat,” the thermal expansion 
_ ™D. F. Brewer, A. K. Sreedhar, H. C 
Daunt, Physica 24, $132 (1958) 


=). F. Brewer, |. G. Daunt, and A. K. Sreedhar, Phys. Rev. 
115, 836 (1959). 


Kramers, and J. G. 
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coefficient” and the susceptibility® of liquid He*—in 
this connection the apparent sharp break in the xT vs 
T curve of solid He* ® (see Fig. 1) is to be noted. This 
predicted striking difference in the thermodynamic 
behavior of the two phases is ultimately to be ascribed 
to the difference in the spatial correlation of the atoms 
in the solid and in the liquid which implies a correspond- 
ing difference in the character of the associated quasi- 
particles (magnons and phonons in the solid; individual 
atoms with M.,M in the liquid). This last difference 
in turn implies a difference in the corresponding energy 
level densities and so a difference in the “degrees of 
smoothness” (as a function of 7,V,B) of the appertain- 
ing free energies. 


8. ENTROPY OF SOLID He’ AS A FUNCTION OF 
PRESSURE AND THE COEFFICIENT 
OF THERMAL EXPANSION 


With the nuclear spin or magnon entropy of solid He’ 
given in Eqs. (38) and (44) we next calculate the lattice 
vibration or phonon entropy of solid He* and also the 
corresponding specific heat; Eqs. (29), (30), (32), (33) 
yield the standard results of the Debye model: 
Spu(T,V) = N[80(T/Tp)*); 


( ph ( Th = N [ 240( T/T p)? |; T< Tp, (46) 


where Tp=h{ux.:(R)}max is the Debye temperature; 
quantitatively, 7p==2«Wo,’ so that in view of Eq. (12), 
the discussion just below Eq. (19), and Table II, 
Tp=> 20 ~ * 

Thus at “high” temperatures (Tc¢«<T<Tp) or at 
“low” temperatures, (T<T¢<Tp), the total entropy 
is given by [Eqs. (46), (44), (38), (32) ] 


1 /Tc\? z \" 
S(T,V,0) y In2 ( ) +80( ) | 
16\ T Tp 


TcKT<KTp, 


‘ h T 3 
S(T,V ,0) v[oa( ) +80/ )| 
lr. Tp 
T 3 
=| o.( )]. TKTcKTp, (48) 
rT 


so that the phonon entropy is negligible compared to 
the magnon entropy at “low” temperatures. 


(47) 


Now one of the Maxwell thermodynamic relations, 


os T,p,9) OV T,p,0) 
: (49) 
ap aT 


implies that the isobaric thermal expansion coefficient, 
a(T,p,0)=(1/V (T,p,0) LAV (7,p,0)/AT], is positive or 
negative according to whether the entropy decreases or 
increases with pressure along an isothermal. Hence, 


*D. F. Brewer and J. G. Daunt, Phys. Rev. 115, 843 (1959). 
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we hav Ss 


from Eqs. (47 49), 


OV (T,p,0) aS(T,p,0 ( )( ) 
\ 
or 8\ TS AT. dp 


< Tp, (50) 


as T,p,0 ( 7 ) ( 1 —*) 
1 - 
Op Tc Tc dp 
rau*s 1 ds 
20) (Ga) h 
Tp Tp dp 


TKT 
where, numerically, 
[(1/T') (dT c/dp)] 
[(1/Tp) (dT p/dp) | 


—1X10°*/atn 


L llogT p (d logV (0,p,0) | 
al 1 logV (0,p,0)/ (dp) |= (y) (8) 
(y= Gruneisen’s constant ; 8= isothermal compressibil- 
ity at T=0 °K)=}(1.5)(3K10-*/atm)*"7; T-0.1 °K 
(Eqs. (37), (22) ]; TpS:20 °K [Eq. (46) ff.]; V(T,p,0) 
=V (0, 30 atm, 0)=24 cm*/mole.*"” Thus, Eqs. (50), 
(51) yield 
2+4.5X10~-‘T 

TcKT<KTp, 

; TKTcKT p. 


a(T,p,0)=(—5X10 ' i 


(52) 


a(T,p,0)=>(—42T*+4.5xK10-'T* (53) 


From Eq. (53) we see that the magnitudes of the 
coefficients of thermal expansion of solid He’ and solid 
He‘ below 0.1 °K should differ by a factor of the order 
of 10°5(42/4.510~*). 

The isobaric thermal expansion coefficient of solid 
He’, a(7,p,0), as given by Eqs. (52) and (53), is shown 
in Fig. 3 as a function of temperature. From Fig. 3 


we see that this coefficient is negative below about 
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0.6 °K, and exhibits an anomaly near T¢0.1 °K. 
We emphasize again that all the results of this section 
hold only for temperatures below 1 °K and for pressures 
== 30 atm. 

The isobaric thermal expansion coefficient, a(7,p,0), 
is connected to the temperature change, (A7)s, 
occurring under isentropic compression or expansion 
by the thermodynamic relation: 


a(T,p,0) 


1 <aV(T,p,0) 1 
V (T,p,0) 


aS(T,p,0) 
aT 


viT90) ap 


dS ( (= 


(FDC? 


oT 
C,(T,p,0) (AT)s 


Ee . (54) 


VT (Ap)s 

Thus for (Ap)s>0O—isentropic compression—(AT) s 
has the same sign as a(7,p,0) so that in view of Eqs. 
(52), (53) and Fig. 3 it should be possible to cool solid 
He’ by an isentropic compression if the initial tempera- 
ture is less than 0.6 °K. It should also be mentioned 
that Eq. (54) has been used by Brewer and Daunt” to 
obtain, in liquid He’, calculated values of a(p,7,0) from 
measured values of (AT)s/(Ap)s, and this method 
could be employed as well in solid He*. In addition 
Fairbank and Walters* have observed that in an 
isentropic expansion of the solid into the liquid 
(Ap)s<O—“heating occurs at the melting point for T 
below about 0.4°K and cooling occurs above this 
temperature,” i.e., the corresponding (AT)s>0 for 
T<0.4 °K. This finding however does not constitute 
unambiguous evidence for a(7,p,0)<0 for T<0.4 °K 
since (AT)s is necessarily positive in this type of 
experiment if, for example,"S.o1(7,p,0) —Stiq(T,p,0) is 
positive and sufficiently large for 7<0.4 °K (see Sec. 9). 
It is thus clear that isentropic expansion or compression 
experiments are necessary at various temperatures 
within the solid phase alone to settle [via Eq. (54) ] 
the question of the sign of the thermal expansion 
coefficient of solid He’. 

Finally, it is of some interest to give the numerical 
value of (AT)s/T(Ap)s as anticipated from Eq. (54). 
Confining ourselves to the case: TKT¢KTp, Eqs. (45), 
(46), (51), (53) yield 


C,(T,p,0) Cv (T,V,0)C,,(T,V,0) =N[1.2(T/Tc)*), 


N Trx*/ 1 dTe 
aren |t2(—) (5-5) 
c c ap 


ee 1 —*) 
V Tc dp] 


OF 


SOLID He# 


so that, from Eqs. (54), (23), 


(AT)s 1 dT¢ 

——_— => ~—1X10-*/atm. (56) 
T(Ap)s Tec dp 

This approximate equality of (A7)s/T(A4p)s and 
(1/Tc)(dTc/dp) is, of course, solely a consequence of 
the fact that for 7<T¢KTp the phonon entropy is 
negligible and hence 


S(T ,p,0)=S,_(T,p,0) = S..(T/T c(p)). 
Thus, we have 
aS(T,p,0) 
AS AT+ 
oT 
S(T ,p,0) dT¢ 
+ A 
6T ¢ dp 


OS (T,p,0) dS(T,p,0) 
, Agnemnenertll 
Op 


oT 
S(T, p,0) 
: A 
oT 


T 


T aS(T,p,0) dT 
— ——— —A 
T OT & 


whence, in an isentropic change—AS=0— 


(AT)s 1 dT¢ 


T(Ap)s Tc dp 
9. MELTING CURVE OF He* 


Since Xso1(7',p,0) > X1iq(T,p,0) for 0.1 "KSTS0.4 °K 
and p= Pmei, (Fig. 1) we expect that for these tempera- 
tures solid He’ has less spin alignment and so more 
entropy than liquid He’; since at higher temperatures 
the entropy of the liquid is greater than that of the 
solid, the melting curve—pmeir VS Tmen—should have 
a minimum for Tmen~0.4 °K. If this is true one can, 
as first pointed out by Pomeranchuk,' for instance 





P Pacey BIO otmes 








4. 





ven) 


Fic. 4. Curve A: entropy of solid He from Eqs. (47), (48) 
with suitable interpolation near 7c=0.1°K. Curve B: entropy 
of liquid He’ from experiment (reference 23). Both of these 
entropies are plotted as functions of temperature along the 
melting curve. The horizontal! dotted line corresponds to: entropy 
of solid He? = Nk \n2 and is appropriate to Tc <10~* °K. 
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melt solid He* by decreasing its temperature at constant 
pressure for appropriate values of pressure and initia! 
temperature. Direct information bearing on such an 
unusual thermodynamic behavior is clearly of consider- 
able interest. 

At the present stage of development of the theory of 
solid He* and liquid He? it is not possible to calculate 
the melting curve wholly from first principles. However, 
one can construct a relevant part of the melting curve 
of He* from the knowledge of: (1) the entropy, 
{Sso1(T,p,9)} mer=So01(T, p= 30 atm, 0), of the solid 
along the melting curve: our Eqs. (47) and (48) suitably 
interpolated near T¢; (2) the entropy, {S1iq(7,p,0)} meit, 
of the liquid along the melting curve: from the experi- 
ments of Brewer and Daunt”™ at 
first suitably extraplated to p 
Pe it ( E ons it,0) 5 


several pressures, 
30 atm and then to 
(3) the Clausius-Clapeyron equation 


{Siiq(T,p,0)} met {Sso1(T,p,0 = 
{Viiq(T,P,9)} mete { Vs01(T,P,0)} mere 
{AS(T,p,0)} mere 


{dpi TO) | 
dT 


melt 


“{AV(T,p,0)} mee 


i.€., 


Tmett {AS(T,p,0)} met 
Pmote(Tmners,0) = Po Hf . dT. 
ro {AV(T,p,0)) mer 


(57) 
(4) {AV (T,p,0)} men==AV (To, p0,0)=1 cm*/mole’’; 
T o=melting temperature for which {AS}men=0; 7; 

0.37 °K from Fig. 4; po=corresponding melting 
pressure, assumed= 29.1 atm for best over-all fit with 
experiment. Figure 4 shows {Sjiq(7',p,0)} mere (curve B), 
and {S401(7,p,0) } menrSs01(T, p= 30 atm, 0), the latter 
for two different values of T¢: (a) Tce=0.1 °K as given 
by Eqs. (37) and (22) and by the susceptibility measure- 
ments of Fairbank and Walters® (curve A): and (b) 
Te <10~-* °K ie., Te=10-7 °K as suggested by Pome- 
ranchuk! (horizontal dotted line). 

The melting curves for T7<90.5 °K, 


ha 


| oT melt 


(5) 


calculated from 


{"* T,B) 


OB 


{AV(T,p,B)} mete 
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{AS(T,p,B)} mere {AS(T,p,0)} mer {(0/AB)AS 
~ renee s 
{AV (T,p,B)} nelt {AV (T,p,9)} mere 
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Eq. (57) and Fig. 4 with the two quoted vaues of T¢, 
are presented in Fig. 5 together with typical experi- 
mental points obtained by Baum, Brewer, Daunt, and 
Edwards.2* Agreement the 
obtained with our 7; 
quite satisfactory; in 
temperatures close to T 
the other hand, the 
Pomeranchuk’s T¢=10~7 °K, 
minimum! close to 0.37 °K, lies considerably above the 
experimental points for 70.1 °K. Experiments at 
even lower temperatures (0.05 "KS 7TS0.1 °K) would 
be of great interest since a further distinction between 
our theory and Pomeranchuk’s may be obtained by 
the observation or otherwise of the maximum in the 
melting curve at 70.08 °K where our {S4o1(7,p,0) } ment 
again equals {Sjiq(7,p,0)}men. In fact, granting the 
correctness of our S,o1( T’,p,0 , the absence of such a 
maximum would imply that the linear-in-7 extrapola- 
tion of Siiq(T,p,9) for values of 7<0.1 °K? 
and that the actual S)i4(7,p,0) has such an anomaly for 
T<0.1°K (due for example to the onset of super- 
fluidity) that our {.S,01(7,,0)} mei curve does not cross 
the actual { Siiq(T,p,0)}men curve for any T<0.1 °K. 
In concluding this section, we 


between melting curve 
0.1 °K and experiment appears 
particular the 


0.37 


minimum at 
On 
with 


while also possessing a 


K is well verified 


melting curve obtained 


is incorrect 


wish to emphasize 
that all the above results hold exactly only at zero 
external magnetic field. In _ the 
magnetic field, B, we } 


such a 
ave from thermodynamics: 


presence of 


0G(T,p,B) dG(T,p,B 


-S(T,p,B), V(T,p,B), (5 
oT Op 
0G ( T,p,B) 
- M(T,p,B + pV —MB, 
OB 


{AG(T,p,B)} 
(Giiq(T,p,B)} 


Equatiens (58), (59) yield 


{AM(T,p,B)} mere C{Xriq(T,p,9)} mett— {(%so1(T,p,0) } mere |B 


{AV (T,p,0)} mers 
T,p,B R }, 


{AV 


{AS(T,p,0)} mere {(0/8T)AM(T,p,B) |p—0} merB 


ba 
{AV (T,P,0)} mer 


{AV (T,p,0)} met 


{AS(T,p,0)} mere [{OX1ig(T,p,0)/9T} mete— {OX s01(T,p,0)/AT} 
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{ A V ( T,p,0 ) } melt 


and since 
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J. L. Baum, D. F. Brewer, J. G 


(Xia T34.0) 


Daunt, and D. O. Edwards, Phys. Rev. Letters 3, 127 
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(see Fig. 1) we see that the field B decreases the value of Pmex at fixed Ty. and decreases the value of the 
temperature 7»(B) [7T)(0)=T >] corresponding to the minimum of the melting curve 
To estimate the numerical magnitude of the effects involved, we integrate Eqs. (60), (61) and obtain 


{ p' To,B ) } melt ~~ { p( T o,f )) } melt { p' To,B ) } melt Po 


{ p( T,9)} mett Po 


1/pBy? /{Tc.1iq} me 
4 4 ( 


i-{Tc sm) ( NT» ) 
To PoAV (To, po,9) 


— {0.5 10-" gauss~*} B?, 


To— To(B) 2 (*- y(; Tc: liq} melt ~~ { T c:201} =) 
To 


T O02\Ts 


={10-"* gauss~*} B*, 


so that, for example, a field of 10° gauss is required to 
shift the melting curve minimum from 7)=0.37 °K 
to T,(B)=0.33 °K. 


10. CONCLUSIONS 


In this section we summarize the results we have ob- 
tained for solid He* and compare them with experiment. 

For solid He* at low pressures, p~30 atm, and low 
temperatures, 7S 1 °K, we find: 


(1) For an empirical nearest neighbor distance 
R=3.8 A,’ our calculation gives a value of 0.36R for 
the root mean square deviation, 6, of an atom from its 
lattice site. The experimental value of 6 for solid He* 
is not known but it should be somewhat larger than 
the corresponding value for solid He* which is known 
experimentally to be 0.31R.” 

(2) The cohesive energy per He* atom in the solid 
at zero pressure is foundjto{be roughly 2.4 °K. Again 
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Fic. 5. Melting curves of He’, calculated from Eq. (57) and 
Fig. 4, for Te =0.1°K and Tc <10* °K; the dots represent experi 
mental points (reference 24). 


(63) 


there is no experimental data available for solid He* but 
its cohesive energy should be only a little less than the 
corresponding value for liquid He* which is approxi- 
mately 2.5 °K.'® 

(3) From the algebraic sign and numerical value of 
the “exchange integral’ J we predict that solid He? 
should be a nuclear antiferromagnetic at p~30 atm 
“c=0.1 °K. 
Nuclear magnetic resonance experiments® indicate that 
solid He? is indeed antiferromagnetic with Tc¢<¥0.1 °K. 
We further predict that T¢ decreases with increasing 
pressure and may even change sign at p~150 atm; 
we may thus, very tentatively, anticipate a nuclear 
antiferromagnetic to nuclear ferromagnetic transition 
in solid He* at such pressures and sufficiently low 
temperatures (7<0.1 °K). 

(4) We predict that the specific heat of solid He’ 
should exhibit a singularity at T7~0.1 °K associated 
with the alignment of the nuclear spins. Only prelimin- 
ary experimental data are available.”' 

(5) We also predict that the thermal expansion 
coefficient of solid He* should become negative below 
about 0.6 °K. Again no experimental data are available 
for solid He*, but experiments of Brewer and Daunt”* 
have demonstrated a similar effect in liquid He’. Nole 
added in proof.—S. G. Sydoriak, R. L. Mills, and E. R. 
Grilly [Phys. Rev. Letters 4, 495 (1960) ] report ex- 
perimental data indicating that the thermal expansion 
coefficient of solid He*® becomes negative along the 
melting curve for Tien <1 °K. 

(6) From (5) it that below ~0.6°K an 
isentropic compression (expansion) of solid He* should 
produce a cooling (heating) effect [1% decrease 
(increase) in T per atm for T<T¢]. Fairbank and 
effect 
0.4 °K but their results are not conclusive since they 


with a “paramagnetic” Curie temperature 


follows 


Walters® have observed such an below about 
allowed the solid to melt during the isentropic expansion. 
(7) Finally, we construct the melting curve of He’ 


(Pmett VS Time) for T<O.5 °K and predict a minimum 
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in this curve at 70.37 °K and a maximum at T0.08 
°K. The predicted minimum has recently been found 
(at T=0.32 °K) in the experiment of Baum, Brewer, 
Daunt, and Edwards.* Nole added in proof.—See in 
addition S. G. Sydoriak, R. L. Mills, and E. R. Grilly, 
Phys. Rev. Letters 4, 495 (1960), and D. M. Lee, H. A. 
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AND H. 


119, 


PRIMAKOFF 


Fairbank, and E. J. Walker, Bull. Am. Phys. Soc. 4, 
239 (1959), whose experiments show this minimum at 
0.330 °K and 0.32 °K, respectively. We also consider 
the influence of an external magnetic field on the melting 
curve and find that very high fields (~10* gauss) are 
required for an appreciable effect. 


NUMBER 3 


Lattice Dynamics of Alkali Halide Crystals* 


A. D. B. Woops, W. Cocuran,f AND B. N 
Physics Division, Atomic Energy of Canada Limited, Chalk River, Ontario, ( 


BROCKHOUSE 
nada 


(Received March 11, 1960) 


The paper comprises theoretical and experimental studies of 
the lattice dynamics of alkali halides. A theory of the lattice 
dynamics of ionic crystals is given based on replacement of a 
polarizable ion by a model in which a rigid shell of electrons (taken 
to have zero mass) can move with respect to the massive ionic core. 
The dipolar approximation then makes the model exactly equiva- 
lent toa Born-von K4rmAn crystal in which there are two “atoms” 
of differing charge at each lattice point, one of the ‘‘atoms” having 
zero mass. The model has been specialized to the case of an alkali 
halide in which only one atom is polarizable, and computations of 
dispersion curves have been carried out for sodium iodide. We 
have determined the dispersion »(q) relation of the lattice vibra- 
tions in the symmetric [001], [110], and [111] directions of 
sodium iodide at 110°K by the methods of neutron spectrometry. 


1. INTRODUCTION 


HE lattice dynamics of a crystal is described by a 
frequency, wave vector dispersion relation, inso- 

far as it is harmonic. In the last few years it has become 
possible to determine experimentally this dispersion 
relation using x-ray diffraction and neutron spec- 
trometry. The dispersion relation has been measured 
fairly accurately for several metallic'* and semicon- 
ducting*~’ crystals consisting of one kind of atom. The 
only determinations for crystals having more than one 
kind of atom*® have been by x-ray diffraction methods. 
However, there is good reason to believe that neutron 


* This paper was presented at the Washington, D. C., Meeting 
of the American Physical Society, April 30-May 2, 1959 [Bull 
Am. Phys. Soc. 4, 246 (1959)]. 

t Visiting scientist from the Cavendish Laboratory, Cambridge, 
England, now returned 

1 E. H. Jacobsen, Phys. Rev. 97, 654 (1955). Earlier references 
to x-ray work are given here 

*C. B. Walker, Phys. Rev. 103, 547 (1956). 

* B. N. Brockhouse and A. T. Stewart, Revs. Modern Phys. 30, 
236 (1958). Earlier references to neutron work are given here. 

* B. N. Brockhouse, T. Arase, G. Caglioti, M. Sakamoto, R. N. 
Sinclair, and A. D. B. Woods, Bull. Am. Phys. Soc. 5, 39 (1960). 

*B. N. Brockhouse and P. K. Iyengar, Phys. Rev. 111, 747 
(1958). 

*A. Ghose, H. Palevsky, D. J. Hughes, I. Pelah, and C. M. 
Eisenhauer, Phys. Rev. 113, 49 (1959). 

7B. N. Brockhouse, Phys. Rev. Letters 2, 256 (1959). 

* H. Cole, J. Appl. Phys. 24, 482 (1953). 

* D. Cribier, Ann. phys. 4, 333 (1959). 


The transverse acoustic, longitudinal acoustic, and transverse 
optic branches were determined completely with a probable error 
of about 3%. The dispersion relation for the longitudinal optic 
(LO) branch was determined for the [001] directions with less 
accuracy. Frequencies of some important phonons with their 
errors (units 10" cps) are: TA[0,0,1]1.22+0.04, LA[0,0,1] 
1.82+0.06, TA[$,4,3 ]1.52+0.05, LA[4,},412.324+0.06, TO[0,0,0} 
3.6o+0.1, TO[0,0,1]3.85+0.1, TOL4,4,413.50+0.1. The agree- 
ment between the experimental results and the calculations based 
on the shell model, while not complete, is quite satisfactory. The 
neutron groups corresponding to phonons of the LO branch were 
anomalously energy broadened, especially for phonons of long 
wavelength, suggesting a remarkably short lifetime for the 
phonons of this branch. 


measurements are much more accurate than are x-ray 
measurements for crystals with more than one atom per 
unit cell. Thus it seems desirable to study such crystals 
by neutron spectrometry. 

In the determination of the dispersion relation by 
neutron spectrometry energy distributions of initially 
monoenergetic neutrons are measured after scattering 
by a single crystal in known orientation. The frequencies 
vy and wave vectors q of the vibrations are inferred from 
conservation of energy and momentum between the 
neutrons and single phonons.*::" If the frequencies and 
wave vectors of the phonons are well defined, then sharp 
groups (broadened of course by imperfect resolution) 
are observed in the neutron energy distributions. The 
center of a neutron group is taken to define the energy 
(E’) and wave vector (k’) of those neutrons which had 
interacted with a particular vibration. The frequency 
and wave vector of the vibration are given by the con- 
servation equations 


E,—E' 


Q=k.—k’ (1.1.1) 


where Ey and ky are the energy and momentum of the 
incident neutrons, and ¢ is any vector of the reciprocal! 


1” R. Weinstock, Phys Rev. 65, 


1944 


1G. Placzek and L. Van Hove, Phys. Rev. 93, 1207 (1954). 
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lattice. (For the cubic crystals we shall consider, 
«= (1/a)(A,k,l) where h, k, l are a set of Miller indices 
and a is the cubic lattice constant.) 

In addition to determining the v(q) relation, it is 
important to assign observed phonons to the proper 
branch of the dispersion relation (e.g., longitudinal or 
transverse, acoustical or optical). This can be done to 
some extent from measured intensities of the observed 
neutron groups and consideration of crystal symmetry, 
but in general the intensities, and therefore the assign- 
ments to branches, are sensitive to the details of the 
interionic forces. Thus, it is very helpful to the conduct 
of the experiments to have dispersion curves and 
intensities computed from some reasonably realistic 
model of the crystal.* A calculated dispersion relation 
also makes easier the initial steps in the determination of 
the experimental relation by the method of successive 
approximation.® 

The simplest and best understood of the crystals con- 
taining two or more different kinds of atoms are un- 
questionably the alkali halides with the sodium chloride 
structure. According to the Born theory of ionic crys- 
tals,'? the atoms are ions with unit (positive or negative) 
charge, the binding being largely due to the Coulomb 
interaction between the ions, and the crystal being 
stabilized by short-range repulsive forces between near- 
est neighbors. The positive and negative ions lie on two 
interpenetrating face-centered cubic lattices, which to- 
gether make up a simple cubic lattice if the difference 
between the ions is ignored. The crystal has the full 
symmetry of the face-centered cubic lattice, facilitating 
both experiment and calculations. 

The lattice dynamics of the NaCl structure has been 
discussed by Lyddane and Herzfeld," Iona,“ Keller- 
mann,'* Born and Huang,"* and very recentiy by Lund- 
quist, Lundstrém, Tenerz, and Waller.'’ Kellermann 
computed the complete lattice dynamics for a system of 
point ions interacting with Coulomb forces and with 
central repulsive forces between nearest (unlike) neigh- 
bors. Lyddane and Herzfeld in addition took into 
account the fact that the ions themselves are polarized 
by the electric fields accompanying the lattice vibra- 
tions. However, they neglected the fact that the overlap 
forces between ions depend on the state of polarization 
of the ions, and conversely. Thus they obtained in- 
correct results. This point has been discussed for the 
special case of long waves (¢ > 0) by Born and Huang. 


2 For a comprehensive elementary treatment see F. Seitz, The 
Modern Theory of Solids (McGraw-Hill Book Company, New 
York. 1940), Chap II 

% R. H. Lyddane and K. F. Herzfeld, Phys. Rev. 54, 846 (1938). 

4M. Iona, Jr., Phys. Rev. 60, 822 (1941). 

18 E. W. Kellermann, Phil. Trans. Roy. Soc. (London) 238, 513 
1940) 

16M. Born and K. Huang, Dynamical Theory of Crystal Lattices 
Oxford University Press, New York, 1954). 

7S. O. Lundqvist, V. Lundstrém, E. Tenerz, and I. Waller, 
Arkiv Fysik 15, 193 (1959). See also J. R. Hardy, Phil. Mag. 4, 
1278 (1959). 
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In this paper we present (Sec. 2) a theory of the lattice 
dynamics of ionic crystals which takes account of the 
polarizability of the ions for vibrations of all wave- 
lengths. The theory is based on a model of an ionic 
crystal already used by Dick and Overhauser" and by 
Hanlon and Lawson” in studies of the dielectric 
properties of alkali halides, and by one of us” in a study 
of the lattice vibrations of germanium. Calculations 
from the model in its simplest form—Coulomb forces 
between all ions, each having unit (positive or negative) 
charge, and a short-range central repulsive force between 
nearest neighbors only—give dispersion curves in good 
but not complete agreement with the experimental 
results on sodium iodide. In this simple form the number 
of parameters is sufficiently small (three) that they are 
entirely fixed by the accurately measured elastic con- 
stant ¢c;, and the high- and low-frequency dielectric con- 
stants. By consideration of more complicated force 
models we are to some extent able to fix limits on the 
ionic character of sodium iodide, and on the degree to 
which noncentral first neighbor forces, and second neigh- 
bor forces, are important. 

Sodium iodide was chosen for study for the following 
reasons: 


1. The ratio of the masses of the two constituent 
atoms is large. Hence the optical and acoustical branches 
are well separated in frequency, a fact convenient for the 
experiments and desirable for study of the properties of 
the two types of vibrations. 

2. The polarizability of the sodium ions is negligibly 
small compared with that of the iodine ions, resulting in 
simplification of theoretical calculations. 

3. Large single crystals are commercially available. 

4. The neutron scattering properties are acceptable, 
which is not the case for all alkali halides. 


Both iodine and sodium have reasonably small capture, 
the scattering by iodine is almost coherent, and the 
scattering by sodium is about 50% coherent. Thus, 
about 70% of the scattering by Nal is coherent. How- 
ever, the 50% incoherent scattering by the sodium 
atoms produces a troublesome background scattering at 
energy transfers corresponding to the optical modes. 
(Since in the optical modes the light element moves 
farther, it causes most of the scattering. See Sec. 3.) 
This is especially serious since it turns out that the 
transverse optical mode has an almost constant fre- 
quency, and therefore this component of the incoherent 
scattering appears as a neutron group in the energy 
distributions at all scattering angles and crystal orienta- 
tions. This contaminant neutron group must be sub- 
tracted quantitatively from all other groups represent- 
ing phonons in this energy range. 


* B. J. Dick and A. W. Overhauser, Phys. Rev. 112, 90 (1958). 

# J. E. Hanlon and A. W. Lawson, Phys. Rev. 113, 472 (1959). 

™ W. Cochran, Phys. Rev. Letters 2, 495 (1959); Proc. Roy. Soc. 
(London) A253, 260 (1959) 
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(a) (b) 


Fic. 1. (a) Values of 1 and of « for near-neighbor atoms. (b) 
Illustrates the notation used to define the gradients of short-range 
potentials. The atoms shown are all in the yz plane. 


Measurements are presented (Sec. 4) of the dispersion 
relation of sodium iodide at a temperature of 110°K in 
the three directions of highest symmetry [001 ], [111], 
and [110]. The acoustical and transverse optical 
branches behaved in the way exprected from theory. For 
the longitudinal optical branch we obtained the un- 
expected result that even at the low temperature of 
110°K the neutron groups were not sharp, but energy 
broadened. This result suggests (Sec. 5) that at tem- 
peratures down to 110°K, at least, the longitudinal 
optical phonons have rather short lifetimes. This effect 
is to be investigated in a separate publication. 


2. LATTICE VIBRATION THEORY 


In this section we present theoretical calculations of 
the dispersion curves for two models; the point ion 
model often considered before, and the so-called shell 
model'*-* in which the polarizability of the ions is 
specifically taken into account. This model is specialized 
for Nal the iodine 
is polarizable. Theoretical discussions of several 
topics which are not directly applicable to the experi- 
mental work on sodium iodide are given in three ap- 
pendixes. These topics include a discussion of the effects 
of ionic polarizability on elastic constants, the effects of 


to the case in which only one ion 
ion 


introducing noncentral interactions and interactions 
between second neighbors, and a discussion of the 


properties of crystals in which both ions are polarizable. 


2.1 Theory of Vibrations of a Lattice 
of Point Ions 


Since the present work is an extension of Keller- 
mann’s,'® we begin with a brief summary of his treat- 
ment of the problem, at the same time explaining our 
own notation. We shall find Figs. 1(a) and 1(b) useful 
in defining certain terms. In Kellermann’s approxima- 
tion the atoms are regarded as exerting short-range 
“overlap” forces between nearest neighbors only, with 
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Coulomb interactions between ions throughout the 
crystal. The polarizability of the ions is neglected. The 
force between nearest neighbors is taken to be a central 
force, so that the energy per unit cell is given by 

VAs 


au + 6b (2) (95), 


(2.1.1) 


where ay is the Madelung constant, 279 the side of the 
(cubic) unit cell and Ze the charge on the positive ion 
(e= +4.803X 10-” esu). Two parameters A and B are 
defined in terms of the derivatives of the overlap 
potential &‘” by 


and 


d’ 
a 
dr? r =r 


where v= 2r,* is the volume of the (trigonal) unit cell. 
The appearance of e?/2 in these definitions is merely a 
convention which makes A and B of a convenient order 
of magnitude. Kellermann takes Z=1 throughout his 
work. We use the superscript (R) to distinguish quanti- 
ties associated with the repulsive interaction between 
ions from those associated with Coulomb interaction, 
for which we use the superscript (C). Kellermann shows 
that for the static lattice to be in equilibrium, 


B . 2ayZ > —] 165Z°. 


and that the elastic constants are given by the ex- 
pressions 


C44 0.696 Ze ‘ 2ro' 


and the compressibility 8 by 


A+2B). 


127, 


In general a force constant between atoms of type « and 


x’ in unit cells / and /’ will be written as 


oe 
(1x l'’ ?., 
Oxdy 


7 ee 
KA K 


f ‘ 


Lx L's’ t o?., lx l'x’). 
,,‘* (ix,l’x’) will usually be zero unless the atoms are 


nearest neighbors. If we take x= 1 to denote the positive 
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ion, and label the unit cells as shown in Fig. 1(a), it 
follows from these definitions that 


,.*) (01,02) =4,,* (01,12) = etc. = &B/2r, 
(2.1.4) 


and 
,,“®) (01,02) =#,,"" (01,12) =etc.=e€A/2r. 


Other force constants such as ,,‘*) (01,02) are identi- 
cally zero. 

In a lattice vibration, the displacement u(/x) of an 
atom from its equilibrium position r(/x), due to a normal 
mode of wave vector q(¢=2/A) and circular frequency 
w is given by 

u(/x) = U(x) expi(q-r(/x) —wi). (2.1.5) 
The direction of U specifies the polarization of the mode 
(note that polarization frequently occurs with another 
meaning). We now define quantities to which we shall 
refer as coefficients, 


R.,(xx’)= —> o,,°" (lx,)'x’) 
Y 


X exp{iq-[r(l’x’)— r(x) }}, 


and (2.1.6) 


Cay (xx) = — Dd bz, (lx, Ie’) 

~ 

Xexp{iq:[r(l’x’) — (lx) }}. 

Their sum, which is similarly related to ®,,(/x,/’x’), is 
given by 

M 2, (xx) = Ray (xx) ALC ay (xx’). 
The coefficients R.,(«x’) are fully determined by the 
parameters A and B, for example, 
R,,(12)=—-(é v)[A COS 2% o 


+ B(cosg,ro+cosg.to) }, (2.1.7) 


when only nearest neighbors interact. From their 
definition in terms of the electrostatic potential, it 
follows that 


a 1 
C,,(11) = —e? lim |= —— ——) expia-n} 
OL: dxdy\|r—r;| 


and 


Cz, (12) =e? expiq:[r(2)—r(1) } 


a 1 
x lim [= —(.- ) expia-s:} 
ror(D—92) Lt O@xdy\ | r—r;| 


In these expressions r; denotes a lattice translation and, 
for a sodium chloride type of structure, r(1)=0, r(2) 
= (ro,0,0). These quantities were evaluated by Keller- 
mann using the Ewald method, and have been tabulated 
for 48 positions of q in the unique volume of the Bril- 
louin zone. It is more convenient in this case to use 
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corresponding dimensionless functions of q, given by 


(Ci) ay _ (x, AVC ay (1 1 ), 
and 


(2.1.8) 
(C2) y= — (v/e)C xy (12). 


(Ci) ez and (C2)s2 then tend to the same value at g=0. 
The fact that (C,).. and (C)),, tend to different values 
as g—> 0, +8x/3 and —4n/3, respectively, for q along 
[100] is well known." 

The equations of motion of the ions lead to the set of 
equations 


Dd CM ay (un!) — me beySee \Uy(«’)=0, (2.1.9) 
“y 


and the condition for the solubility of this set of equa- 
tions then gives a determinantal relation for w(q), 


M—Ima#| =0, (2.1.10) 


where J is the unit matrix of order six, and the elements 
of the matrix M are the coefficients M,,(««’). For the 
type of lattice we are considering, where every ion is on 
a center of symmetry, M,,(12)=M,,(21), and, if only 
nearest neighbors interact and the ions are not polariza- 
ble, M.,(11)=M,,(22). 

Kellermann’s theory accounts quite well for the 
measured elastic constants and the infrared absorption 
frequency of sodium chloride, and leads to a frequency 
distribution of the normal modes which explains quanti- 
tatively the variation of @p with temperature. The 
theory is, however, inconsistent with the dielectric 
properties of the alkali halides, since the polarizability 
of the ions is neglected. Lyddane and Herzfeld" had 
shown, prior to Kellermann’s work, that when this is 
taken into account, there is wide disagreement between 
the calculated and measured values of the infrared 
absorption frequency, and indeed the lattice should be 
unstable against certain vibration modes (see later). 
They attributed this to their neglect of the fact that the 
short-range interaction between ions is dependent on 
the state of polarization of these ions, and vice versa. 
The theory given in subsequent sections takes this 
factor into account. 


2.2 General Theory with Polarizable Ions 


The connection between the polarization of ions and 
the repulsive force between them has recently been 
considered by Yamashita and Kurosawa,” by Dick and 
Overhauser,'* and by Hanlon and Lawson.” These latter 
authors'*-* have independently suggested a “shell 
model” for an ion having a closed electron configuration. 
Their models are somewhat different, particularly as to 
the charge in the shell, which represents the outer 
electrons. We have used this model with certain exten- 
sions in an attempt to give an improved theory of the 


J. Yamashita and J. Kurosawa, J. Phys. Soc. Japan 10, 610 
(1955). 
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lattice dynamics of ionic crystals. A simple version of 
the theory which applies when only the negative ion is 
polarizable is found to be in fairly good agreement with 
our experimental results for sodium iodide. The general 
treatment is applicable to any diatomic cubic crystal in 
which the surroundings of each ion have tetrahedral 
symmetry,'® and therefore includes NaCl, CsCl, ZnS, 
and isomorphous structures. The theory remains within 
the framework of the Born-von Karman theory; in 
particular both the harmonic and the adiabatic approxi- 
mations are utilized. In the Born-von K4rmén theory 
the energy perturbation in the lattice is written 


$,=—§ > Sd Oy, (la, I'x’) us (Ix) u, (l'e’), 
ac’ ll’ xy 


(2.2.1) 


where for an alkali halide x assumes the values 1 and 2. 
The equations of motion 


m,tix (Ix) = — 0b./du,(Ik), 


then lead to Eqs. (2.1.9). The summation (2.2.1) is now 
extended over four values of x, «= 3 denoting the shell of 
the positive ion, x=4 that of the negative ion while 
indices 1 and 2 refer to the corresponding cores. The 
charge in a particular unit « (core or shell) is taken as 
Xe, Xe, Vie, Yre, for x=1, 2, 3, and 4, respectively. 
The charge on the positive ion is then Z;e= (X,+ F)e, 
and on the negative ion, Z.e=(X,+Y:)e, while 
Z:+Z,=0. 

Che force constants coupling a shell isotropically to 
the core of the same atom are denoted by &; and k, for 
the positive and negative ions, respectively. The polariz- 
ability of a free negative ion is then Y,*e?/k,; we shall 
find, however, that its value is reduced in the crystal. 
Separate symbols for the short-range force constants are 
introduced as follows: 


,, (5) (13,1'4), 
®,,)(I1,1’2), 
$,,"(1/'4), 
,,‘")(13,!’2), 


between the shells, 
between the cores, 
core of positive to shell of negative ion, 
shell of positive to core of negative ion. 


Although it is not dictated by the physics of the 
problem, we propose to assume that the two latter force 
constants are equal. This makes the interaction between 
two ions completely symmetrical and simplifies the 
analysis, besides being physically not unreasonable. 
There are coefficients corresponding to the various force 
constants [Eq. (2.1.6) ]. For example, 


S2,(34) = -> #,,' S) (13 J'4) 
rr 
<expiq:[r(l’2)—r(/1) }. 


In this definition use has been made of the fact that 
r(/2)=r(/4) and r(/1)=r(J3). D,,(12) and F,,(14) 
= F,,(32) are similarly defined in terms of the appro- 
priate force constants. S,,(34) for example will be given 
by an expression similar to Eq. (2.1.7), although not 
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necessarily involving the same parameters A and B as 
appear there. 

The matrix M of Eq. (2.1.10) is of order six for a 
cubic diatomic crystal. Use of a shell model with both 
ions polarizable raises the order to twelve. Fortunately 
however, when q is in one of the directions [109], [110], 
or [111] the set of Eq. (2.1.9) can be reduced to three 
separate sets, [or in other words the determinant 
(2.1.10) factors], each of which determines w(q) for a 
single mode, for which the polarization is fixed by the 
space-group symmetry of the crystal. For example, 
with q along [100], U,=U,=0 in Eq. (2.1.9) (for a 
longitudinal mode) and Eq. (2.1.9) reduces to 


ms U (x)= >> M(xx’)U(x’), (2.2.3) 


where in this case M (xx’)=M,.(xx’). A similar expres- 
sion applies whenever the direction of U is fixed by 
symmetry, and, in general, M(xx’) of Eq. (2.2.3) is a 
linear combination of M .2(xx’), M «,(xx’), etc. Symbols 
such as M(xx’), R(xx’) without the suffixes will always 
denote such a linear combination. Explicit formulas, for 
the three possible directions of q are given in Table I. It 
follows that when q is in a symmetry direction the 
matrix M is only of order four even when both ions are 
polarizable. 

Equations (2.2.3) must be invariant under a uniform 
translation of the crystal, that is, there must be a solu- 
tion with w=0 corresponding to U(1)= U(2)= U (3) 
=U(4). Hence {>> M(xx’)}..0=0. Use of this fact 
together with previous definitions gives 

M(11)=4,4+-D(11)+F(11)+XC (11), 
M (12) = D(12)—X,XC(12), 

M (13) = —&,+-X,Y,C(11), 
M(14)=F(14)—X,YC(12), 

M (22) = kot D(22)+F(22)+-X/C (11), 
M (23) = F* (32) —X2¥1C*(12), 

M (24) ss kot+ X2¥C( 11 RB 

M (33) = ky a S(33) +- (33) + YC ( 1 1 hy 
M (34) = S(34)— ¥,Y,C(12), 

M (44) =k. + S(44)+F(44)+ YC (11). 

Taste I. Explicit expressions for the matrix elements M (x«’) 
for modes in the symmetry directions derived following 
Kellermann.* 

Mode (q) 

1{100] 
{100} 
Li iil 
T[itt 
£1110 


T1100 


Polarization 


* See reference 15, pp. 540-542 
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The remaining coefficients can be written down by using 
the fact that the matrix whose elements are the M (xx’) is 
Hermitian. The following conditions then hold 
{D(11)+D(12)} ~0=0, 
{ 5(33)+ 5(34)) o=0, 
{ F(11)+ F(14)} -0=90, 
{C(11)+C(12)} o= 9. 
When only nearest neighbor atoms interact with short- 
range forces, as will be assumed in most of this work, 
D(11), S(33), etc., are constants, independent of q, and 
the notation may then be simplified by writing 
D= D(12), 
S=S(13), 
F=F(14), 
and 
Do= D(11) = D(22) = — (D) ,~0, 
So=S(33) =5S(44) = —(S)o-0, 
Fo= F (11) = F (22) = F(33) = F (44) = — (F) qo. 

Making use of the definitions of C; and of C; [Eq. 
(2.1.8) ], Eqs. (2.2.3) written out in full become 
my U (1) = [ki t+Dot+FotX2(2/2)C, JU (1) 

+[D+X1X2(e/0)C2 JU (2) 
+[—kitXi¥i(e/2)C1]U (3) 
+[F+X1¥2(2/2)C2 JU (4), 
my U (2) = [D*+X2X 1(e/2)C,* JU (1) 
+[ het Dot+Fot+X2(2/0)Ci JU (2) 
+[F*+X2¥1(e/0)C2* JU (3) 
+[—het+X2V2(e/2)Ci JU (4), 
my U (3) = [— kit ¥1X1(2/2)C, JU (1) 
+[F+¥iX2(e/2)C2 JU (2) 
+[hkitSotFot ¥i2(e/2)C,]U (3) 
+[S+¥i¥2(2/)C2 JU (4), 
mys U (4) = [F*+ ¥2X1(e2/0)C2* JU (1) 
+[— het ¥2X2(e/0)C, JU (2) 
+[S*+ V2¥1(e/0)C2*]U (3) 
+[hot+So+Fot ¥o?(2/2)Ci JU (4). 


(2.2.6) 


We may now introduce the equivalent of the adiabatic 
approximation by setting m;=m,=0, so that the shells 
occupy positions of equilibrium at each instant. Using the 
third and fourth equations one may then eliminate U (3) 
and U(4) from the first and second equations, which 
then in principle provide a solution of the problem. 

It is, however, both convenient and illuminating to 
express these equations first of all in terms of coordi- 
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nates U(1), U(2), and W(1)=U(3)—U(1), W(2) 
=U(4)—U(2). These quantities are related to the 
dipole moments p(/1) and p(/2) by the equations 


p(/1)=e¥,W (1) expiq-r(/1)—wt ], 
and similarly for p(/2). We comment on the significance 
of this later. On adding together the first and third of 
Eqs. (2.2.6), and the second and fourth, and introducing 
W(1) and W(2), we obtain 
my U (1) =[RotZ2(2/2)C, JU (1) 
+[R+Z,Z(e/2)Cy]U (2) 
+[Tot+Zi¥1(2/2)C,W (1) 
+[7+Z,¥2(2/0)C2]W (2), 
my?U (2) =[R*+Z2Z;(2/0)C2*U (1) 
+[RotZ2(E2/0)C; JU (2) 
+[7*+Z2Y ;(€2/v)C2* |W (1) 
+[To+Z2¥2(2/0)C, JW (2), 
0=[Tot Vi2Z(e/v)C JU (A) 
+[T+ Y:22(2/v)Cz ]U (2) 
+[Tothit V2 (e/2)C,]W(1) 
+[S+Y,¥2(e/2)C2 |W (2), 
O=[T*+ V2Z.(e/2)C,* JU (1) 
+[Tot V2Z2(2/2)C, JU (2) 
+[S*+ ¥2¥i(2/0)C.* JW (1) 
+[Tot kot V2 (e/0)C1]W (2), 
where R= D+S+2P, and 
T=S+F. (2.2.8) 


It will be noticed that Eqs. (2.2.7) are somewhat more 
symmetrical than Eqs. (2.2.6) from which they were 
derived. Equations (2.2.7) could, in fact, have been 
derived in another way, which consists in expressing 
the energy perturbation [4, of Eq. (2.2.1)] as a 
quadratic function of the nuclear displacements u(/«) 
and the atomic dipole moments p(x). Tolpygo” and 
Mashkevich and Tolpygo” have given a wave-mechani- 
cal justification for this procedure, using the tight- 
binding approximation. Their analysis was not taken in 
a direction that would lead to Eqs. (2.2.7), however, and 
their expression for the energy perturbation does not 
include terms which correspond to the coefficient S in 


. Eqs. (2.2.7). A theory resembling that of Mashkevich 


and Tolpygo in some respects has also been proposed by 
Yamashita and Kurosawa.” Equations (2.2.7) may be 
derived in a purely phenomenological way by postulating 
an expression for the energy perturbation ®, of the form 


#K. B. Tolpygo, J. Exptl. Theoret. Phys. (U.S.S.R.) 20, 497 
(1950). 

* V.S. Mashkevich and K. B. Tolpygo, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 32, 520 (1957) [translation: Soviet Phys.—JETP 5, 
435 (1957)]. 
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Here E(/x) is the effective field at r(/x) and a, is the 
polarizability that an atom of type « would have in 
the absence of short-range interaction between the 
dipoles (that is, when #,,°5 =0). The actual polarizabil- 
ity of the atom in the crystal is not quite the same as 
a,. Further discussion of this point will be found in 
Appendix 3. The constants Yx« are now to be regarded 
simply as normalizing factors ;when they are equal they 
could be incorporated in the “generalized force con- 
stants” #,,'" and #,,°*) to give an expression com- 
pletely symmetrical in « and in p, the coordinates and 
dipole moments. Use of the expression (2.2.9) with the 
equations of motion given by Mashkevich and Tolpygo” 


OP» 
m,ti,(lx)=— , O 
Ou, (Ik) 


OP, 
Opz(Ik) 
leads eventually to Eqs. (2.2.7 

However derived, Eqs. (2.2.7) provide in principle a 
solution of the problem, for on elimination of W(1) and 
W (2) we obtain two equations which may be written 


). 
7 


my’ U (1)=A (11)U (1) +A (12) U (2), 


: a (2.2.10) 
A*(12)U(1)+A (22)U(2), 


mx U (2) 
leading to the characteristic equation 
A(11)—mw? A(12) 
0, (2.2.11) 
A*(12) A(22)— maw? | 
as the condition for solubility. If the analysis is extended 
to include short-range interaction between other than 
nearest neighbors, the form of Eq. (2.2.7) is unchanged, 
except that coefficients such as Ry are not constants, but 
must be replaced by R(11) and R(22) which are func- 
tions of q. 


2.3 Negative Ion Polarizable 


The general result obtained for the elements A (11), 
etc., of Eq. (2.2.11) by eliminating W(1) and W(2) from 
Eqs. (2.2.7), is very cumbersome, and we shall consider 
only certain special cases in detail, the first, which is 
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applicable to sodium iodide, being the situation when 
only the negative ion is polarizable. In this case kik= ©, 
ko=k, and Y.= Y. Since the short-range interaction can 
be described in terms of two coefficients, involving force 
constants between the positive ion and the shell of the 
negative ion, and between the positive ion and the core 
of the negative ion, we may set F=O and retain only S 
and D. When each ion is on a center of symmetry, as in 
an alkal' halide, we have A(12)=A(21)=A*(12). The 
polarizability of the negative ion is given by 


where 


It is then found that 


A(11) 


a] 


(R+So)Z 


26 7) 
=|}. 


lere f is simply a convenient abbreviation 
1+ (a@/v)C}. If k—» ~ these results become 


A(11)=A(22)=Rot+ZeC1/2, 
A(12)=A(21)=R-—ZC3/2, 


for 


which are just the expressions for the point ion model 
and are identical with those results of Kellermann which 
apply when q is in a symmetry direction. In particular 
the coefficient R, which from Eq. (2.2.8) appears here 
as D+, is seen to be identical with the coefficient R 
defined in Sec. 2.1. In other words D+-S, as might be 
expected, is the coefficient of the interaction of the ions 
when they behave as rigid units. Returning to Eqs. 
(2.3.2) we introduce a parameter 


d= —So¥/(k+S (2.3.3) 


This quantity is positive, since Y is negative. It is a 
h 
i€ 


measure of the polarizability of the negative ion under 
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the action of the short-range forces. Equations (2.3.2) 
may then be written 


S*e*d? 
A(11)=Ryo———— 
Saf 


9 


er Ss £2 
+ nert220d. + cr-c)} 
v So v 


Se*d? 
Soa f 


e S 
+] -zertde(c.-c-)| 
v So 


ed? é? 
A(22)=Ro——-+—[ZC(Z—2d)]. 
vf 


a; 


A(12)=R- 


We note that S is involved only in the sum R= D+5S, 
and in the ratio S/So, from which it follows that the 
experimental results will not enable us to determine D 
and S separately, that is, we cannot deduce what 
proportion of the overlap force acts through the shell. 
If we assume that this force acts entirely through the 
shell, then D=0 and an experimental determination of 
the values of Ro= So, d and a will give values for Y and k. 
When g=0 we have S= —So, D= — Dy (Eqs. (2.2.5) ] 
and C;=C,. It follows that A(11)=A(22)=—A (12), 
when g=0. There is then a solution of Eq. (2.2.11), 


(uw0*) 9 o= Ro- —— +— 
a v 


e*d? ¢? ("| 


1-+aC,/V 

where the reduced mass p= mm2/(m,+mz2). The fre- 
quency of the transverse optic mode, wr, may be ob- 
tained by setting C,= —42/3 and that of the longi- 
tudinal mode, wz, by setting Cj=+82/3. From Eq. 
(2.3.1) we have, however, that 


4ra\~! €+2 8ra\~! €+2 
(:- ) and (4— =—, 
31 3 30 3e 
so that 


(2.3.6) 


’ 


=) 4mre?(Z—d)*(e+2) 
a Ov 
and 


e*d? 8re?(Z—d)*(e+2) 
(wos!) a (Re )+= ————. { 
a Ove 


2.3.7) 


When the positive and the negative ions are relatively 
displaced, as rigid units, by an amount u, the overlap 
force acting on each is (Do+So)u=Rou. From Eqs. 
(2.3.6) and (2.3.7) we see that use of a shell model for 
the negative ion replaces Ro by an “effective coefficient” 
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Ro’ = Ro— &d*/a and replaces the ionic charge Ze by an 
“effective charge” Z’e= (Z—d)e. In this last respect our 
result agrees with that of Born and Huang."* 

It is of some interest to show that these equations are 
consistent with the general™ equation €o/¢= (wz?/wr’) qo. 
Returning to Eq. (2.3.5) and introducing Ro’ and Z’ we 
obtain 


wz? Ro’ + (82/3v)(Z'e)?/ (14+ 82/30) 
y —— 
wT qno Ro’ — (4 /30)(Z'e)?/ (1—44a/30) 


If we now define 


ar= (Z'e)*/Ro' = (Z—d)*e/(Ro—@'*/a), (2.3.9) 


this result becomes 


——. (2.3.10) 


(““) 1+ (82/3v)(ata;) 1—42a/30 
a = . xX- 
wr? T awo ~1—(42/30)(at+azr) 1480/30 


If we now consider the state of equilibrium of a system 
of cores and shells in an electric field, applied in such a 
way that there is no depolarizing field, we find that the 
ratio of polarization P to effective field E is 


P fees 


= + 
k+So 


e ata, 
E 


=. (2.3.11) 
Ry 7 v 


If the applied field is of such high frequency that the 
cores do not move, the term a; does not appear. This 
enables us to identify a and a;, respectively, as the 
electronic polarizability of the negative ion, and the 
ionic polarizability of the contents of one unit cell. The 
electronic polarizability is related to the high-frequency 
dielectric constant e by 

e—1 


=—., (2.3.12) 
3v et2 


41a 


while the static dielectric constant é is similarly related 
to the total polarizability, that is 


4n(ataz) e—1 


; (2.3.13) 
3n €o+2 


When these results are used to eliminate a and a; from 
Eq. (2.3.10), the equation reduces to wz?/wr*=e/e. 
When both ions are polarizable the derivation is more 
cumbersome, but the same final result is obtained. 


2.4 Calculations of Dispersion Curves 


We have computed dispersion curves for NaI in the 
three symmetric directions [100], [111], and [110], on 
the basis of the two models previously discussed—the 
point ion model, and the shell model with one ion only 


* R. H. Lyddane, R. G. Sachs, and E. Teller, Phys. Rev. 59, 673 
(1941). 
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polarizable, and forces acting through the shell. The 
calculated curves are shown in Fig. 2 together with 
experimental points to be discussed later. In the calcula- 
tions on the point ion model the single disposable 
parameter was fixed by means of the elastic constant 
€11. In the calculations on the shell model the three dis- 
posable parameters, selected to be Ro=So, d, and a/», 
were fixed by means of cy; and the high- and low-fre- 
quency dielectric constants, « and €, by using Eqs. 
(2.1.3), (2.3.12), and (2.3.13). (In addition the experi- 
mental value of the lattice constant 27) was used.) The 
values used are shown in Table II. The value taken for 
C1, when the computations were carried out was slightly 
smaller than the best value now obtainable, based on the 
measurements of Dalven and Garland.*® The dielectric 
constants were taken from a compilation by Born and 
Huang.'® In Table III the elastic constants, dielectric 
constants, and infrared absorption frequency, (wr) g~o,'* 
as measured and as computed on the shell model, are 
compared. The differences in the values of (wr),-o are 
compatible with the changes with temperature found 
experimentally for NaCl and KCl.” 


TABLE II. Values of constants used in calculations 
on the shell model for Nal 


ro=3.21 
ro =66.0 At 
So= (e/v)(A+2B)=3.22XK 10 dyne/cm 
So¥ /(k+So)=0.31 
a/o= Y*%e/(k4+-So)v=0.093 
From these are found 
k=25.5X10' dyne/cm 
Y | = 2.76 electrons in shell 
and 
the “effective charge” Z(1—d)=0.69 


#6 R. Dalven and C. W. Garland, J. Chem. Phys. 30, 346 (1959) 
%¢ M. Hass, Bull. Am. Phys. Soc. 4, 142 (1959) 


Fic. 2. The dispersion relations 
or sodium iodide in the [001], 
110], and [111] directions. The 
points were determined by experi- 
ment at 110°K. Some points in the 
001] direction are not inde- 
pendent ’of corresponding points 
in the [110] direction. Such points 
have been joined by a thin hori 
zontal line. The solid curves have 
been calculated from the shell 
model and the dashed curves from 
the point ion model. These curves 
coincide for the transverse branches 
in the [111] direction. The slopes 
of the heavy solid lines indicate the 
appropriate velocities of sound as 
calculated from the elastic con 
The thick vertical bars 
the uncertainties in 
and (vito)g-0 deduced 
from existing knowledge of wo, «, 
le 
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stants 
represent 


VTO) qa 


As a matter of interest we also computed the disper- 
sion curves in the [100] direction for the case in which 
field polarizability is included, but distortion polariza- 
bility is not taken into account. The results (Fig. 3) 
show the instability already mentioned in Sec. 2.1, that 
is, some of the acoustic frequencies become imaginary. 


3. NEUTRON SCATTERING THEORY 
3.1 Coherent Scattering 


The differential cross section per primitive unit cell 
for scattering by phonons of the jth branch into one 


neutron group satisfying Eq. (1.1.1) can be written as®-*7 


oj(ko > k’ 3.1.1) 


" ° 


For phonon annihilation 


N;=[exp(hv/keT)—1 |} 


(neutron gain of energy) 


is used; for phonon creation 


TaBLe III. Comparison of ex] 
constants, and infrared frequencies 


shell model 


and dielectric 
those calculated on the 
units of 10" dyne/cm? 


yerimental elastic 
witk 


The elastic constants are in 


Experimental Calculated 
ne 0.359" 
Cw 0.075* 
Cas 0.0768* 
? 91 
6.60 
6.18 (est 


0.3504» 
0.0758 
0.0758 
2.91» 


€ 

€0 R.T 
€o(110°K) 
wr(110°K) 
wr(R \r.) 


6.18” 
2.31 10" 


2.20 10" 


© Extrapolated to 110°K from data of 
measured in range 180°K to 300°K 
> Values used to fix disposable 


Dalven and Garland (reference 24) 


nstants 


71. Waller and P. O. Froman, Arkiv Fysik 4, 183 (1952). 
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(neutron loss of energy) N;+1 is used. The geometrical 
factor 


J ;=1+ (h/2E’)(k’ -grad,v;], (3.1.2) 


where «=+1, —1 for neutron energy loss or gain, 
respectively, sums over the number of normal modes 
contributing to one neutron group. In the notation of 
Sec. 2 the structure factor g; for inelastic scattering 
(with q in the symmetry direction) is given by 


(E&;-Q)? b.? [b,/b.+U;(2)/U;(1) ?? 
(4,2) =——_ — — - 
Vv; mys m,/mo+(U;(2)/U;(1) 


where 5, and b2 are the bound coherent scattering ampli- 
tudes of the two types of atoms, m, and mz, are the 
masses of the two atoms, and &; is a unit vector in the 
direction of polarization of the waves. The plus sign is 
used for even ¢ points and the minus sign for odd. [The 
Debye-Waller factor «?” has been assumed to be the 
same for the two types of atoms. If the two atoms have 
different Debye-Waller factors the ratio b,e~'/bee~"* 
appears in the bracket in Eq. (3.1.3) instead of 5;/b2 and 
e 22 appears in Eq. (3.1.1). ] 

The reciprocal lattice is body-centered cubic. Figure 
4 shows the (110) plane of the reciprocal lattice, each 
point being surrounded by its zone. The structure 
factor Eq. (3.1.3) repeats over the larger unit shown by 
bold lines. The structure factor has been computed for 
the symmetric directions in sodium iodide, using the 
two models of Sec. 2. The values taken for the scattering 
amplitudes were* 6,=0.35 for sodium, and b,=0.52 for 
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y (10 sec") 











q— (001) 

Fic. 3. The dispersion relations for the [001] direction calcu- 
lated from the model of Lyddane and Herzfeld in which the 
polarization depends only on the electric field and not on the 
distortion of the ions. The parameters used in this calculation were 
the same as those used for the shell and point ion models except 
that d=0. 


*8 Neutron Cross Sections, compiled by D. J. Hughes and R. B. 
Schwartz, Brookhaven National Laboratory Report BNL-325 
(Superintendent of Documents, U. S. Government Printing Office, 
Washington, D. C., 1958), 2nd ed. 


ALKALI 


HALIDE CRYSTALS 


/ 




















Fic. 4. (110) plane of the reciprocal lattice of Nal, each lattice 
point surrounded by its zone. The rectangular figure BABEBABEB 
is the unit over which the structure factor repeats. 


iodine. The quantities g? are plotted in Fig. 5 in units 
of (b2—-Q)?/may. 


3.2 Incoherent Scattering 


_It can happen that there is an ambiguity in the 
scattering amplitude (6,) at a particular lattice site («) 
because of the occurrence of different neutron-nuclear 
spin states, or that there are ambiguities in the scatter- 
ing amplitude, atomic mass (m,), or wave amplitude 
U(x) at the site because of the presence of different 
isotopes on the site. Fluctuations in the masses and 
wave amplitudes due to isotopes cannot be taken into 
account accurately, because they give rise to effects on 
the normal modes themselves of the same order as the 
effects on neutron scattering. The ambiguity in the 
scattering amplitude can be taken into account, how- 
ever, and gives rise to an incoherent scattering. 

The incoherent cross section of the atoms on sites of 
type « is defined in the usual way as 


ine (Kk) = 49r((B?) — (b)*). (3.2.1) 


In general the incoherent scattering can be calculated in 
terms of these cross sections for a crystal with more than 
one atom per unit cell, only if the frequencies, and wave 
amplitudes of all the normal modes are known, a formi- 
dable requirement. In this paper however, we are 
interested largely in computing the incoherent scatter- 
ing due to the very flat transverse optical modes, which 
appears in the energy distributions as a neutron group, 
and which can be confused with the coherent scattering. 

For the particular case of sodium iodide the ratio of 
the masses of iodine to sodium m2,/m,= 5.5. The calcula- 
tions of Sec. 2 showed that, for all the optical branches 
in the symmetry directions, the ratio of the wave ampli- 
tudes U(2)/U(1)<m,/m,~0.18. In the optical modes 
therefore essentially only the light atoms move. Since 
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Fic. 5. Calculated structure factors, g*, for (a) the point ion 
model, and (b) the shell model, in units of b2:(&-Q)?/mzy for the 
three symmetric directions in the Brillouin zone. The capital 
letters refer to the positions in the reciprocal lattice shown in 
Fig. 4 


the sodium atoms are on a cubic lattice, the theorems of 
Placzek and Van Hove" on the incoherent scattering by 
a’monatomic cubic lattice apply. The ratio of incoherent 
to coherent scattering for the transverse optical modes is 
therefore 


O ine k >k’) 2 


Foon(Ko > k’) 3 (Q-E)*a0n (Na) 


QO? a ine(Na) 
(392 2) 


(We have used the facts that there are two TO modes 
per sodium atom and that |/J|=~1 for the flat TO 
modes.) All other quantities are the same for coherent 
and incoherent scattering. This is slightly an over- 
estimate in the case of Nal since scattering by the iodine 
does make a small contribution and is nearly all coher- 
ent. The cross sections for sodium are*®: Oooh 1.55 b, 
Tine=1.85b. For the most favorable polarization 
therefore 

Fine( Ko — k’) / acon (Ko — k’) = 


0.8. 


4. THE EXPERIMENT 
4.1 Experimental Methods 


The experiment consisted in measuring the energy 


distributions of initially monoenergetic neutrons which 
were scattered from a single crystal of sodium iodide, 


AND BROCKHOUSE 

using two different neutron spectrometers. All measure- 
ments were made with the (110) plane of the crystal 
horizontal. 

The crystal was a 3.8-cm cube supplied by the 
Harshaw Chemical Company. Its faces were cut parallel 
to the {100} planes. The full widths at half maximum of 
the rocking curves of the {222} planes as measured in 
the parallel position against a (220) plane of a silicon 
crystal were about 1} deg. 

The measurements were made with the crystal 
mounted in a metal cryostat. The specimen was cooled 
from above and was surrounded by a radiation shield in 
contact with liquid nitrogen. The temperature of the 
crystal was 110°K. 

Some of the results were obtained at the Chalk River 
NRX reactor using a time of flight spectrometer” in 
which a pulsed beam of monochromatic neutrons was 
produced by Bragg reflection from {220} planes of an 
aluminum crystal spinning about its [111] axis. The 
wavelength was 1.54 A. Some of these neutrons were 
then scattered by the sodium iodide crystal into one of 
the three counters shown in Fig. 6. The times of flight 
of neutrons which entered the counters were measured 
directly from the time they left the spinning crystal to 
the time the count was recorded. The spectrometer was 
calibrated by subtracting the observed time of flight for 
neutrons which entered a counter mounted in the speci- 
men position from the time of flight observed for the 
elastic peak when vanadium was in the specimen posi- 
tion. The values obtained by this method were checked 
against absolute measurements of appropriate lengths 
and angles, the agreement being within the experi- 
mental error in either calibration. The full width at half 
maximum of the vanadium peak represented a wave- 
length spread of about 0.045 A 

One of the features of this spectrometer was the use 
of three counters spaced 1.7 degrees apart In the 
method of successive approximations (see below) one 
counter will not always | 
direction, but the 


‘ 
yield a phonon in the desired 


probability of obtaining such a 
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Fic. 6. Schemat ng crystal time 


® B. N. Brockhouse, Bull , 233 (1958 
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phonon is increased when three counters are used. More 
generally, interpolation between the three counters will 
yield phonons in the required direction. 

Typical patterns observed for the three counters for 
a single specimen setting are shown in Fig. 7. The main 
peak is elastic and arises from incoherent elastic scatter- 
ing by the sodium atoms. The other peaks represent 
phonons. Only the strong peaks at energy gain (smaller 
channel number) were well enough defined to be con- 
sidered useful, although the others are also shown on 
the accompanying reciprocal lattice diagram. The bars 
along the direction of k’ represent the full width of the 
peaks at half maximum. 

Most of the results were obtained using a multiple 
axis crystal spectrometer at the Chalk River VRU 
reactor. Monochromatic beams with wavelength of 
1.35 A, 1.91 A and 2.22 A were used. The wavelength of 
1.35 A was used chiefly for the determination of the 
optic modes with the neutrons losing energy in the 
scattering process. The beams with wavelengths of 
1.91 A and 2.22 A were used at both energy loss and 
gain, principally for the acoustic modes. Usually the 
(111) plane of an aluminum crystal was used in the 
analyzing spectrometer but, under conditions of highest 
resolution, the (200) plane of the crystal was used. Some 
typical neutron groups are shown in Fig. 8 along with 
corresponding positions in the reciprocal lattice. At a 
wavelength of 2.22 A the full width at half maximum of 
the vanadium peak was 0.06 A when the (200) plane 
was used in the analyzing crystal. 
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Fic. 7. Typical neutron distributions obtained with the time of 
flight spectrometer for a single setting of the sodium iodide crystal. 
The corresponding positions in the (110) plane of the reciprocal 
lattice are also shown. 
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Two methods were used to advantage in determining 
the dispersion relations for the various branches. In 
some cases it was possible to arrange conditions so that 
the scattered wave vector, k’, lay along one of the three 
symmetry directions and went through a reciprocal 
lattice point. This situation has the advantage that the 
direction of the observed phonon is always in the 
desired symmetry direction. The technique has the 
disadvantage that it is rarely possible to observe 
phonons of only one polarization and, hence, the ob- 
served neutron group often contains contributions from 
both longitudinal and transverse phonens if these are 
close in energy. For this reason the method of successive 
approximations was used in most of the determinations. 
In this method the probable energy and wave number of 
a desired phonon are calculated from elastic constants, 
theoretical models or previous results and the spec- 
trometer set up to observe this phonon. The position in 
the reciprocal lattice was generally chosen so that only 
the phonon of the desired polarization had sufficient 
intensity to be observed [see the —-Q term in Eq. 
(3.1.3) ]. In general some neutron group represent- 
ing a phonon is observed which may or may not have 
exactly the calculated energy and, hence, may not be in 
the desired direction. If it is not, then it is used as the 
basis of a calculation which is more likely to yield a 
phonon in this direction and, if necessary, the process 
can be repeated until the observed neutron group 
represents a phonon with the desired wave number and 
in the symmetry direction. 

Both of these approaches were used successfully in 
conjunction with knowledge of the experimental elastic 
constants, theoretical dispersion curves (Sec. 2) and the 
structure factors calculated from these thecretical dis- 
persion curves (Sec. 3). Care was taken to avoid posi- 
tions in reciprocal space where mixtures of two phonons 
could not be resolved and where solutions of Eqs. (1.1.1) 
could be obtained over a range of values of k’, the 
scattered wave vector. 


4.2 The Acoustic Modes 


Using the techniques outlined in the previous section 
it was, in general, quite straightforward to delineate the 
acoustic branches, although the high-frequency parts of 
the longitudinal branches, which were weak, and the 
complete longitudinal branch for the [110] direction 
offered rather more than normal difficulty. In the [110] 
direction it is difficult to resolve the transverse and 
longitudinal acoustic branches since they are not well 
separated in frequency. The position in the reciprocal 
lattice was therefore chosen so that &-Q=0O for the 
transverse mode. In order to satisfy this condition the 
angle between k’ and the [110] direction was always 
large, and phonons which were more than two or three 
degrees off direction often had frequencies considerably 
different from those which were exactly in the right 
direction. 
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FG. 8. Typical neutron groups observed with the crystal spectrometer together with their positions in the reciprocal lattice 
The ordinate gives the number of observed counts. 


In the early stages of the experiment, before the shell 
model for ionic crystals had been fully developed, con- 
siderable difficulty was encountered in the measurement 
of longitudinal acoustic phonons near the zone boundary 
in the [001 ] direction. According to the point ion model 
such a phonon should give an intense neutron group 
between even indexed points [Fig. 5(a) ] but very little 
intensity was, in fact, observed. A strong neutron group, 
corresponding to this LA phonon was, however, ob- 
served between odd indexed points. When the structure 
factors were calculated from the shell model, it was 


ras_e IV. Frequencies at selected values of q taken from smooth 
curves through the experimental points. 


Designation Frequency in 10" cps 
1.22+0.04 
0.98+0.03 
1.82+0.06 
2.00+0.06 

i 1.52+0.05 
ava 1.08+0.04 
4 2.32+0.06 

; 

) 

0 


I 0.0.1) 
rA(0,0,4) 
LA(0,0,1) 
LA(0,0,4 
; 

, 


1.73+0.05 
1.40+0.05 
2.16+:0.06 
3.6) +0.1 
3.8 +0.1 
TrO(4,4,4 3.59 +0.1 
LO(0,0.0 5.0 +0.5 
0.0.1) 3.9, +0.1 


dl dl a 


I 
I 
T 0) 
I 


4 
4 

i 

4, 


0.0.0) 
0.0.1 


found that just such behavior—low intensity between 
even points, high intensity between odd points—was 
predicted [Fig. 5(b) ] 

The measurements of the dispersion relations for all 
modes are shown in Fig. 2. Values of the frequencies at 
selected points are shown in Table IV. The optic modes 
will be discussed later. Figure 2 also includes curves 
which have been calculated from two theoretical models 

the point ion model and the shell model of Sec. 2. The 
straight lines in Fig. 2 represent the appropriate 
velocities of sound calculated from the elastic constants 
measured by Dalven and Garland.*® Their results have 
been extrapolated to 110°K (from 180°K) using as a 
guide the temperature dependence of the elastic con- 
stants of other alkali halides.” It can be seen that for 
long wavelengths (¢—>0) the slope of the neutron 
curves agree well with the velocities calculated from 
these elastic constants. 

An interesting feature of these curves is the dip in the 
longitudinal branch in the [001 } direction as the zone 
boundary is approached. This effect is predicted by the 
shell model but not by the point ion model. 

The individual errors for the points are not shown on 
these curves. The absolute error in any one determina- 
tion is difficult to estimate properly.’ It is felt that the 
scatter in the points is a good indication of the size of the 


*® M. H. Norwood and C. V. Briscoe, Phys. Rev. 112, 45 (1958). 
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Fic. 9. Neutron groups repre- 
senting optical vibrations observed 
in the [001] and [110] directions. 
These groups contain a contribu- 
tion from inelastic incoherent scat- 
— by the sodium ions. The 
initial energy of the neutrons was 
0.0442 ev. 





errors. Each of the acoustic branches is probably defined 
to an accuracy of about 3% (the error in the energy 
determinations of singie phonons is often less than this). 


4.3 The Optic Modes 


The measurements of the frequencies of the optic 
modes is complicated by the effects of the large in- 
coherent scattering cross section of sodium. Not only is 
there a large elastic peak arising from this incoherent 
scattering but also the thermal vibrations give rise to 
inelastic incoherent scattering. If there are not many 
modes with the same frequency then the incoherent 
contribution to the neutron group representing a 
phonon is not great. However, if a branch of the dis- 
persion relations is nearly flat for all directions of q then 
many modes will contribute to the incoherent inelastic 
scattering for this frequency. As a result there will be a 
peak in the scattered neutron distribution which is inde- 
pendent of polarization and wave number and depends 
only on the momentum transfer, |Q|, and other factors, 
such as temperature, which are constant in a given series 
of experiments. This can also be expressed by saying 
that the scattered incoherent inelastic intensity de- 
pends on g(v), the fraction of normal modes between » 
and »+dy, a well-known result." [This intensity, how- 
ever, does not depend only on g(v); see discussion in 
Sec. 3.2.] 

Such a peak is indeed observed at positions in 
reciprocal space where, by reason of the polarization and 
structure factors, coherent scattering with an energy 
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change corresponding to the transverse optic modes 
would be forbidden. This incoherent neutron group 
contaminates the peaks representing desired phonons 
in the optic branches and must be subtracted from them 
before the details of these branches can be determined. 

Figure 9 shows a series of neutron groups correspond- 
ing to phonons in the [110] and [001] directions. The 
positions of these neutron groups in Q space (after the 
incoherent contribution was subtracted) is shown on the 
reciprocal lattice diagram in Fig. 10. It can be seen that 
in the [110] direction only transverse phonons could 
be excited (the angle between Q=k,)—k’ and q being 
nearly 90°) and that in the [001] direction longi- 
tudinally polarized phonons were favored. As q becomes 
smaller in the [001] direction the structure factor for 
the longitudinal phonons decreases rapidly between 
even indexed points in reciprocal space and increases 
correspondingly between odd indexed points (Fig. 5). 
For this reason the line whichZwas being followed Jin 
reciprocal space was changed between group e and 
group f. All of these peaks contain a contribution from 
the incoherent inelastic scattering described above 
which must be subtracted quantitatively if the results 
are to be meaningful. 

The behavior of this inelastic incoherent scattering 
was accordingly determined. As far as one could tell the 
shape of the peak was the same for all values of |Q| and 
thus the peak height was the only parameter necessary 
to determine this incoherent intensity once the energy 
(or the spectrometer angle) distribution had been deter- 
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Fic. 10. The (110) plane of the reciprocal lattice showing the 
position in reciprocal space of the phonons represented by the 
neutron groups in Fig. 9. Group @ was actually observed at the 
same q but not the same Q as shown here. 


mined from a single curve. The points on this curve had 
only to be multiplied by the appropriate peak intensity 
before subtracting it, point by point, from the neutron 
groups in Fig. 9. The result of this subtraction procedure 
is shown in Fig. 11. 

In Sec. (3.2) it was shown that the ratio of the in- 
coherent intensity to the coherent intensity should be 
about 0.8 for the case of most favorable polarization. 
This ratio has been computed for twelve observed trans- 
verse optic phonons with the result that 


T secs | = 0.85+0.1. 


The assumptions made in deducing the theoretical value 
for this ratio were such as to make 0.8 an upper limit 
so that the observed value of 0.85+0.1 is probably 
significantly higher than the exact theoretical value. 
Such a behavior is, however, to be expected since part 
of the contribution to the inelastic incoherent peak is 
from multiple scattering: inelastic incoherent or coher- 
ent scattering from a transverse optic mode plus elastic 
incoherent scattering. 

Figures 2 and 11 show the behavior of the optic 
branches. Along the transverse optic branch in the 
[110] direction the frequency increases slightly with 
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increasing q. However, neither the width nor the 
intensity of the neutron distribution changes signifi- 
cantly as q is increased to the point where the [110] 
transverse branch joins the [001 ] longitudinal branch 
at the [001] zone boundary. As q decreases for the 
longitudinal optic branch in the [001] direction the 
peak height begins to decrease and the width to increase 
until what were once well-defined neutron groups indi- 
cating phonons become broad distributions which are 
difficult to interpret (Sec. 5). Further observations are 
obscured by a transverse optic phonon whose intensity 
is increasing because of increasingly favorable polariza- 
tion and structure factors. This contributes appreciably 
to the broadened distribution which supposedly repre- 
sents the desired longitudinal optic phonon. On the 
assumption that the center of this distribution repre- 
sents such a phonon, the energy and wave number have 
been calculated and are shown in Fig. 2 along with the 
other branches. 

Because of the difficulties in obtaining these results, 
the other longitudinal optic branches were not studied 
in detail at this time although some indications of 
phonons in these branches near the zone boundaries in 
the [110 ] and [111 | directions have been observed. Two 
points in the [110] direction were obtained by the 
methods outlined above and are included in Fig. 2. In 
the observations of the longitudinal phonons in the 
[001] direction and of the transverse phonons in the 


[110] direction there is considerable intensity at large 
energy transfers (groups c and f, Fig. 11). The corre- 
sponding positions in reciprocal space have a large q in 


the [111] direction. The wings of the curves (for 
example group /) are much less intense when the corre- 
sponding energy transfers take place at other positions 
in reciprocal space. This result probably indicates that 
the frequency of the longitudinal optic branch in the 
[111] direction increases with increasing q, as predicted 
by the shell model. 

The transverse optic branches were, in general, well 
defined and were almost flat in all directions. At g=0 the 
measured transverse optic frequency of 3.610" cps 
(at 110°K) agrees satisfactorily with the infrared ab- 
sorption frequency of 3.510" cps measured at room 
temperature." The errors in the determination of the 
energy of the phonons in these branches are also 


believed to be about 3%. 


5. DISCUSSION 


There is generally good agreement between the 
measured dispersion relations of Fig. 2 and the disper- 
sion relations calculated on the simple version of the 
shell model—Coulomb forces ions of unit 
charge with the iodine atoms polarizable, and central 
repulsive forces between first neighbors only, acting 
through the iodine shell. The root-mean-square devia- 
tion between theory and experiment is about 7%. In 


between 


1 R. B. Barnes, Z. Physik 75, 723 
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Fic. 11. The neutron groups of 
Fig. 9 with the inelastic incoherent 
contribution subtracted as ex- 
plained in the text 
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assessing this agreement it should be recalled that no 
free parameters were used to fit the neutron data, the 
parameters of the model being fixed by the elastic 
constant ¢, and by the high- and low-frequency 
dielectric constants. We consider that the agreement 
verifies that the general picture is correct. 

There are, however, real discrepancies existing be- 
tween theory and experiment, especially in the LA mode 
near the zone boundary in the [111] direction (the 
point 4, 4, 3). It would be of interest to try to assign 
physical origins to these discrepancies and thus to see 
in what ways the simple model could be improved. 

One significant fact is that on the acoustic branches 
the experimental points in every case lie between the 
curves for the point ion model and the shell model, 
although they are closer to the latter. Thus these 
branches seem to be overcorrected for the effects of 
polarizability. On the simple model this could only be 
improved at the price of no longer fitting the dielectric 
constants and violating the theorem (strongly based on 
macroscopic theory) that the ratio of the longitudinal 
and transverse optic frequencies at g=0 is equal to 
(€o/e)*. Some modifications to the model itself are there- 
fore indicated. 

A possible modification is suggested by the dis- 
crepancy in the mode LA(},},4). The iodine ions in Nal 
are much larger (ionic radius 2.20 A) than the sodium 
ions (1.00 A)* and it is quite likely that there is a small 
direct interaction between nearest neighbor iodine ions. 
In the mode LA(},},}) only the iodine ions move, near 


®See R. W. G. Wyckoff, Crystal Structures (Interscience 
Publishers, Inc., New York, 1948), Vol. I, Chap. III, p. 15. 
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(like) neighbors against each other. The sodium ions 
remain fixed as a consequence of symmetry. It is there- 
fore reasonable that this frequency should be raised by 
a small iodine-iodine interaction. 

If, however, we simply introduce second neighbor 
force constants between iodine ions (Appendix A2) to 
reconcile theory and experiment for LA(4,},4) then 
the agreement is made worse at other points and other 
small changes are necessary. One such change is the 
introduction of noncentral forces between. first neigh- 
bors. Such noncentral forces are thought to be small, 
however, since the Cauchy relation ¢i.=¢4 is approxi- 
mately satisfied for NaI at 110°K. This argument 
cannot be considered sufficient, however,"since the un- 
certainty in the experimental value of ¢)2 is of the order 
of 15%* and also deviations from the Cauchy relation 
up to 20% are observed at other temperatures. It is 
therefore probable that both iodine-iodine interactions 
and noncentral forces between first neighbors should be 
included in any more realistic model of sodium iodide. 
We have not yet made a complete investigation of the 
effects of introducing these secondary interactions or of 
varying the ionic charge Ze but further work is being 
done on the alkali halides and we hope to make such an 
investigation in the near future. For the present it 
appears, from inspection of the equations (Appendix 
A2) and the results, that these subsidiary interactions 
are probably less than 10% of the central first neighbor 
interaction and that the ionic charge, Ze, is probably 
greater than 0.95. (It should be noted that the defini- 
tion of ionic charge involved here is such that when 
Z=1 there is no covalent bonding. It is not the same 
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as the “effective charge’’ discussed in Sec. 2 and else- 
where, which refers to the effect of distortion polariza- 
bility on the optic frequencies at g=0.) 

As was stated in Sec. 4, considerable difficulty was 
encountered in measuring the LO vibrations. We made 
several attempts, at 110°K and also at room tempera- 
ture, under conditions for which we thought sharp 
neutron groups should be obtained. In every case a 
quasi-continuous distribution of scattered neutrons was 
observed. In the particular case of the experiments 
shown in Figs. 10 and 11 there is a geometrical reason 
for some broadening of the neutron groups. In Fig. 10 if 
k’ is shortened, q is shortened and » increased; if k’ is 
lengthened, q is lengthened and » decreased. But in the 
LO dispersion curve v decreases as q increases, and vice 
versa. Thus there is a range of values of k’ which satisfy 
Eqs. (1.1.1) and a broad neutron group is expected. 
Nevertheless, we are convinced that the broadening is 
too great to be accounted for by this mechanism. 
Furthermore we have made several measurements under 
the opposite conditions, without observing any neutron 
groups except very broad ones. We therefore believe the 
broadening of the LO modes to be real, and probably to 
arise from interaction between the modes. The energy 
broadening would then be related via the uncertainty 
principle to the lifetime of the vibrations.® If this is the 
correct explanation of our observations then in Nal at 
the low temperature of 110°K the longer wavelength 
longitudinal optic modes have very short lifetimes. The 
results are not sufficiently accurate to allow good values 
for the lifetimes to be given, but they appear to be of the 
order of the vibrational period. 

It will be noted from Fig. 2 that the frequencies ob- 
tained from Eqs. (1.1.1) by using the wave vector and 
energy corresponding to the center of the broad group 
are lower than the frequencies calculated on the shell 
model. The value extrapolated to g=0 is also less than 
is given by wr=wr(eo/e)'. This is explicable on the life- 
time hypothesis; a dissipative term in the differential 
equation for a harmonic oscillator lowers the frequency. 

We have no detailed explanation for this short life- 
time but offer the following argument. The longitudinal 
optical modes have associated with them a much higher 
macroscopic electric field than do the other branches. 
Furthermore, the energy of the mode with g=0(A > ~) 
is sensitive to the shape of the crystal if \—> © faster 
than do the dimensions of the crystal. In fact, for a 
spherical crystal of finite size there is only one triply 
degenerate mode with g=0 and the distinction between 
longitudinal and transverse modes is no longer possible.™ 
These are electrostatic surface effects. In a similar way 


* The possibility of observing a broadening of the neutron 
groups because of a lifetime for the phonons was pointed out 
several years ago by G. Placzek (private communication via G. L. 
Squires). It has recently been discussed in a formal way by L. Van 
Hove, Massachusetts Institute of Technology Technical Report 
No. 11, 1959 (unpublished), 

*H. Frohlich, Theory of Dielectrics 
New York, 1949), Sec. 8. 
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the energies of the LO modes may be especially sensitive 
to the termination of the wavetrain by interaction with 
other phonons. 

We are now attempting to study the behavior of the 
optical branches in more detail using a specimen of 
potassium bromide. With potassium bromide the inten- 
sities are higher than with sodium iodide, and the 
contaminant incoherent scattering is much smaller. We 
hope to be able to verify the energy broadening of the 
LO modes, and to study it in detail under more favora- 
ble conditions than existed for the experiments described 
above. This work will be made easier by a new apparatus 
which enables energy distributions to be taken at con- 
stant Q and thus to avoid the geometrical effects dis- 
cussed above. 
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APPENDIX 1. THE ELASTIC CONSTANTS 


We now consider the effect of polarizability on 
acoustic modes having a small value of q, that is, the 
effect on the elastic constants. By expanding A(11), 
A (22), and A(12) of Eqs. (2.2.11) as a power series in 
q’, it is found that this equation reduces to 

A2(11)+A2(22)+2A,(12) 
for q— 0, 
m,+m, 


where for example, A»(11) is the coefficient of the term 
in ¢g in the expression of A(11). In deriving this expres- 
sion use is made of invariance relations for the A’s 
similar to Eqs. (2.2.5). 
When q is in a symmetry direction 
w - F (¢ p), 

where p is the density of the material and ¢ is a linear 
combination of the elastic and cq. 
Hence, we find that 


1 A(11)+A(22)+2A (12) 
C= im | - | (A.1.1) 
ger g? 


On substituting the appropriate values of A;(11), etc., 
we find 


2 -——— 


constants ¢11, C12, 


lim | — 
v ¢-0 


—C;)+terms in ¢', =] 


q- 
On taking the limit g — 0 we obtain the same result as is 
obtained when polarizability is excluded. It is not diffi- 
cult to show that the result is still true when both ions 
are polarizable. The elastic constants are therefore un- 
affected by the use of a shell model. This agrees with 
the conclusions of Szigeti** and of Herpin** that polari- 


% B. Szigeti, Proc. Roy. Soc. (London) A204, $1 (1950). 
% A. Herpin, J. phys. radium 14, 611 (1953) 
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zability does not affect the elastic constants when each 
each ion occupies a center of symmetry. 


APPENDIX 2. EFFECT OF SECOND NEIGHBOR AND 
NONCENTRAL FIRST NEIGHBOR INTERACTIONS 


We consider briefly in this section the effect of intro- 
ducing a short-range interaction between the negative 
ions (second neighbors). It is readily shown that, pro- 
vided this interaction is relatively weak, it does not 
matter whether it acts through the shells or through the 
cores, so that we treat it as a force between rigid ions. 
We take this force also to be a central force. We 
simplify the notation of Eq. (2.1.1) by writing V12(ro) 
for @‘*®)(r.), and add a potential V22(r,;) between 
negative ions. We then have 


UVo= —anu(Z*e*/1) + OV 12(70) +6V 20(r1). 


(The coefficient of V2: is not twelve but six; although 
each negative ion is surrounded by twelve like ions there 
are twice as many 1—2 interactions as there are 2—2 
interactions.) 

Using symbols such as (0V}2/dr),, for the potential 
gradients shown in Fig. 1(b), the previous definitions, 
(2.1.2), take the form 


aV 12 | e’A 
e ar? ) aot, 
~(—*) -(—) | 
To Or J y\r=ro Or? J i \r=ro 


Similarly we define 


a°Va2) | 
HHS 
1/9V2\ | 8°V 2 _ eB 
= oy AMS 5 oe 


The stability condition (0U9/dr)r=-r5=0 now gives the 
result 


(A.2.1) 


B+2B’=—JayZ?. (A.2.4) 


On considering the effect of these additional force con- 
stants on the coefficients R.,(xx’) it is found that further 
terms are added when x«x’=22, but all others are un- 
changed. Using methods similar to those described by 
de Launay” it is found that the additional terms are, for 
example 


ARz2(22) = (e/s)[2A'+4B" 
— A’ cosqao(cosgy%o+cosg.Fo) 
— B' (2 cosgyro cosg.fo 


+ COSg F9 COSGy7o+COSG Fo COSG.F0) |, 
and (A.2.5) 
AR (22) = ( (e*/v)(A’—B’) sing#o sing,fo. 
77. de Launay, Solid State Physics, edited by F. Seitz and 
J. Turnbull (Academic Press, Inc., New York, 1956), Vol. 2. 
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Using the expressions given in Table I we can find the 
amount by which A (22) of Eq. (2.2.11) is changed when 
q is in any symmetry direction. We may also find the 
effect on the elastic constants by using Eq. (A.1.1). For 
example, when q= (¢2,0,0), Eq. (A.1.1) gives c=cy for 
a longitudinal mode, c=c for a transverse mode. In 
this way we find, when Eq. (A.2.4) is taken into account, 
that 
Cu=(é 2ro*)[ — 2.5552°+ +4(A+A'+B’)], 
(A.2.6) 
C12= Cas= (€/2r0*)[0.696Z?+-3 (A’— B’) ]. 
These give 
8 = $( il + 2¢12) = 


This result may be checked by evaluating the com- 
pressibility directly, using the result 


1 al f 
18r, or? r=r9 


(e°/6ro*) (—1.16327+4A+A’). 


When A’= B’=0 and Z=1 the above results reduce to 
those given by Kellermann. 

If we add a noncentral component to the force 
between nearest neighbors, the condition 


-(-*) | (~") | 
To Or mF =rG or? 1ir=ro 


no longer holds, so we write 


PV i. e?(B+B") 
( or? ) pile , 
1 /OV eB 
~4 Or ) r=ro ) 29 


as before. It is then found that c,; is unchanged, while 
C12= (€/2ro8) (0.696Z7—4 B’+-44'—4B"), (A.2.7 
.2.7) 

cua= (€2/2r0*) (0.696Z?—4B’+4A'+4B"). 


The effect on the coefficients R,,(12), etc., 
B everywhere by B+ B” 


is to replace 


APPENDIX 3. LATTICE DYNAMICS AND DIELECTRIC 
PROPERTIES WITH BOTH IONS POLARIZABLE 


The results which were given in Sec. 2 should be 
adequate for sodium iodide, where the polarizability of 
the sodium ion is relatively very small. It is, however, of 
some interest to consider the solution of Eqs. (2.2.7) 
when both ions are polarizable, particularly for g=0 
where the results are closely connected with the 
dielectric properties of the crystal. The exact result for 
the optic modes is found to be 

C\(Z'e)? 
(10) gma = Ro’ +— ; 
vtal 
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where 


To? (ky + hk» +2F 5) 
Ry’ =R,—- ° - “) 
(Rit Fo) (Rot Fo) +So(kit kot 2F 0) 


ToL V2(ki +Fo) — ¥,(k2+Fo) ] 


Z'=Z+- ; 
(ki + Fo) (ka+ Fo) +So(kit-hot+2Fo) 


(A.3.1) 


e*[ (kot Fo) V 12+ (kit Fo) ¥2?+S0(¥it+ ¥2)*] 
(Rit Fo) (Rot Fo) +So0(kit+ko+2F 5) 


a 


It may be shown that it is the quantity a which deter- 
mines the high-frequency dielectric constant, ¢, of the 
crystal, through the equation 


, 


e—1 


4tra 


(A.3.2) 


When a is calculated in terms of the dipole moments 
of the individual atoms, it is found that 


So¥i¥ 2 
_— 
(ki To) (Ret To) 


econ 
-i1i- . 
(Ri tT) (Rot+To) 


Y; 
ay | 
kit+ To 


So¥1¥: 
(ki +T)(ke+To) 


So 
| I 
(ki+-To)(ko+To) 


whereas before 7)=So+ Fo, and comparison with Eq. 
(A.3.1) then shows that a=ai+a.2, as expected. How- 
ever, only when S)=0 do we have a, independent of the 
parameters of atom 2, and vice versa, when in fact 


9 


Y e? Je 


ay mn e 
kit+Fo kot Fo 

[These are the values of a, which appear in Eq. (2.2.9) ]. 
For our present purpose it is in fact more convenient to 
define a slightly different polarizability a; which is also 
independent of the parameters of atom 2, and is given by 


Y ;*e? "e" 

a> —, and similarly az ’ 
k,4 To ko+ To 

When &; and &; are large compared with S» (as appears 
likely to be generally true, since in sodium iodide 
ki>>k2= 10S.) these values of a; and ae give a=a);t+ayz 
to within a few percent, and may be referred to as the 
atomic polarizabilities, without qualification. By an- 
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alogy with Eq. (2.3.3) we define 


—_ T Vy 9 
d, , © , A.3.4) 
ky +So+F tot F 


Both are positive quantities, and are measures of the 
distortion polarizabilities of the positive and the nega- 
tive ion, respectively. Equation (A.3.1) may then be 
written [see Eqs. (2.3.5) to (2.3.7) ] 

Ro’ —4r(e+2)(Z’e)? 9v, 


Ro’ +82 (€+2) (Z’e)*/9ve, 


BOT = 
pw 


where the primed quantities can be expressed approxi- 
mately in terms of quantities associated with individual 
ions as follows: 


Z'=Z+d, 


Use of the result wz?/wr*=«/e then leads to the follow- 


ing exact relations, 


€o— €= 44r(€+-2)?(Z'e)?/90pyw7", (A.3.6) 
and 


Ro! = wwr"{ (€o+2)/(e+2)]. (A.3.7) 


If only first neighbor atoms interact, the result 
Ro= 6ro/8 should also hold. These results are to be com- 
pared with those given by Szigeti®®**; (A.3.6) is in 
principle the same while (A.3.7) differs through the 
replacement of Ry by Ro’. The difference between these 
two quantities, e?(d;*/a,+d,*/a2), is comparatively small 
(~10%) for alkali halides. Results similar to 
given here have been obtained by Hanlon and Lawson." 
If the forces between ions act the 
shells, F=D=0 and T=S=R for 


example, is then given by 


d; —R Y; (ki +R 


those 
entirely through 
The quantity dj, 


RoV;/hi. 


One might therefore expect d,/Ro to be characteristic of 
a particular ion, and not of the alkali halide in which it 
occurs. The extent to which Eqs. (A.3.6) and (A.3.7) 
agree with observation when this assumption is made, 
and with Z 
quite good agreement was found 

If we assume further that the shells carry the same 
charge, as appears to be the case from the work of 
Hanlon and Lawson, we may write as an abbreviation 
y= — (Vie) "= — (Yee \.3.1) then gives 
exactly 


39 


1, has been briefly considered elsewhere*®; 


T,*7’ ai ra 
pwr? = Ro— 


9 


y‘aryarg 
% B. Sziegeti, Trans. Faraday Soc. 45, 155 
® W. Cochran, Phil. Mag. 4, 1082 (1959 


1949) 
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with a similar expression for uw ,”. Thus the coefficient 
Ro is effectively reduced by an amount approximately 
proportional to the sum of the polarizabilities, and the 
ionic charge Ze by an amount proportional to their 
difference. The latter conclusion agrees with that of 
Hanlon and Lawson, who show that the result holds 
rather well in practice. A short calculation, which we 
omit, shows that when in the course of an optic 
vibration having g=0 the nuclei are displaced a 
relative distance u, the polarization of the medium is 
P= Z'e/(v+aC))u, that is 


(e+2)Z'e 
u(TO) and P= 
31 3ve 


(e+2)Z'e 


u(LO). (A.3.9) 


The effective field in the crystal is found to be given by 
E= —C,;P, that is + (49/3)P(TO) and — (8x/3)P(LO). 
This latter value may be regarded as the sum of com- 
ponents +(4r/3)P and —4xP, the term —4xP being 
the contribution of the macroscopic field in the crystal.'® 
In all respects the ions act in optic vibrations for which 
g=0 (or in an externally-applied field) as if their charges 
were +Z’e, instead of +Ze. This is not so for general 
values of q however. 

Using numerical results given elsewhere*® one can 
show that the term e(d,;?/a)+d-?/a2) is about 10% of 
Ro at most for alkali halides, while (Z’)?(e+-2)/3 varies 
from 0.7 for KI to 1.05 for NaF, with an average value 
of about 0.85. It is then found that to quite a fair 
approximation, for all alkali halides, 


pw? = Ro’ — 4 (€4+-2) (Z'e)?/9n 


= Ro—4re*/30= (€/v)(A+2B—49/3). (A.3.10) 


This latter value is, however, the result obtained by 
Kellermann,'* neglecting polarizability. The fact that 
Eq. (A.3.10) gives a value for wr in fair agreement with 
observation has been a source of confusion, and has, for 
example, led to the erroneous conclusion that the 
Lorentz formula for the effective field (Ey+4rP/3) is 
invalid in alkali halide crystals.” The explanation which 
we give here of the apparent validity of (A.3.10) has 
been advanced previously,'*:** but in somewhat different 
terms. Although it is not immediately obvious from 
Eqs. (2.3.4), in sodium iodide the mutual cancellation 
of the effects of “field polarizability” and “distortion 
polarizability” applies to a large extent in all modes of 
vibration except the longitudinal optic. 

Finally, we give the general solution of Eqs. (2.2.7) 
in a form which is probably adequate for the alkali 
halides, by setting F=0, Z=1 and assuming that Sy is 


N. F. Mott and R. W. Gurney, Electronic Processes in Ionic 
Crystals (Oxford University Press, New York, 1948 
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small compared with &; or k. For an alkali halide we 
need not distinguish between C; and C,*, etc., since 
each ion is on a center of symmetry. The result is that 


in the characteristic Eq. (2.2.11), 


etyd S? dz? 
A(11)=R——( + ) 
f ay So? ae 


e? a S . a 
Sa Joa( 1a ny “+24: ) 
ft a, So ae 


S 
. 2¢ “od 
S 


ae 
(1+d,)+—(1 Hay(cr—C2)| 


t 


S 
2¢ i 


e S d;? d,* 
ae 
f SoX\ aa a 
S* 
c| 1 (1 + Jat 
. So? 
—C; (a ~C:) (dra) ’ 
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where as before (with Fy 
SoV, 


ay 
(1—d.)+—(1 2inyicr—C2)| 


Y ;°e? 


So¥: 
kitSo 


a> a2* d; 


a. . Aone kit+So 


and f is now an abbreviation for 


Cy @)Qlo 
1+ (a;+az)+ (C\y?—C,*) }. 


On the reasonable assumptions that the forces act 
through the shells, and that these carry equal charges, 
all the parameters in the above expressions can be 
determined from ¢€, €, and 8 (or ¢,,). We have not yet 
been able to test the validity of these expressions experi- 
mentally, since in sodium iodide the polarizability of 
the positive ion is very small (a,~0.03a,) and Eq. 
(2.3.4) is thus an adequate approximation. 





PHYSICAL REVIEW VOLUME 119, NUMBER 3 1960 


Trigonal Magnetocrystalline Anisotropy in Hexagonal Oxides 


L. R. Bickrorp, Jr. 
International Business Machines Research Center, Yorktown Heights, New Y ork 


(Received March 29, 1960) 


Torque measurements of the magnetocrystalline anisotropy between 77°K and 300°K are reported for 
single crystals of two different ferrimagnetic oxides having structures related to that of the mineral magneto 
plumbite. The compounds, with chemical compositions Co2:Ba2Fe,2.O2 and Co,Ba;FexO, are known as 
Co2z¥ and Co:Z, respectively. Both compounds, after suitable magnetic field cooling treatment, display trig 
onal anisotropy in the basal plane at 77°K. The field cooling is shown to have the effect of placing the mag 
netization into one of two energetically equivalent orientations, each of which leads to a trigonal term of di 
ferent sign. Examination of the crystal structures shows that in the case of Co2Y an additional term K,2’ sin” 
x cos cos3 gy (where @ and¢ are the polar coordinates of the magnetization) should be added to the generally 
accepted phenomenological hexagonal anisotropy expression. The anisotropy constant K,’ is evaluated as 
6X 105 erg/cm* at 117°K. In the case of Co2Z this trigonal anisotropy term is not consistent with the crystal 
symmetry, although it is appropriate for structural subgroups of the unit cell. Its trigonal anisotropy is ex 
plained in terms of a “puckered” magnetization pattern whereby the sign of the c-axis component of magnet 
ization is different for adjacent subgroups. The existence of this puckered pattern implies that the exchange 
coupling across the boundaries between subgroups is relatively weak. A new rotational hysteresis effect in 
Co.Y is described and explained phenomenologically. An atomic theory assigning the origin of the trigonal 


anisotropy of both compounds to the cobalt ions is presented. 


I. INTRODUCTION 


N recent years, studies of the anisotropic properties 

of various members of the class of ferroxdure-type 
hexagonal ferrimagnetic oxides! have brought to light 
many new effects not previously observed or recognized 
in hexagonal ferromagnetic crystals. Such effects include 
the existence of planes' and cones? as loci of the preferred 
orientations for the magnetization. These phenomena 
are readily understandable in terms of the magnitudes 
and signs of the various constants of the hexagonal 
anisotropy expression. This paper concerns anisotropy 
phenomena which cannot be so explained. 

Che magnetocrystalline anisotropy energy W 4 of hex- 
agonal oxides is usually expressed in terms of the phe- 
nomenological equation 


W4=K,sin*6+K 


,sin’é+K;,’ sin%+ Ks; sin" cos6¢, (1) 


in which 6 and ¢ are the polar angles denoting the 
direction of the magnetization. Angle 6 is measured from 
the c axis. Angle ¢, which lies in the basal plane, is most 
conveniently measured from a vertical mirror symmetry 
plane (i.e., from the hexagonal [110]). K,’ and Ky are 
generally very small in comparison with the other two 
anisotropy constants. Therefore K;’ is usually neglected 
and K; is only taken into account in describing the 
anisotropy in the basal plane. 

The preferred orientation of the magnetization (6p) 
with respect to the ¢ axis is found by setting the first 
6 derivative of Eq. (1) equal LO zero: 


OW 4/00=sin260(K1+2K 2 sin’) =0, (2) 


and determining which of the three solutions to Eq. (2) 
2: sin Ky 

1J. J. Went, G. W. Rathenau, E. W 
Oosterhout, Philips Tech. Rev. 13, 194 


H. P. J. Wijn, and P. B. Braun, 
(1956/7). 


[ A, O: x 2K. 1) has the lowest energy 
Gorter, and G. W. van 
1951/2); G. H. Jonker, 
Philips Tech. Rev. 18, 145 


for different combinations of magnitude and sign for 
K, and Kz. One finds that the anisotropy is axial (@)5=0) 
if Ki+K.>0 and at the sam >0; and planar 
(@9= 2/2) if Kit+Ke<0 and > 2K». li K,<0 and 
O0<—K,/2K2<1, the pre ferred directions lie on two 
cones for which sin’@ K,/2K 

The two hexagonal oxide « ompounds known! as Co2Y 
and CooZ (with chemical 
Co2Ba3Fe2Ou, respectively 


formulas CosBasFej2Oo and 
; and with crystal structures 
related to that of the miner 


been reported? to posse ( 


il magnetoplumbite) have 
ones of easy magnetization 
at temperatures below ca 215°K. In the case of CooY 
90°K, and increases to 90° 
to 215°K. Above this tem- 
perature the anisotropy remains planar. Corresponding 
numerical values of 4) for Co2.Z have not been reported. 
However, it is known’ cones 
zation below 220°K ar 

220°K and 480°K. 

This paper reports the results of t rque anisotropy 
measurements performed on single crystals of CozY¥ and 
Co2Z at temperatures between 77°K and 300°K. The 
major emphasis 


the cone angle 4 is 68° at 
as the temperature increa 


of easy magneti- 


sotre py bet ween 


1< T ti 
I ih 


servation of anisotropy 
angle g and therefore 


which is trigonal with respect to 
not consistent with Eq. 


lhis trigonal anisotropy is 
observed at 77°K in crystals of both Cos¥Y and Co.Z 
which have been cooled in properly oriented magneti 
fields. Various experiments show that it is an intrinsic 
property of the crystals, necessitating the addition of 
more terms to Eq. (1 

The complex crystal tures are examined and it 
is found that in the case of the trigonal anisotropy 
term is compatible with symmetry ; whereas 
in the case of Co-2Z it is not. In tl tter case, however, 
?U. Enz, J. F. Fast, and H. P. J see H. B. G. (¢ 


et al., J. phys radium 20, 260 (1959 
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the magnetic anisotropy is found to have the symmetry 
of the structural subgroups making up the crystal unit 
cell. The presence of the trigonal magnetocrystalline 
anisotropy indicates the existence of a “‘puckered’’ mag- 
netization within the unit cell. This new phenomenon 
implies that the exchange coupling between the struc- 
tural subgroups is relatively weak. 

Finally, a brief discussion of the origin of the trigonal 
anisotropy is presented in terms of an existing theory* 
of the anisotropy introduced into oxides by cobalt. 


Il. EXPERIMENT 
A. Experimental Details 


The crystals were grown at the Philips Research 
Laboratories, under the direction of A. L. Stuijts. Chem- 
ical analysis indicated the presence of some divalent 
iron, so that the correct formulas of the two crystals 
are (Co; es Feo 12!) BasF ej Joo and (Co; 92 Feo os!!)- 
BasFeoOu for Coo¥Y and Co2Z, respectively. 

The crystals were in the form of basal plane plates 
with volumes of approximately 5X 10~* cm*. The devi- 
ation of their shape from oblate ellipsoids introduced a 
small but measureable torque due to shape anisotropy. 
Suitable correction for this spurious torque could be 
made readily by graphical means. 

Measurement of the basal plane anisotropy was ac- 
complished by measuring the torque exerted on a crys- 
tal as a magnetic field rotates slowly in the basal plane 
(@=90°). In terms of the anisotropy expression of Eq. 
(1) this torque L is given by 


L=—0W4/d¢=6K; sin® sin6¢. (3) 


In the temperature region in which 09%2/2 the ampli- 
tude of this sixfold torque should increase with increas- 
ing field strength, i.e., as the magnetization is pulled 
more closely from the equilibrium cone into the basal 
plane. From the published? values of K; and K, at 77°K 
it can be calculated that in the case of Co2Y the torque 
curve should be saturated with respect to increasing 
field at H~17 000 oe. 

The torque curves were recorded automatically on an 
X—Y recorder, using the torque magnetometer de- 
scribed by Penoyer.‘ The crystals, which remained sta- 
tionary during the measurement, were mounted with 
their c axis oriented vertically. The magnetic field 
strength was adjustable to a maximum value of 10 400 
oe ; its angular velocity of rotation in a horizontal plane, 
to a maximum value of 6°/sec ; and the sample temper- 
ature, from 77°K to 300°K. 

For those field-cooling experiments which required a 
field to be applied along the c axis the crystal was trans- 
ferred to a vertical air-core solenoid (10 000 oe), cooled, 
and transferred back to the torque balance while still 
immersed in liquid nitrogen. 


+ J. C. Slonczewski, Phys. Rev. 110, 1341 (1958). 
«R. F. Penoyer, Rev. Sci. Instr. 30, 711 (1959). 
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For some experiments, designed to detect changes 
in the c-axis component of magnetization during a 
torque measurement, the crystals were surrounded by 
a 100-turn winding and voltages induced therein were 
measured by means of a Liston-Becker chopper ampli- 
fier. Optimum conditions were achieved by varying the 
strength of the magnetic field and the velocity of its 
rotation. 


B. Results 
} a CoeY 


At room temperature the basal-plane torque curves 
have the expected shape, consisting of the superposition 
of a sixfold term (K3= — 600 erg/cc) on a basically two- 
fold curve due to shape anisotropy. 

At 77°K the predominant term in the torque curve 
becomes threefold if the crystal is cooled in a magnetic 
field. One of two torque curves (L=+C sin3¢) is ob- 
served, depending on the orientation of the field which 
had been applied during cooling. Curve A of Fig. 1 
results if the cooling field had been applied at orienta- 
tions 0°< ¢<30° or 90°< ¢<150°. For other orienta- 
tions of a cooling field in the basal plane between 0° 
and 180°, curve B of Fig. 1 results. In other words, the 
trigonal anisotropy at 77°K has its preferred direction 
as close as possible to the cooling field direction.® The 
magnitude of the cooling field need be only sufficiently 
large that domains are eliminated and the magnetiza- 
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Fic. 1. Basal plane torque curves for Cos¥ single crystal, meas- 
ured at 77°K in a field of 10 400 oc. Curve A was obtained after 
the crystal had been cooled in a field of 10000 o¢ oriented at 
¢=C°; curve B followed cooling at ¢= 180°. 


* According to the sign convention utilized in the torque curves 
of this paper, the stable orientations of the magnetization exist 
where the torque curves pass through zero with a negative slope. 
A torque of negative sign signifies that the anisotropy tends to 
pul! the magnetization back; i.e., decrease angle ¢. 





1002 





+ 
nn 
> 


+ 
—_> 


— 


TORQUE (OYNE - cuscm®) 








2 a 1 — toto 40 " 
° 30. «6«660—l—s 980 0 150 = 160 


} (DEGREES) 


Fic. 2. Torque (solid curves) and voltage (dashed curves) re 
corded for a CozY crystal at 117°K as a magnetic field of 3100 oe 
rotated clockwise and counterclockwise with a uniform angular 
velocity of 2°/sec. A and B designate segments of the torque 
curves corresponding with curves A and B, respectively, of Fig. 1 
rhe voltage, induced in a stationary c-axis pickup coil surrounding 
the crystal, is a measure of the time rate of change in c-axis com 
ponent of magnetization. Both curves show rotational hysteresis 


tion is oriented uniformly more or less parallel to the 
field direction. Once this condition is established (at ca 
5000 oe) the amplitude of the trigonal torque curves is 
independent of the magnitude of the cooling field. If 
the « rystal is cooled in the absence of an external field, 
there results an ill-defined state yielding torque curves 
which are an unstable combination of A and B. 

The trigonal torque occurs only in the temperature 
region in which the crystals have preferred cones, and 
the annealing field which establishes the phase of the 
torque curve need be applied only below ca 215°K, the 
temperature at which the equilibrium angle 4) departs 
from 7/2. 

The phase of the threefold torque curve is also af- 
fected by cooling the crystal in a field along the c axis. 
A field in one direction along the axis (@=-) will pro- 
duce curve A of Fig. 1, whereas a field in the opposite 
direction (@=Q0) will produce curve B. The available 
cooling field (10 000 oe) was so small that the magneti- 
zation deviated from the c axis by a large angle. How- 
ever, by carrying out cooling experiments at different 
values of ¢ it was demonstrated that it is the vertical 
and not the horizontal component of the magnetization 
during cooling which is effective in determining the 
phase of the threefold torque. This fact is a significant 
clue, leading to the assignment of the two torque curves 
to different states of magnetization of the crystal. One 
of the curves is associated with the cone of equilibrium 
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angle 6); and the other, with the cone of equilibrium 
angle r—@. Further evidence verifying this assignment 
is the direct observation of changes in c-axis component 
of magnetization. This effect cribed shortly. 


The amplitude of the threefold torque curves at 77°K 


will be des 


is a function of the field applied during its measurement. 
It was observed to have its maximum value at 5000 oe, 
with increasing field. In 10 400 oe the 


amplitude had decreased 17% from its maximum value. 


and to decreass 
The decrease in amplitude of the sin 3¢ torque curve 
with increasing field accompanies the approach of @ to 
m/2 from 4 or from r—9p. 

The two solid curves shown in Fig. 2 are torque curves 
recorded at 117°K as field of 3100 oe rotated 


in the basal plane clockwise and counter lox kwise, re- 


a magneti 


spectively. Each of these curves consists of labeled por- 
1 and B of Fig. 1. 
the curves (e.g., b—b’) 
ween the 
different 
<wise rotation. In other 


] 
k 
words, a rotational hystersis eff 


tions of the trigonal torque curves 
The relatively steep portions of 
correspond to transitions bet two trigonal 
torque curves. They occur at values of 
for clockwise and counterclo 
ect takes pla _- 

results of 
an experiment designed to verify the conclusion that 
curves A and B of Fig. 1 correspond to different c-axis 
components of the magnet 


The dashed curves of Fig. 2 illustrate the 


ization. They are recordings 
of the voltage induced in a stati 


ionary 100-turn c-axis 
pickup coil surrounding the sample 


as the magnetic 
field rotated with uniform angular velocity during the 
measurement. It can be seen that these curves consist of 
spikes of alte rnating sign which are centered about the 


transition regions of the corresponding torque curves. 


The integrated area under one of the spikes is a measure 


of the total flux change in the pickup coil during one 


transition (e.g., )— 6’). This information, taken together 


with the dimensions of the sample, yields the change in 
c-axis component of magnetization. Assuming that these 
changes are symmetrical about the basal plane we calcu- 
late that angle 6 changes by ca 8.0° during each jump. 
In other words, the dashed curve of Fig. 2 is interpreted 
as indicating that @ alternates between 86.0° and 94.0° 
by rather discrete jumps during the course of the torque 
measurement. 

Since it was found that the width of the voltage spikes 
was relatively independent of temperature and magnetic 
field, the height of the spikes can be taken as a relative 
measure of the magnitude of the change in c-axis com- 
ponent of magnetization. The amount of rotational hys- 
teresis is indicated by the difference between the values 
of ¢ corresponding to the voltage pe aks of the clock- 
wise and counterclockwise curves 

The height of the voltage spikes is determined by a 
number of parameters which can be adjusted to create 
optimum conditions. The 
net is limited by the 
Increasing the magnetic fiel 


i rotation of the mag- 

f the amplifier. 
ect of increasing 
angle @ and therefore decreasing the amount by which 
the c-axis component of magnetization changes during 
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each reversal. At the same time it increases the back- 
ground voltage, which is essentially a sin? curve due 
to stray pickup of the rotating horizontal magnetic field 
by the stationary coil. The magnetization switching ef- 
fect persists, with only slightly less rotational hysteresis 
than that shown in Fig. 2, at fields up to 10 400 oe. At 
the larger fields it is more apparent that the observed 
torque curves consist of segments of the +C sin3¢g 
torque curves separated by sharp transition regions. 

In a field of 5000 oe the switching effect first appears 
at ca 90°K and it persists throughout the temperature 
region in which the crystal has cones of easy magneti 
zation. With increasing temperature in this region the 
amount of rotational hysteresis steadily decreases. The 
amplitude of the voltage spikes also decreases, at first 
slowly and then more rapidly as the temperature ap- 
proaches 215°K. Half of the decrease occurs in the last 
20° (between 195° and 215°K). No voltage spikes are 
observed at temperatures above 215°K. Translated into 
terms of the sensitivity of the measurement, this means 
that the magnetization does not deviate from the basal 
plane by more than 0.2° during any 30° interval of 
angle ¢ in a field of 5000 oe. 

A simple qualitative explanation of the switching 
effect is as follows. As the temperature increases from 
77°K the equilibrium cone angle of CoeY increases from 
68°, reaching 90° at 215°K. The magnetic field applied 
at 6=90° during the torque measurement pulls the 
magnetization more closely into the basal plane. At 
some temperature the magnetization is able to reverse 
its c-axis component of magnetization spontaneously as 
the magnetic field rotates in the basal plane, allowing 
the crystal to adopt the trigonal anisotropy correspond- 
ing to the lowest energy for a given value of ¢. This 
process is characterized by rotationa! hysteresis. As the 
temperature increases the equilibrium values of @ for a 
given field are closer to 90°, so that the amount of 
change during each reversal of c-axis component of mag- 
netization becomes progressively smaller. At the same 
time the rotational hysteresis decreases. The effect dis- 
appears completely when the anisotropy becomes planar 
at 215°K. A quantitative treatment of the experiment 
of Fig. 2. will be presented in Sec. IIIB. 

At temperatures in the vicinity of 215°K the rota- 
tional hysteresis just described becomes so small that 
the torque curves resemble the sixfold curves expected 
of a hexagonal crystal. Their amplitude decreases rap- 
idly with increasing temperature between ca 195°K and 
220°K. The determination of K; from these torque 
curves [see Eq. (3) ] leads to anomalously large ap- 
parent values for this anisotropy constant. The meas- 
ured value of K; at 230°K is —1890 erg/cm’. 


ra CoZ 
The torque curves of CooZ at 77°K have threefold 


symmetry if the crystal is cooled in a magnetic field 
lying in the basal plane. The conditions establishing the 
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Fic. 3. Basal plane torque curves for CoZ crystal measured in 
a field or 10 400 oc. Curve A was obtained at 77°K after the crystal 
had been cooled in a field orientated at ¢=0°. Curve B (77°K) 
followed cooling at ¢= 180°. Curve C was recorded at 216°K. 


phase of the trigonal torque are identical to those in 
the case of Co2Y. Figure 3 shows torque curves at 77°K 
following cooling in 10 400 oe oriented at g¢=0 (curve 
A) and at ¢=180° (curve B). 

However, the similarity in behavior of Co2Z and Co2Y 
ends with this experiment of cooling in a basal plane 
field. If the Z compound is cooled in the absence of a 
magnetic field one observes a torque curve which is the 
superposition of a sixfold torque (K;= — 1450 erg/cm*) 
on a term due to shape. If the crystal is cooled in a 
field oriented in either direction along the c axis one 
observes exactly the same torque curve at 77°K as was 
obtained by cooling in zero field; that is, no trigonal 
term is present. 

If the crystal is warmed from the condition corres- 
ponding to curves A or B of Fig. 3, it passes through a 
transition region in which trigonal torque curves give 
way to hexagonal curves. Torque curves in this tran- 
sition region have a very unusual shape bearing no simi- 
larity to the corresponding curves for Co2Y (Fig. 2). 
Rotational hysteresis is present, but the torque curves 
include higher order harmonics—at least as high as 
twelfth order. This effect is illustrated by the dashed 
curve C in Fig. 3. Above 220°K the torque curves be- 
come smooth superpositions of sin2g and sin6g com- 
ponents. No change in c-axis component of magneti- 
zation is detectable at any temperature in the voltage 
experiment of Fig. 2. 


III. DISCUSSION OF EXPERIMENTAL RESULTS 


In this section it will be shown that the behavior of 
the Co2¥ crystal is consistent with its crystalline struc- 
ture, and all of the observed effects can be explained 
phenomenologically by adding suitable terms to the 
anisotropy equation; that in the case of CosZ a new 
and unusual anisotropic behavior has been observed; 
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and finally, that the anisotropy can be understood, at 
least qualitatively, on the basis of an atomic model. 


A. Crystalline Structure 


The many hexagonal ferrimagnetic oxides have com- 
plex structures® which can be described in terms of 
basal plane oxygen layers with interstices between the 
oxygens occupied by metal cations. The oxygen layers, 
each containing four oxygens per unit cell, alternate 
between cubic and hexagonal close-packed arrange- 
ments. The cubic portions are layers of spinel structure, 
so oriented that a body diagonal of the cube coincides 
with the hexagonal c axis. The hexagonal portions have 
one of the four oxygens in at least one of the layers 
replaced by a barium cation. 

It has been recognized’ that all the structures can be 
constructed from three basic building blocks; one cubic 
and two hexagonal. Adopting the notation of Smit and 
Wijn’ we label these blocks S, R, and T. S is the cubic 
spinel block, consisting of two oxygen layers (8 oxygen 
ions: and 6 cations). R, with three oxygen layers, has 
the formula BaFegQ;;. T contains four oxygen layers, 
the center two of which each contains one Ba ion. Its 
formula is BagFesQ,,. 

Each of these structural units has its own symmetry 
elements, and the symmetry of the over-all structure 


(a) Co, Y (b) Co» Z 

Fic. 4. Crystal structures of Co:¥ and Co:Z, showing cross 
sections of the unit cells through vertical mirror symmetry planes 
The ¢ axes are vertical. S, 7, and R represent the basic structural 
subgroups. The drawn vertical lines are axes of threefold sym- 
metry. Centers of symmetry are denoted by +: and horizontal 
mirror planes by m. The asterisks indicate rotation of a block by 
180° about the ¢ axis 


*P. B. Braun, Philips Research Repts. 12, 491 (1957). 


7 J. Smit and H. P. J. Wijn, Ferrites 
New York, 1959), Chap. IX 


John Wiley & Sons, Inc 
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depends upon the way the basic elements are stacked 
together to fabricate the unit cell. R, S, and T all have 
trigonal symmetry about the S and T both con- 
tain centers of symmetry. R is the only element con- 
taining a horizontal mirror symmetry plane. However, 
horizontal mirror symmetry planes are introduced into 
structures containing S and T if half of the blocks are 
rotated 180° about the c axis with respect to the other 
half. This operation occurs in most of the structures. 

The structures of Co.¥Y and CooZ are shown in Fig. 
4(a) and 4(b), respectively. These figures show cross 
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sections of the unit cells through a vertical mirror sym- 
metry plane, with the c-axis vertical. The drawn vertical 
lines are axes of threefold symmetry. Any ion not lying 
on one of these lines in reality represents three ions. 
The unit cell is generated by performing this symmetry 
operation. Centers of symmetry are denoted by + ; and 
the horizontal mirror planes, by m. The asterisks indi- 
cate rotation of a block by 180° about the c axis. 
Figure 4(a) shows that the Y structure is composed 
of alternating S and T blocks. There exist centers of 
symmetry in each of these blocks. However, there are 
no horizontal mirror planes, since none of the blocks 
to the 
others. Although the smallest hexagonal elementary cell 


has been rotated about the ¢ axis with respect 


contains 18 oxygen layers, as shown here, it is possible 
to find an elementary cell of rhombohedral symmetry 
containing only six oxygen layers.’ 

Figure 4(b) shows that the Z structure has twenty- 
two oxygen layers per unit cell, and that the crystallo- 
graphic buildup of blocks is STSRS*7*S*R*. Centers 
of symmetry exist at the center of each block, and there 
are horizontal mirror planes through the middle of every 


R block. 


B. Phenomenological Description of Anisotropy 
1. CooY 

A careful analysis of the structure of Co2Y, as de- 
scribed in the last section, leads one to the conclusion 
that Eq. (1) is not a complete phenomenological expres- 
sion for its anisotropy. The absence of horizontal mirror 
symmetry planes, coupled with the presence of centers 
of symmetry, permits the inclusion of two additional 
terms: K:’ sin*#cos@cos3¢ and K;,”’ 
The first of these terms has been mentioned previously 
by Dzyaloshinsky*® in a thermodynamic theory of the 
“weak” ferromagnetism of antiferromagnetic a-Fe2O3. 


sin*é cos*@ cos3 ¢. 


However, its existence has not been directly verified 
experimentally in that material or in any ferro- or ferri- 
magnetic crystal. 

Most of the experimental results obtained with the 
Coe¥ crystal can be explained in terms of the anisotropy 
expression containing terms no higher than fourth order 
in the direction cosines of the magnetization: 

W4=K;sin#+ K;sin@+ Ky’ sin*@ cos@ cos3¢. (4) 
Solids 4, 241 


® J. Dzyaloshinsky, J. Phy hem 1958). 
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The torque in the basal plane is given by 


L=— AW 4/d¢=3K_’ sin*é cos@ sin3 ¢. (5) 


This torque decreases in magnitude as @ approaches x/ 2, 
a fact which explains the decrease in amplitude with 
increasing field measurement. The sign of the coefficient 
of sin3¢ becomes negative when 6 exceeds 7/2. There 
fore, one of two threefold torque curves is possible. The 
phase is determined by the c-axis component of the 
magnetization. The effect of the magnetic field cooling 
for fields applied both in the basal plane and perpen 
dicular thereto is merely to orient the magnetization. 
The field induces the magnetization to lie in the partic- 
ular cone which corresponds to the lowest energy of the 
system under the field cooling conditions. 

Evaluation of the constant K,’ from the amplitude 
of a sin3¢ torque curve requires a knowledge of angle @. 
It was shown in Sec. ITB that the experiment illustrated 
in Fig. 2 involved changes in 6 between 86° and 94°. 
Using this information it is estimated that K,’ has the 
approximate value 6X 10° erg/cm® at 117°K. 

The spontaneous change of the c-axis component of 
magnetization and the rotational hysteresis which ac- 
companies it in the experiment of Fig. 2 can also be 
explained, at least semiquantitatively, by means of Eq. 
(4). We find the equilibrium values of #@ by minimizing 
the total energy with respect to changes in @; thus 


0(W4—M-H)/00=0, (6) 


where M and H are vectors indicating the magnetization 
and magnetic field, respectively. It is convenient to 
carry out the calculations in terms of angle y, which 
measures the angular deviation of M from the basal 
plane (y=2/2—8). 

Noting that y is a small angle, we can approximate 
siny and cosy as power series containing terms of no 
higher order than y*. We assume that H is sufficiently 


strong with respect to anisotropy in the basal plane , 


that the projection of M on the basal plane has the 
same orientation as H; i.e... M-H=MH cosy. Under 
these conditions, Eq. (6) becomes: 
y'+ (a/2b)y+ (c/4b) cos3 ¢=0. 

where 

¢= = (Ki+2K.)+(4)M4, 

b= (4)(K,+5K.)—MH/24, 

c= K,’. 

This cubic expression of equilibrium values of y as a 

function of ¢ is most easily handled by graphical means. 
In Fig. 5 are plotted the two parametric equations: 


yey", 
and 
y= — (a/2b)y— (c/4b) cos3¢. (9) 


The second equation represents a family of straight lines 
of constant slope (—a/2b) with a y-axis intercept 
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(—c/4b) cos3¢ which oscillates up and down as ¢ in- 
creases. The equilibrium values of y correspond to 
the intersections of the straight lines with the other 
curve. The parameters used in the plots of Fig. 5 were 
obtained from the values of K,(— 11.7 10° erg/cm'), 
K2(+6.7X10* erg/cm*®) and M(210cgs) reported by 
Enz et al.?; taken together with K2'(6X 105 erg/cc) and 
H (10 400 oe) determined from the present experiments. 

The variation of y as ¢ increases from 0° to 120° is 
indicated in Fig. 5 by numerical sequence. As ¢ in- 
creases from 0° to ca 33°, y follows the path 1, 2, 3, 4. 
At point 4 the second derivative of energy with respect 
to y is zero, and the magnetization spontaneously 
changes sign, moving to point 4’. As ¢ continues to 
increase, the equilibrium point moves out to 5’, then 
returns along the path 5’, 4’, 3’, 2’. Again the magneti- 
zation spontaneously changes sign to 2 (at g=93°), 
then continues to point 1 as ¢ increases to 120°. 

Rotational hysteresis occurs because the spontaneous 
change in sign of y from positive to negative (at point 
2’) takes place at a value of cos3¢ different from that at 
which the change from negative to positive (at point 4) 
occurs. Therefore, if ¢ were to change in the opposite 
direction (i.e., decrease from 120° to 0°) the reversals 
would occur at 27° and 87°, rather than at 33° and 93°. 

Increasing the magnetic field strength has the effect 
of first reducing the slope of the straight line to zero, 
then reversing its sign. The amount of rotational hyster- 
esis would decrease, then disappear. 

In principle, this switching effect could be observed 
during the course of torque measurements in the (111) 
plane of cubic crystals such as ferrites, since the con- 
stants of Eqs. (7) and (8) all have their counterparts 
in terms of cubic anisotropy constants. Certainly the 
small component of magnetization normal to the (111) 
plane reverses its sign periodically during the measure- 
ment of a (111) torque curve. However, no cases of 





Fic. 5. Equilibrium values of y as a function of ¢ at 117°K for 
Co2Y, represented by the numbered intersections of the two para- 
metric curves of Eq. (9). The straight lines each correspond to a 
different value of y. Rotational hysteresis is illustrated by the 
possibility of the change in sign of y occuring via the path 44’ or 
via the path 2’--2 
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Fic. 6. Torque curves (solid lines) recorded for Coz¥ at 77°K in 
mirror plane (y=0") containing the ¢ axis. Angle @ represents 
the orientation of the magnetic field (10 400 oe), and no correction 
has been made for the angular deviation between magnetization 
and field. The broken curves represent theoretical curves for three 
different values of gy, calculated from the experimental values of 


the anisotropy constants of Eq. (4), assuming alignment of mag 
netization and field 


rotational hysteresis during such measurements have 
been reported to date 

Finally, brief mention will be made of the shape of 
torque curves to be expected in planes containing the 
c-axis. The inclusion of K,’ leads to the prediction of 
the torque curves shown by the dashed curves in Fig. 6, 
for three different values of y. An attempt was made to 
observe the torque curve corresponding to ¢=0°, with 
the results shown in the solid curve of Fig. 6. A curve 
for ¢= 90° had a similar shape. Unfortunately, the mag- 
netic field is small compared to the major anisotropy 
fields. Moreover, the platelike structure of the crystals 
necessitated the use of specimens with unfavorable 
shape. For these reasons the torque curves are distorted 
considerably from their true shape. The solid curves of 
Fig. 6 have not been corrected for lack of alignment of 
the magnetization with the magnetic field. Some rota- 
tional hysteresis is shown, and it was determined that 
the sudden breaks in the torque curves are accompanied 
by changes in the component of magnetization normal 
to the plane swept out by the magnetic field. Angle ¢ 
thus changes during the measurement. About all that 
can be said for the experimental curves of Fig. 6 is that 
they have roughly the expected shape. This experiment 
should be repeated in a larger field with crystals of more 
favorable geometry 


2. CoZ 
Since the Z structure contains horizontal mirror sym- 


metry planes the trigonal anisotropy terms introduced 
in the previous section are not appropriate for CoZ. 
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Equation (1) should provide an ade 


the anisotropy. 

Nevertheless, as shown in Fig. 3, trigonal torque 
curves were observed at 77°K in CooZ crystals which 
were cooled in the presence of a magnetic field lying in 
the basal plane. One very significant difference in the 
behavior of the Y and Z « rysta is that a field applied 
along the c axis failed to produce trigonal anisotropy 
in Co2Z at 77°K. 

Examination of the Z structure [ Fig. 4(b) | 
that it consists of the stacking of the different building 
juence STSRS*7*S*R*. 
The unit cell is made up of two identical subgroups 
(STSR and S*7*S*R*), one of which is rotated 180° 
about the c axis with respect to the other.’ Equation (4), 
including the trigonal K,’ appropriate within 
each subgroup. It is the operation of rotation of one 


quate desc ription of 


reve als 


blocks along the c axis in the se 


term, i 


subgroup with respect to the other which eliminates 
the K,’ term from the anisotropy expression of the unit 
cell, since the K2’ terms from alternate subgroups cancel 
each other. 

If the c-axis component 
verse its sign in alternate 
Fig. 7, the K2’ 
gether, and the crystal would display trigonal! anisot- 
ropy. We explain the observed 
the basis of tl 
Cooling the crystal in a magneti 


of magnetization were to re- 
ubgroups, as indicated in 
terms for all subgroups would add to- 


trigt yal anisot ropy 


shown in Fig. 3 on is model. 
basal 


subgroup 


field in the 
plane causes the magnetization within each 
to lie in whichever cone corre sponds o the lowest ene rgv 
for the value of ¢ determined by the field. 
One of the magnetization patterns represented by Fig. 7 
is created and remains when the field is 
patterns are very stable at 77°K, 
zation and the application of a field of at least 10 400 o¢ 
for prolong periods of tims 
plane. 

If the crystal is cooled to 77°K in 
c axis, the forced 
ons of the « rystal 


magnetic 
removed. These 
surviving demagneti- 


in any direction in the basal 


a field along the 
the 
The 


t be established, 


magnetization will be to have 
same c-axis component in all reg 


puckered magnetization patt 


rough the 


mirror 


® Actually the dividing line between subgroups runs th 
center planes of the R and R* t 
symmetry planes 


these planes art 
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and no trigonal term should appear in the torque curves. 
One would also predict no trigonal torque in crystals 
cooled in the absence of a magnetic field. Both of these 
predictions agree with experiment. The existence of the 
puckered pattern also explains the failure to observe 
any net changes in c-axis component of magnetization 
during torque measurements in the transition region in 
which cones disappear. Any change in magnetization 
in one of the subgroups is matched by an equal and 
opposite change in the other subgroup. 

The basal-plane field-cooling treatment has the effect 
of setting up an unusual “‘domain” structure in the crys- 
tal. The boundaries between these domains are station- 
ary and lie between the structural subgroups. The ex- 
istence of such domains implies that the exchange 
coupling across certain basal planes in the structure 
must be relatively weak. The anistropy energy gained 
by establishing the magnetization pattern illustrated in 
Fig. 7 must exceed the work which must be done against 
exchange forces to maintain that pattern. It is not clear 
whether the boundary region is sharp or whether it is 
spread over the entire R block, creating a ‘‘domain wall” 
five magnetic atom layers thick. 

Gorter” has worked out the spin arrangements in the 
various structural hexagonal oxide blocks, making use 
of the various principles of superexchange interaction 
which had been applied successfully to the spinel fer- 
rites. In this way he was able to account for the observed 
saturation magnetization of the various structures. The 
coupling between the R and S blocks was shown to be 
possible through one of two different metal-oxygen- 
metal interactions, each of which would lead to a dif- 
ferent spin arrangement. The interaction which was 
judged to be stronger led to the correct magnetization. 
It is possible that the presence of the opposing inter- 
action is the influence which weakens the exchange in- 
teraction across the boundary. 

Whatever the details of the interactions involved, it 
is clear that field-cooled CooZ at 77°K demonstrates an 
unusual type of anisotropy which has lower symmetry 
than that of the crystalline structure. The magnetic 
anisotropy has the symmetry of a subgroup of the crys- 
talline symmetry. It is a real rather than apparent 
anisotropy in the sense that it occurs when the orienta- 
tion of the net magnetization coincides with that of the 
applied magnetic field. 

Other known cases in which the magnetic symmetry 
is lower than that of the overall crystalline symmetry 
usually involve some kind of magnetic annealing process 
at elevated temperatures. This treatment in some way 
creates localized conditions (e.g., precipitates, ionic dis- 
order) whereby the crystalline symmetry is lowered in 
certain regions of the crystal. These structural elements 
contribute their own appropriate anisotropy to the in- 
trinsic anisotropy of the crystal, which then appears to 
have a magnetic symmetry of lower order than that of 


EW Gorter, Proc. Inst. Elec. Engrs. (London) 104B, Suppl. 


§, 255 (1957). 
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the crystalline symmetry. Such effects would not occur 
in a perfect crystal. 

The effect of magnetic field cooling in Co,Z has been 
merely to orient the magnetization. No structural im- 
perfections or disorder have been introduced. The un- 
usual anisotropy would exist in a perfect crystal. 


C. Atomic Considerations 


In view of the complexity of the crystalline structures 
involved it is not possible to place the results of this 
investigation on a sound theoretical foundation based on 
existing crystal field models of magnetic anisotropy of 
oxides. However, several aspects of the situation make 
it possible to present a crude molecular model for the 
origin of the trigonal anisotropy of Co,Y and CoZ. 

First of all, the existence of cones of easy magneti- 
zation in these compounds is associated with the pres- 
ence of cobalt. Secondly, it has been demonstrated" 
that the cobalt ions are located for the greater part on 
the octahedral sites of the spinel portion of the hexag- 
onal oxide lattices, where they contribute to anisotropy 
in much the same way as they do in the cubic spinels. 
Finally, the theory developed by Slonczewski* to ex- 
plain the exceptionally large anisotropy introduced into 
magnetite by sma!l additions of cobalt can, with certain 
simplifying approximations, be adapted readily to the 
present situation. This approach has already been 
used by Smit et al.” in describing certain anisotropy 
characteristics of some cobalt-substituted ferroxdure 
compounds, 

In this section we apply Slonczewski’s theory in its 
simplest classical form to Co2¥Y and Co2Z, and show that 
it leads to the prediction of a trigonal anisotropy which 
is too large by an order of magnitude. Consideration of 
the simplifying assumptions made in this approximation 
shows that in principle the agreement is satisfactory. 

Slonczewski has considered the case of a cobalt ion 
located on an octahedral spinel site surrounded by iden- 
tical nearest neighbor ions. The electrostatic crystalline 
field, of trigonal symmetry, leaves the cobalt ion in a 
doubly degenerate orbital ground state with the residual! 
angular momentum constrained to lie parallel (in either 
direction) to the trigonal axis of the site. Because of the 
degeneracy of the ground state the spin of the cobalt 
ion is coupled to its angular momentum in a first-order 
approximation of the spin-orbit energy. The fact that 
the spin of the cobalt ion is thus strongly coupled to 
the crystal lattice explains the exceptionally large con- 
tribution of the cobalt ion to the magnetocrystalline 
anisotropy of ferrites. Any influence which lowers the 
symmetry of the crystalline field acting on the cobalt 
(e.g., introducing different kinds of ions on neighboring 
sites) will remove the degeneracy of the ground orbital 
state and reduce the effectiveness of the spin-orbit 
coupling. 

“ L. R. Bickford, Jr., J. Appl. Phys. 31, 259S (1960). 


2 J. Smit, F. K. Lotgering, and U. Enz, J. Appl. Phys. 31, 137S 
(1960). 





R. BICKFORD, 





() 


Fic. 8 (a) Orientation of the trigonal axes of the seven octa- 
hedral cation sites per spinel block of the ¥ and Z structures. The 
trigonal axis for atom 4 is aligned with the c axis. All others make 
an angle of 19.5° with the basal plane. (b) Relationship between 
the various angles used in calculating spin-orbit energy for atom 
1. Angle y; is the deviation of the spin (assumed to be aligned 
with the magnetization M) from the trigonal axis j,. Angles @ and 
¢ are the polar angles of M. Angle y measures the deviation of 
M from the basal plane. j,’ is the negative trigonal axis direction. 


We will calculate the anisotropy expected in the ex- 
periments described in this paper by assuming that it 
is due entirely to the cobalt ions, each of which con- 
tributes the spin-orbit energy Jad cosy. Angle y meas- 
ures the separation of the spin (assumed to be aligned 
with the macroscopic magnetization) from the direction 
of the orbital moment; that is, from the trigonal axis 
of the site it occupies. Following Slonczewski, we assign 
the value 2.63 10~™ erg as representing the upper limit 
of the effective spin-orbit parameter aX. 

The orientation of the trigonal axes of the seven octa- 
hedral sites per spinel block of the Y and Z structures 
is shown in Fig. 8(a). These axes coincide with the body 
diagonal directions of the cubic spinel. In the case of 
atom 4 the trigonal axis coincides with the ¢ axis ; where- 
as in the case of the other atoms the axes make angles 
of 19.5° with the basal plane, and their projections on 
the basal plane are 60° apart. Figure 8(b) illustrates the 
variation of angle y with angle ¢ in the case of atom 1. 
The positive and negative trigonal axis directions are 
represented by j, and j,’, respectively. It is assumed in 
this approximation that as the magnetic field is applied 
in the basal plane at angle ¢ the magnetization deviates 
from the basal plane by the small angle y which re- 
mains constant with respect to changes in ¢. Under 
these conditions the relationship between cosy, and ¢ 
is approximately 


cosy, = +y/3+ (2—Vv2/3) cos¢, (10) 


where the + and — signs refer to the positive and nega- 
tive trigonal axis directions, respectively. It is further 
assumed that for all values of ¢ the orbital moment of 
the cobalt ion will lie in whichever direction (j, or jy’) 
leads to the minimum value of cosy;. Similar expres- 
sions for atoms 2 and 3 are obtained by replacing ¢ by 
(¢—2x/3) and (y—4r/3), respectively. 

At this point it should be noted that atom 5 adds its 


JR. 


contribution to the anisotropy in phase with that of 
atom 1; and that atoms 6 and 7 act in unison with 
atoms 2 and 3, respectively. In order to see this we 
perform the successive operations of reversing the c-axis 
component of magnetization (which changes the sign 
of 7), then increasing ¢ by 180° (which changes the 
Equation (10) is thus appropriate for 
atom 5. Atom 4 does not contribute to the anisotropy 
provided the magnitude of y does not change. 

We now add the contributions of atoms 1, 2, and 3 
at various values of ¢. At ¢ 
tain fad\(7/3—4v2/3); while at g=x/3, x, and 52/3 
we obtain 3a\(—7/3—4v2/3). Relating the difference 
between these two quantities to the amplitude of the 
threefold term in the anisotropy equation, we find that 
the trigonal term per three cobalt ions is 


sign of « Os¢). 


0, 27/3, and 49/3 we ob- 


(11) 


a 1 
WA nad) cos3¢. 


This equation has the same form as the K,’ term of Eq. 
(4) in the limit as angle @ approaches 90°. The calculated 
value of K.’ for CoeY is therefore 

K2'= (fad). V/3=4.39X 10 


N erg/cm’, (12) 


where N is the ions per cubic centi- 
meter of the crystal which are located on sites other 
than 4. We assume that for electrostatic reasons the 
divalent cobalt ions have a preference for the central 
sites (atom 4), so that for Co; 9, N has the value 
2.4 10”. The calculated value of K»’ is thus 1.0710’ 
erg/cm*, a number 17 times as large as the experimental 
value of 6 10° erg/cm® determined at 117°K. 

The numerical agreement between the calculated and 
measured values of K,’ 


number of cobalt 
i 


can scart ely be called satis- 
factory. However, the several refinements necessary in 
order to make a more accurate calculation would each 
serve to reduce the theoretical value considerably. First 
and most important, the cobalt ions which contribute 
to the threefold anisotropy experience electrostatic crys- 
talline fields which are distorted from trigonal sym- 
metry. They lie on the border between cubic and hexag- 
onal blocks of the structure. One of the six nearest 
neighbor octahedral cation sites surrounding each of 
them is distorted from the normal position and is oc- 
cupied by a barium ion. As a result of this distortion 
the effectiveness of the spin-orbit coupling would be 
significantly reduced from the magnitude used in this 
calculation. Secondly, the conditions assumed in making 
the calculation correspond to absolute zero of tempera- 
ture. The anisotropy becomes smaller as temperature 
increases. Other considerations which would tend to di- 
minish the calculated anisotropy include the possibility 
that some of the cobalt ions are located in the hexagonal 
portions of the structure, and the fact that y does not 
remain constant during the rotation of H. 

Nevertheless, the calculation has served to demon- 
strate that the cobalt ions are fully capable of contrib- 
uting the observed trigonal anisotropy. 
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In principle this model could be applied also to Co2Z. 
However, a quantitative comparison is not possible for 
that compound in the absence of any information con- 
cerning the value of @ within each structural subgroup. 


IV. SUMMARY 


The existence of trigonal anisotropy in single crys- 
tals of 
Co2¥ (Co; ssBa2Fe12 12022) 
and 
CooZ (Co; 92BasFerg Oar) 


has been demonstrated experimentally by means of 
basal plane torque curves. This phenomenon is observed 
in the low-temperature region in which the crystals have 
cones of easy magnetization. A field-cooling treatment 
is necessary in order to observe the effect. The only 
influence of such treatment is to saturate the crystal 
magnetically (i.e., remove domain structure) and leave 
it in one of the two energetically stable conditions. One 
of these states yields a trigonal anisotropy of phase op- 
posite to that of the other. 

Examination of the crystalline structures of the two 
compounds showed that in the case of the Y compound 
the trigonal anisotropy is consistent with the crystalline 
symmetry, whereas in the case of the Z compound it 
is not. 

The Y compound has trigonal symmetry about 
the ¢ axis and a phenomenological trigonal term 
(K,' sin*#@ cos@ cos3¢) is one of many terms allowed by 
the crystal symmetry (a fact which had been overlooked 
in previous work). An interesting new phenomenon has 
been observed in the transition region as the Y crystal 
warms up to the temperature (ca 215°K) at which the 
cones of easy magnetization merge into the basal plane 
and the trigonal anisotropy in basal plane torque curves 
disappears. This phenomenon amounts to a spontan- 
eous periodic reversal of the c-axis component of mag- 
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netization as the magnetic field rotates in the basal plane 
during a torque measurement. A phenomenological ex- 
planation for this effect, which involves rotational hys- 
teresis, has been presented. Measurement of the c-axis 
component of magnetization during one of its reversals, 
combined with the amplitude of the trigonal torque has 
permitted an evaluation of K,'(610%erg/cm’ at 
117°K). The hexagonal anisotropy constant Ky was 
found to have the values — 600 and — 1890 erg/cm! at 
300 and 230°K, respectively. 

Co»Z has been shown to display an unusual type of 
intrinsic anisotropy having a symmetry which is lower 
than that of the crystal structure, but consistent with 
the symmetry of a subgroup thereof. Observation of 
trigonal anisotropy in this compound was interpreted 
as indicating that the puckered magnetization pattern 
shown in Fig. 7 had been established by the magnetic 
field in which the crystal had been cooled. The existence 
of this pattern implies that the exchange interaction 
across certain layers normai to the ¢ axis must be rela- 
tively weak. The value of K; for CooZ at 77°K was 
found to be — 1450 erg/cm*. 

Finally, the atomic origin of the trigonal anisotropy 
was explored by applying in its simplest form the Slon- 
czewski theory of the anisotropy of divalent cobalt ions 
in octahedral cation sites of oxide structures. It was 
shown that this theory is in principle capable of ac- 
counting for the observed anisotropy. 
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Paramagnetic Resonance of V‘* in TiO,+ 
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The paramagnetic spectrum of vanadium in TiO; has been observed at 10.14 ar 
analysis of the data indicates that the spectrum is due to single d electrons of tetr 
located at titania sites in the lattice. The calculated values of the components of the ¢ ter 
fine interaction constant are: g.=1.915, g,=1.9125, g,=1.9565, A, =0.00315 cm™ 


| 22.68 kMc/sec. An 
avaient vanadium ions 
isor and the hyper- 
A,=0.0043 cm™ and 


A,=0.0142 cm™. The axes of the magnetic coordinate systems of the two nonequivalent ions per unit cell 
are: [1,1,0], [0,0,1], [1,1,0] and [1,1,0], [0,0,1), [1,1,0). 


4 J 


HE paramagnetic spectrum of vanadium, con- 

sisting of an eight line hyperfine structure due 
to a nuclear spin of $, has been observed in a single 
crystal of TiO, at frequencies of 10.14 and 22.68 
kMc/sec. An analysis of the spectrum indicates that it 
arises from the single 3d electron of tetravalent va- 
nadium. This ion should have a relatively short re- 
laxation time in an approximately cubic crystalline 
field. Indeed, at 300°K, the spectrum of vanadium was 
not detected even though a weak spectrum of iron, 
present in this sample in very low concentration, was 
observed. At 78°K, however, the vanadium spectrum 
was thirty times as intense as the iron spectrum and at 
this temperature, the linewidth of the vanadium was 
about 3.5 gauss. The concentration of vanadium was 
nominally 0.1% in a crystal made by Linde Air 
Products. 

The rutile form of TiO, is tetragonal. There are two 
Ti* ions in the unit cell and each of these has six 
neighboring oxygen atoms which produce an ortho- 
rhombic field at the position of the titanium ion. The 
crystal fields of the two nonequivalent titanium ions 
differ from one another by a 90° rotation around the 
c axis of the crystal. Thus when paramagnetic ions 
replace titanium ions in a single crystal of TiO:, the 
spectra of the two nonequivalent ions are identical 
when the magnetic field is along the ¢ axis. As the 
orientation of the magnetic field is changed in the 
(1,1,0) plane from the ¢ axis to the [1,1,0] direction, 
each absorption line splits into two components. This 
characteristic behavior is observed for vanadium in 
rutile (Fig. 1) indicating that it is located in the lattice 
at a titanium site. In addition, the spectrum in the 
plane perpendicular to the ¢ axis has a 90° period with 
the two ions identical along the a axes. 

The Hamiltonian describing the energy levels of the 
V* ion is!: 


K=6[ ¢.S-H.+¢,S,Hy+g-5H.|+Acl eS: 
+A,J,S,+A/S,+9P [12-41 (+1) ] 
+4(P.—P,) (12+ 1") —gnbwl y. 


t Partially supported by U. S. Army Signal Corps. 
'K. D. Bowers and J. Owen, Reports on Progress in Physics 
(The Physical Society, London, 1955), Vol. XVIII, p. 304. 


To second order, the energy levels for a magnetic field 
along the Z axis are: 


mA, [7(1+1)—m?*] 
t { A?Z+A,?) 
Y Shy 


g.BH 
=+ 


m 
1,A,+m{2[7(1+1)—m'*]—1} 


Shy 
P 
+3P{m?—41(I+1)} 
rvBvH,) 
yvBnH,m. (1) 


The plus and minus signs refer to the two spin states 
of the electron and m is the magnetic quantum number 
of the nucleus. The energy differences of the Am=0 
transitions are then: 


[7(7+1 
hv=g.8H,+mA,4 


+m{2{7(7+1 P . & 
gv8vHl,) 

It is these transition 

in the V* spectrum 


which produce the intense octet 
Equations (1) and (2) can also 
be applied to magnetic fields along the X and Y axes 
by commuting the components of H, A, and P. 

lata taken at 10 and 22 kMc/sec 
quadrupole (P;—P;)?/2A,, in 


accuracy of this 


An analysis of « 


shows that the term, 
Eq. (2) can be neglected within the 
values of the com- 


experiment. Then the calculated 


ponents of the g tensor and hyperfine interaction 


constant are: 
1.915, A, 
1.9135, A, 


1.35G@’, As 


0.00315 cm= 


’ 


0.0043 cm 


0.0142 cm 


The direction cosines of the magnetic axes relative to 


1010 





PARAMAGNETIC RESONANCE OF V‘*+ IN TiOsg 1011 


TaBLe I. A comparison of the observed and calculated resonant fields of V‘* in TiO:. All data were observed at 78°K. 
Linewidths are approximately 34 gauss 


x axis y axis=C¢ axis = axis 
Frequency Observed Calculated Frequency Observed Calculated Frequency Observed Calculated 


22.685 kMc/sec 8336 gauss 8336 gauss 22.690 8634 8635 22.685 7737 7740 
8366 8367 8583 8583 7891 7894 
8396 8398 8531 8532 8046 8049 
8429 8431 8481 8482 8201 8203 
8465 8466 8433 8434 8357 8357 
8502 8504 8387 8388 8511 8513 
8541 8542 8341 8343 SOO8 8668 
8581 8582 8297 8299 8822 8824 
10.140 kMc/sex 3899 gauss 3898 10.140 3951 3946 10.140 4249 4243 
3854 3854 3890 3889 4090 4087 
3814 3812 3837 3835 3932 3931 
3775 3770 3785 3783 3775 3775 
3738 3736 3735 3735 3620 3621 
3705 3706 3688 3691 3467 3467 
3677 3689 3647 3649 3313 3313 
3653 3652 3007 3610 3161 3159 


the crystal axes are: Since vanadium in rutile has a g tensor with very 
nearly axial symmetry, it seems reasonable to apply 


: to this ion a theory of Abragam and Pryce for a single 


—v2/2 


0 4300 
+v2/2 / 





The z axis is the axis of nearly tetragonal symmetry 
of the local crystal field as is also shown by the spectra 
of trivalent chromium?” and iron‘ in rutile. The above 
values may be compared to V* in sapphire’ where 
g=1.97 and A=0.0132 cm. In this axial crystal, 
both are isotropic. 

Table I is a comparison of the observed data with 
the calculated values of the magnetic field at resonance 
using the constants given above. The agreement is 
better than 0.2%. Moreover, the good agreement at 


two different frequencies eliminates the small possi- 
bility that the spectrum is due to V**. 








At 78°K, a number of very weak resonances, attri- 





buted to Am=1 or 2 transitions, were also observed. 
These were about as intense as the iron resonances and 


» (GAUSS) 





about 3% as intense as the principal vanadium spec- 
trum. When the magnetic field is along the ¢ axis of 
the crystal, one of these quadrupole resonances occurs 
just below the strong octet. This line is tentatively 
identified as a transition between m=} and m= 3 and 
on this basis it is estimated that P,=0.0015 cm. 
Further work with better sensitivity is required to 
verify this value and to determine the other component: 


of P. 


*H. J. Gerritsen, S. E. Harrison, H. R. Lewis, and J. P. Wittke, 
Phys. Rev. Letters 2, 153 (1959) 


*J. Sierro, K. A. Muller, and R. Lacroix, Arch. sci. (Geneva 
12, 122 (1959) pS ee a) ee J 
* A. Okaya, D. Carter, and F. Nash, Bull Am. Phys. Soc. 3, 73 fs) 20 40 60 60 


(1960) © 
§ J. Lambe and C. Kikuchi, technical memorandum, University ; The spectrum of V* in TiO, at 10.140 kMc/sec. 
of Michigan, November, 1959 (unpublished). T=78°K 
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d electron in axial crystal fields.* Using this theory, it 
is possible to compute A, the splitting in the lower 
orbital triplet due to the axial field, from either g,; or 
g.. However, the values thus obtained differ by a factor 
of 24. This large discrepancy indicates that either the 


* A. Abragam and M. H. L 
A205, 135 (1951) 


Pryce, Proc. Roy. Soc. (London) 
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small orthorhombic component of the crystal field 

makes the theory inapplicable to this case, or that the 

theory requires some modification. 
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Wave functions to order & are presented for electrons in metallic potassium. The cal 
application of the cellular method. The potential was derived from a self-consistent fiel 


exchange effects 


INTRODUCTION 


N previous calculations, the cohesive energy of 

potassium was determined, and some features of 
the energy band system were studied.'? The present 
work presents wave functions determined according to 
the cellular method, 
calculation of the cohesive energy. 

The wave functions and energy of an electron of 
wave vector k are expanded in powers of k according 
to the method of Silverman.’ We have 4 


Uo V oot ikuy¥ yo 
+ kh? (42 ¥ 20+ 0 ¥ 00), 
Eot+ E.k?+ Esk'+---. 


together with an improved 


Yr=e™ uy; ty 


E(k) 
The Y,, are normalized spherical harmonics. 


V 00 (4) '. Vy (3 4a)! cosé; 


Y 20 (5 ter)*(3 cos*@—1)/2. (3) 


The equations determining the functions mo, 1, etc., 
and the energy parameters Eo, 
in reference 4. 

The functions which are tabulated are: 


Ro=ruo;, R, 


E», Ey, are summarized 


ru;; Ro=ru2; Q2=rdo. 


The normalization integral for y, is® 


fiw dt fim *dr=1+k(J:4+2J2), 
Q Q 


1S. Berman, J 
1467 (1956) 

? J. Callaway, Phys. Rev 

*R. A. Silverman, Phys. Rev. 85, 227 (1952 

‘J. Callaway, Phys. Rev. 112, 1061 (1958) 

* Use of the normalized spherical harmonics in (1) leads to a 
different normalization of ¥, from that employed in reference 4. 


Callaway, and R. D. Woods, Phys. Rev. 101, 


103, 1219 (1956 


caiculation is an 


and contains 


in which 


r r 


J Rear J ff Reear 


0 0 


In the original cohesive energy and band calculations, 
an attempt was made to take core valence exchange 
interactions into account by constructing separate 
exchange potentials for states of s, p, and d symmetry. 
The potentials given in reference 2 were used in this 
work for the basic s, p, and d functions incorporated in 
Ro, Ri, Re, and Q». The exchange interaction is some- 
what weaker for d functions than for s and functions; 
this is the cause of the somewhat peculiar shape of the 
function Ro. 

All calculations for a sphere radius 
r,=4.84 (Bohr units), which is appropriate for 0°K.* 

The band parameters computed in this way are 
Ey=—0452 ry; E,.=1160; Ey=—0.85. With the 


exception of Ey, the results are in good agreement with 


were made 


those previously reported. The £, given in reference 2 
is in error. The cohesive energy, computed’ in the 
standard way’ (but neglecting corrections due to core 
A reasonable estimate 
of the core polarization effect is 


polarization) is 22.3 kcal/mole 
an increase of 2.6 
kcal/mole in the cohesive energy. The experimental 
cohesive energy is 22.6 kcal/mole 

A quantity of interest in the theory of the Knight 
shift® is &= | ¥,(0) |?/|¥4(0) |? where y,(0) is the average 
over the Fermi surface of the value of the wave function 


*C, A. Swenson, Phys. Rev 


99 423 (1955) 
7J. Callaway, in Solid-State Physics, edited by | 


Seitz and 
1958), Vol. 7, p. 99. 
edited by F. Seitz and 
Academic Press, Inc., New York, 1956), Vol. 2, p. 93 


D. Turnbull (Academic Press, I: New York 
®*W. D. Knight, in Solid-State Physic 
D. Turnbull 
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TABLE I. The solid-state functions Re, R:, and Q: are given as functions of r for ko = —0 452 ry. The normalization of these functions 
is given in Eq. (5) of the text. fo Ridr=0.1933, fo" RoQedr = 2.486, fi" R#dr = 1.385, lim (Ro/r)=3.81, and lim (Q2/r)=4.27. 
ro ro 


r Ry R, R2 Q: Ro R, R; QO: 


0.000 0.0000 0.00000 0.00000 0.0000 | — 0.0566 0.074 0.0929 —0.0791 
0.005 0.0172 — 0.00120 0.00000 0.0193 —0.0177 0.009 0.1131 —0.0143 
0.010 0.0313 0.00459 —0,00001 0.0350 +0.0228 0.090 0.1775 +0.0566 
0.015 0.0424 — 0.00984 — 0.60004 0.0474 55 0.0619 0.164 0.225 0.1288 
0.020 0.0510 0.01663 — 0.00009 0.0569 | 0.0977 0.229 0.273 0.199 
0.025 0.0573 — 0.0247 —0,00017 0,0638 0.1293 0.285 0.321 0.264 
0.030 0.0616 — 0.9339 —().00027 0.0684 0.1559 0.330 0.368 0.323 
0.035 0.0641 ~ 0.0440 —0.00040 0.0709 ‘ ‘ 9 
0.040 0.0651  —0.0547  —0,00057 0.0717 aa aca Het ry 
0.045 0.0647 — 0.0660 — 0.00076 0.0708 0.210 0.438 0.596 0.507 
0.050 0.0631 0.0776 — 0.00097 0.0685 0.195 0.430 0.647 0.506 
0.06 0.0570 -0.1016 — 0.00146 0.0604 2 0.170 0.411 0.684 0.481 
0.07 0.0479 —0.1257 — 0.06202 0.0486 0.137 0.384 0.710 0.435 
0.08 0.0367 0.1493 —0.00262 0.0342 0.098 0.352 0.725 0.372 
0.09 0.0241 —0.1719 —0.00322 0.0179 | 0.057 0.318 0.731 0.296 
0.10 +0.0107 —0.193 —0,00378 +-0.0006 +0.014 0.284 0.730 0.210 
0.11 —0.0031 —Q0.213 —0.00428 —0.0171 | —0.030 0.250 0.723 0.117 
0.12 — 0.0167 —0.230 — 0.00467 — 0.0349 -—0.073 0.218 0.712 +0.020 
0.13 — 0.0300 —0.246 — 0.00493 —0.0524 —0.115 0.188 0.698 — 0.080 
0.14 —0.0427 0.259 — 0.00503 —0.0692 | —0.156 0.162 0.682 —0.182 
0.15 —0.0547 0.270 —0,00493 — 0.0850 
0.16 — 0.0657 0.279 —0,00462 — 0.0999 
0.17 —0.0757 —0.286 — 0.00406 —0.1135 
0.18 — 0.0847 —0.291 —0.00325 ~0.1258 
0.19 — 0.0926 —0.294 — 0.00215 —0,1367 
0.20 —0.0994 0.296 — 0.00077 — 0.1462 


—0.234 0.119 0.647 —0.384 
—0.306 0.087 0.613 —0.580 
—0.371 0.064 0.582 —0.768 

0.431 0.048 0.554 —0.946 
—0.485 0.037 0.529 —1.112 
—0.533 0.030 0.509 — 1,266 
0.22 —0.1098 —0.293 +0.00291 -0.1609 | —0.578 0.024 0.493 —1.410 
0.24 —0.1159 —0.283 0.00786 —0.1698 | ~—0.618 0.020 0.482 — 1.543 
0.26 —0.1180 —0.268 0.01412 0.1733 | : —0.656 0.017 0.474 — 1.666 
0.28 —0.1166 —0.249 0.0217 —0.1716 | —0.692 0.014 0.472 — 1.780 
0.30 —0.1121 —0.225 0.0306 0.1652 —0.726 0.011 0.473 — 1.887 
0.32 —0.1049 —0.199 0.0408 0.1545 ~0.760 0.007 0.480 — 1.989 
0.34 —0.0953 —0.170 0.0521 -0.1401 | —0.793 0.004 0.491 — 2.085 
0.36 — 0.0838 0.139 0.0647 0.1225 | —0.827 0.001 0.509 —2.178 
0.38 —0.0708 —0.107 0.0783 —0.1020 ~—0.834 0.000 0.513 —2.196 


a) 


Ww Ww wh Nw Nh 


at a nucleus, and ¥.4(0) is similarly the value of the putation of Ro, gave p4(0) ?=0.743. We then have 
wave function of an electron in the free atom at the £&=1.16. 
nucleus. The technique of expanding the wave function ACKNOWLEDGMENTS 


in powers of k is apparently capable of yielding results Buch of this wack wes dune hile the euther om 


— ; vase visiting professor in the department of mathematics, 
cases of rubidium and cesium. We find from the expan- Queen Mary College, University of London. He also 
sion, using ky=0.3965, (p,(0)|?=0.862. A calculation of wishes to acknowledge his indebtedness to Mrs. J. 
Wa, using the same potential that was used in the com- Gordon for assistance with the calculations. 


for — in reasonable agreement with experiments in the’ 
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The diffusion rate of Li in Si at high temperatures has been re-investigated using ar 
The resulting D for Li’ is (2.21+0.07) K 10~* cm?/sec at (80045 
If these results are combined with ion drift results, the diffusion constant can be described by D= 


X10-* exp| 


and Li’ 


outdiffusion technique 
C and 2.4 10-5 cm?/sec at (1350+5)°( 


5+0.2 


) 


(0.655+0.01)e/kT ]. The isotopic effect upon the diffusion has been investigated using Li* 
At 800°C, the value for Dy\*/D,\’ is 1.07,40.02, in accordance with the expected inverse de 


pendence on the square root of the mass. The ionic charge of the Li and the atomic mechanism for Li diffusion 


is discussed in the light of these and other results 


I. INTRODUCTION 


HE activation energy for Li diffusion is an im- 
; portant parameter in experimental determina- 
tions by the junction-ion drift method' of the binding 
energies between Li and acceptors,? between Li and 
oxygen,* and indeed between Li and any impurity with 
which it interacts. Since the activation energies corre- 
sponding to these binding energies can be small relative 
to the activation energy for Li diffusion, a small error in 
the latter can result in relatively large errors in the 
binding energies. In addition, the value of Do, the extra- 
polated value of the diffusion constant at 1/7=0, can 
be significant in distinguishing between possible models 
for the interstitial diffusion of Li in Si, if a better method 
for determining the vibrational frequency of the Lit* ion 
can be found. A unique model appears ultimately 
achievable, for this system is sufficiently simple that it 
should be possible to understand the nature of the 
forces which inhibit the diffusion—specifically, 
whether they are predominantly elastic forces between 


atomi 


lattice atoms,‘ polarization forces between the Li* ion 
and the lattice,’ or perhaps predominantly Coulomb 
interactions between the Lit ion and the stationary 
charge distribution of the lattice. 

These considerations have led to a need for a more 
accurate knowledge of the high-temperature diffusion 
rate of Li in Si than was previously available,*:’ as well 
as a need for careful estimates of possible errors. Of 
particular significance was the possibility of a systematic 
error in some of the earlier data which could seriously 
impair the Li-impurity binding energy determinations.* 


* The research reported in this paper has been sponsored by the 
Electronics Research Directorate of the Air Force Cambridge 
Research Center, Air Research and Development Command 

1 E. M. Pell, J. Appl. Phys. 31, 291 (1960) 

?H. Reiss, C. S. Fuller, and F. J. Morin, Bell System Tech. J. 
35, 535 (1956 

+E. M. Pell, Symp 
munications, Brussels, 
1960). Vol. 1 

*C.Wert and C. Zener, Phys. Rev. 76, 1169 

5H. Reiss and ( S. Fuller, Semiconductor 
lishing Company, New York, 1959), Chap. 6 

*C.S. Fuller and J. A. Ditzenberger, Phys. Rev. 91, 193 (1953). 

7C. S. Fuller and J. C. Severiens, Phys. Rev. 96, 21 (1954). 

* The possibility in question could arise from a nonuniformity 
of the electric field in the samples of reference 7, caused by the 


ind Telecom- 


New York, 


ium on Solid-State Physics 
1958 (Academic Press, Inc., 


1949 


Reinhold Pub- 


The outdiffusion method adopted for the high tem- 
perature measurements proved to be sufficiently accu- 
rate to investigate the effect of the isotopic mass upon 
the diffusion. The classical model for diffusion in solids*:5 
leads one to expect an inverse dependence of D on the 
square root of the mass, though correlation effects could 
change this if vacancies were involved in the diffusion 
proc ess.’ This depends nce has been ¢ xperimentally con- 


firmed, even for interstitial diffusants, in suprisingly 


few cases,* while exceptions have been reported in 


others.’ The relative ly large mass ratio between the 
two stable isotopes of Li makes this diffusant particu- 
larly amenable to such an experiment. 


Il. EXPERIMENT 
Choice of Technique 


The generally-used techniques based on in-diffusion® 
do not lend themselves to accurate determinations of the 
Li diffusion constant because of three difficulties: (1) 
For temperature below roughly 900°C, the Li solubility" 
exceeds the intrinsic carrier concentration,” resulting in 
the presence of an extrinsic region near the surface 
during the diffusion process. In this extrinsic region, 
there will be a built-in field which will roughly double 
the diffusion rate."* This violates the boundary condi- 
Li-doped region remaining at the diffusion temperature 
Measurements made subsequent early drift measurements 
indicate that the Li solubility at the 800°C solution temperature 
used is about 2X 10" atoms/cm* [see E. M. Pell, J. Phys. Chem. 
Solids 3, 77 (1957) ]; the intrinsic carrier concentration does not 
reach this value until the temperature is about 900°C [F. J. Morin 
and J. P. Maita, Phys. Rev. 96, 28 (1954) ] which is higher than 
any of the temperatures used in these early measurements. The 
excellent agreement between the present results and the earlier 
measurements indicates, however, that such an error was not 
present. This can be explained by a probable lack of saturation of 
the drift samples with Li; ordinary quench techniques often result 
in a Li concentration at 800° which is a factor of ten or more 
below the solubility limit (see Pell, idid There unfortunately 
seemed to be no way to eliminate the bility of such an error 
in the earlier data, nor to estimate it ble magnitude, without 
an independent determinati 

* A. H. Schoen, Phys. Rev 
therein. Also, J. R 

 T). Lazarus and B. Okkerse, Phys. Rev. 105 

1 E. M. Pell, reference 8 

2 F. J. Morin and J. P. Maita, refe 

%F. X. Hassion, see F. M. Smits, Proc. Inst. Radio Engrs. 46, 
1049 (1958); A. D. Kurtz and C. L. Gravel, J. Appl. Phys. 29, 


» these 


Letters 1, 138 (1958), and references 
Manning, Phys. Rev. 116, 819 (1960 
1677 (1957) 
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tions leading to the usual error function solution’ and 
greatly complicates the analysis. (2) For a diffusion 
temperature in excess of 600°C, it is difficult to prevent 
precipitation" in the region adjacent to the surface when 
the sample is quenched to room temperature ; this makes 
it difficult to confirm the boundary conditions, especially 
with regard to the nature of the source.‘ (3) It is difficult 
to produce planar and hence easily analyzable diffusion 
geometries because of the strong tendency for Li to 
diffuse to the surface of the sample, where it can form a 
tight bond to the oxide.’ Drift techniques,’ on the other 
hand, have another problem, in that the high Li solu- 
bility at useful alloying temperatures makes it difficult 
to ensure that the Li-rich region is intrinsic, and hence 
has the same field as the rest of the sample at the tem- 
perature at which the drift rate is measured. 

A procedure which avoids the above problems and 
which permits a relatively straightforward check of the 
boundary conditions is to use outdiffusion, coupled with 
conductivity or Hall measurements to monitor the Li 
content. In this technique, the first and second of the 
above three difficulties can be avoided by use of a low 
solution temperature and a low in-diffusion temperature. 
Alternatively, they can be avoided by use of a prelimi- 
nary outdiffusion period ; this period is made sufficiently 
long to bring the maximum Li concentration below the 
intrinsic carrier concentration at the desired diffusion 
temperature and also to a sufficiently low value to avoid 
precipitation problems, which are concentration de- 
pendent. The third difficulty is avoided by making use 
of the tight bond between the Li and the surface oxide in 
establishing and maintaining the surface boundary con- 
dition at effectively zero concentration. It will be shown 
that with this technique it is a relatively simple matter 
to check the boundary conditions. 


Model for Outdiffusion 


The solution of the diffusion equation for outdiffusion 
from a rectangular bar with the surface concentration 
maintained at zero, for times sufficiently long that_the 
first mode dominates, is given by" 


| a 
N=N_(64/m’) exp| - eDi( auafpwnelp )| 
2 lit c2 


a 


uX TY 72 
Xsin— sin— sin—, 
a b c 


where .V is the concentration in atoms/cm’, No is the 
initial concentration at the center of the sample, D is 
the diffusion constant, / is the outdiffusion time, and 
a, 6, and ¢ are the sample dimensions. The decay is seen 


1456 (1958). The same calculation has also been made by J. 
Bardeen, W. H. Brattain, and W. Shockley [J. Chem. Phys. 14, 
714 (1946) ] and by Reiss, Fuller, and Morin (reference 2 

*H. S. Carslaw and J. C. Jaeger, Conduction of Heat in Solids 
Clarendon Press, Oxford, 1959), 2nd ed., p. 184. 
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Fic. 1. Correction factor, K, resuiting from variation of w with N. 


to be exponential, and therefore the time constant, r, 
will give the diffusion constant in accordance with 


1/D=r'7(1/a+1/P+1/e). (2) 


Since V varies with position in the sample, it is con- 
venient to determine \,,, the maximum concentration 
at the center of the sample, and plot the logarithm of 
this as f(t). Since the spatial distribution does not vary 
after the first mode has become predominant," N,, can 
be determined either by measuring the total sample 
conductance or by measuring the effective Hall con- 
stant. In the former case, as is shown in the Appendix, 


Nw=wl/4EgqabK ym, (3) 
and in the latter case 
Nm=PHI/4AV 7 X10°%K o(up/un), (4) 


where K, and K; are correction factors (roughly equal 
to unity) resulting from the dependence of uw on N and 
are given in Fig. 1, calculated by a graphical integration 
as outlined in the Appendix. In Eqs. (3) and (4), J is 
the total sample current in amperes, F is the electric 
field at the middle of the sample in volts/cm (this is 
measured by a two-point probe and a vibrating-reed 
electrometer), g is the electronic charge in coulombs, @ 
is the sample width and 6 is its thickness in cm, pm is 
the drift mobility corresponding to a carrier concentra- 
tion N,,, H is the magnetic field in gauss, Vy is the Hall 
voltage in volts, and up/uy is the ratio of drift mobility 
to Hall mobility. 


Experimental Procedure 


In the outdiffusion experiments, Merck single-crystal 
floating-zone p-type Si of about 1000 ohm cm resistivity 
was used. This was cut into bars, typically 0.3 cmX0.3 
cm 1.5 cm, which were ground and etched. Li, in the 
form of a Li-in-oil suspension, was pre-alloyed in He to 
all four sides of each bar at 650°C by the procedure 
outlined in reference 3. Each sample was in-diffused for 
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20 hr at 500°C in argon and quenched by dropping into 
ethylene glycol.'® It was then outdiffused in a prelimi- 
nary experiment, typically for one hour at 800°C in an 
argon atmosphere without drier, followed by a quench 
in ethylene glycol. This preliminary outdiffusion sched- 
ule of 1 hr at 800°C was also used in the 1350°C out- 
diffusion experiment for it was felt that a preliminary 
outdiffusion at 1350°C might introduce precipitation 
nuclei when quenching to room temperature with the 
relatively high Li concentration typical of this stage. 
Soaking for 5 min in HF acid after this preliminary 
outdiffusion removed oxide layers sufficiently well to 
permit measurement of FE in Eq. (3) with the high- 
impedanc e vibrating reed electrometer. Also, the n p 
junction resulting from the outdiffusion was sufficiently 
close to the surface that it did not affect this measure- 
ment (there was negligible change in the measured value 
if the p region were removed with light grinding), 
though it did affect Hall measurements. After measuring 
1/E, the main part of the outdiffusion was performed, 
typically for three hours at 800°C in argon without 
drier; followed by a quench in ethylene glycol. The p 
region was removed by light grinding and the Hall con- 
stant measured. After a second grind, it was measured 
again and these two results extrapolated back to the 
original sample width to obtain the Hall constant used 
in the calculations (a separate experiment with many 
successive grinds established that the measured change 
in Hall constant was linear with the thickness removed 
by grinding for these small amounts of removal.) 

Use of conductivity measurements for the determina- 
tion of V,, was the method of choice at high .V for three 
(1) Gur Hall apparatus did not give accurate 
values at high V because of the small Hall voltage; 
(2) it was determined empirically that accurate con- 


reasons: 


ductivity measurements did not require sample grinding 
at this stage, which would have altered the boundary 
conditions slightly ; accurate Hall measurements, on the 
other hand, did require such grinding ; and (3) there was 
no reason to feel that the mobility would be anything 
other than that expected from ionized impurity scatter- 
ing at high V. Determination of V through Hall meas- 
urements was the method of choice at low N, for we 
were concerned that the mobility might be affected by 
the possible presence of unknown scattering mecha- 
nisms, such as might be caused, for example, by the 
presence of precipitated particles. These precautions 
were probably unnecessary, for whenever resistivity and 
mobility were compared, the results were within experi- 


mental error of those found by Morin and Maita.” 
18 This indiffusion period is insufficient to produce a uniform 
concentration through these samples. It is estimated that the 
concentration at the center is about 80° of that at the surface. 
rhe preliminary one hour outdiffusion is sufficient to allow the 
higher modes resulting from this initial nonuniformity to decay,“ 
as indicated from the checks of the boundary conditions to be 
discussed presently and also from independent experiments which 
gave the same result for D for wide variations in indiffusion 
procedure, ranging from 4 hr at 800°C to 16 hr at 400°C and from 
5 hr to 24 hr at 500°C 
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V,, it is also necessary to know 


or the ratio of drift- 


For determination of 
the drift or conductivity mobility 


to-Hall mobility if Hall measurements are used). In 

Wolfstirn'® were 

and at low a value of 1.18 for My/iec 
| : 


these experiments, recent results of 
used at high V, 


was used.” At high NV, an addit 
determined from Fig. 1 to include 
variation with NV. 

For the Li® measurement 
(with a trace of oleic acid) was prepared by stirring the 
AEC isotope with a high-speed stainless steel and Pyrex 
blender at 235°C in argon. The resulting dispersion was 


itional correction was 


the effect of mobility 


, a dispersion in mineral oil 


satisfactory for the present prupose, although it was 
inferior to the commercial Li’ product (the particle size 
was larger and the dispersion more dilute; also, it was 
not as easily preserved). In measurement of 
Dy i*/D,;1, two samples, one alloyed with Li® and the 
other with Li’, were outdiffused simultaneously while 


the 


positioned adjacently in the furnace. 


Check of Boundary Conditions 


For the procedure which has been outlined to be valid, 
it is necessary that the Li distribution vary as sin(rx/d) 
across any cross section, d, during the duration of the 
outdiffusion. If it can be shown that the distribution is 
sinusoidal at the end of the outdiffusion, and addition- 
ally that the decay is | a single time 
constant during the 


1 


exponential with 


measured period of outdiffusion, 
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these boundary conditions will have been demonstrated. 
The possibility of any departure from the sinusoidal 
distribution is here excluded because it would lead to 
contributions by higher modes and hence a change in 
the time constant. 

The exponential decay was confirmed by measuring 
the sample conductance many times during a single 
outdiffusion. The resulting V,, vs ¢ is exhibited in Fig. 2, 
and it is seen that after the first half-hour the data can 
indeed be represented by a single time constant. Because 
of the initial presence of higher modes, it is not surprising 
that the initial point does not lie on a linear extrapola- 
tion of the other data, but it would be expected to be 
above such a line rather than below it. The reason for 
the observed behavior has not been analyzed in detail; 
it may result from the dependence of mobility on carrier 
concentration, which would cause the initial somewhat- 
irregular carrier distribution resulting from nonuniform 
alloying (see next section) to give a higher sample re- 
sistance than would be given by the same carriers 
distributed more regularly. The relaxation toward a 
smoother distribution during the first half hour could 
then have a greater effect on the resistance than Li loss. 
Regardless what the true reason is, the fact that the 
first point is low means that the position of the second 
point on the line may be fortuitous; nevertheless, it is 
reproducibly so, so that it would seem to be conserva- 
tively safe to use a point measured a half hour later, at 
a total time of one hour, as descriptive of the decay of 
the fundamental mode. This empirical argument based 
on the data is confirmed by the theoretical model" 
which for the data of Fig. 2 gives a time constant of only 
about four minutes for the next higher mode. 

Although the experiment just described is useful for 
confirming the boundary conditions, the procedure used 
does not lead to maximum accuracy in measuring the 
diffusion constant beacuse of small changes in the 
sample dimensions resulting from the necessity of grind- 
ing off the p region at each of the later steps to permit 
conductivity measurements; for this reason, only two 
points were measured for each sample in determining D. 

The sinusoidal distribution is implicit from the mode] 
and the observations that the decay is a simple expo- 
nential and that an m-p junction is formed near the 
surface. The first observation indicates that only one 
mode is present and the second that this mode has a 
value of essentially zero at the surface. 

The sinusoidal distribution has also been confirmed 
explicitly along the long axis of the sample by cutting 
the sample in half and measuring the total resistance of 
one half as a function of the length of Si removed from 
the original sample-end by grinding. For a sinusoidal 
distribution of Li such that V=N,, cosrx/L, where the 
origin is taken at the center of the sample and L is the 
original sample length, it can be easily shown that the 
resistance of the half-sample should vary as log tan (x#/4 
+2d/2L), where d is the length of the half-sample after 
each grinding. That the résistance does vary in this 
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manner is illustrated by Fig. 3, thus confirming the 
sinusoidal Li distribution along this axis, and by in- 
ference along the others. 

Although the preceding confirms the boundary con- 
ditions for the samples used in this investigation, a 
similar procedure when used with twisted samples (1° 
and 5°) indicated that in such samples these boundary 
conditions were not obeyed. These samples outdiffused 
initially at roughly the same rate as the others (indi- 
cating that diffusion through dislocation-pipes was not 
significant), but the rate of carrier loss increased with 
time and even occurred with the sample merely standing 
at room temperature. This resulted, we believe, from a 
secondary loss of Li by precipitation internally. It indi- 
cates that the present test of boundary conditions is 
capable of detecting such anomalous conditions. 


Sample Uniformity 


Since a given amount of Li if distributed nonuniformly 
will lead to a higher sample resistivity than if uniformly 
distributed,'’ this nonuniformity arising, for example, 
from faulty alloying, and since such nonuniformity is 
more likely near the beginning of the outdiffusion, it is 
possible from this cause to obtain a low value for D. The 
present samples were not completely uniform; resis- 
tivity measurements on different sides of even the good 
samples varied by as much as 3% (which leads to a 
much smaller error in D because the outdiffusion was 
carried out over 3 decades in N,,). Such results were 
particularly apparent in the measurement of Dy\*/Dy\' 
because of the lack of a good Li® dispersion. For ex- 
ample, if the Li® were added in the form of small pellets 
of Li alloyed to the Si, abnormally low values of Dy \*/ 
D,\" were obtained (as low as 1.00), presumably because 
of a decrease in the measured D of Li* resulting from the 
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Fic. 3. Resistance vs half-sample length to establish 
shape of Li concentration profile. 


7? This is true even if the nonuniformity occurs entirely across 
the direction of current flow because of the effect of the variation 
of mobility with concentration 
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Fic. 4. Diffusion constant for Li and Si. 


excessive initial nonuniformity. Low values were also 
obtained after our locally-produced Li® dispersion stood 
too long on the shelf. The reproducibility of the results 
when using fresh Li® constitutes good evidence that 
uniformity in this case was adequate. If an error re- 
mains, it is likely that the correct ratio of Dy\*/Dy,\" is 
somewhat greater than that reported here. 


Temperature Determination 


The Li was outdiffused in a quartz tube furnace of 
l-in. diameter with a heater winding extending about 
4 in. along its outer surface. The temperature was 
measured before each run with an annealed Pt-Pt 10% 
Rh thermocouple (0.010 in. for 800°C data and 0.020 in. 
for 1350°C data) welded to a dummy sample consisting 
of an Aquadag-coated Pt box. This dummy sample was 
placed in the normal position of the Si sample, within 
a quartz crucible inside the furnace tube. Motion of the 
dummy sample by an amount felt to be large compared 
to errors in positioning the Si sample resulted in a 
maximum temperature change of 3°C. In an early set 
of experiments, whose results were within the experi- 
mental error of the final values, the thermocouple was 
also checked against the melting point of gold. We esti- 
mate that the temperature measurements were accu- 
rate to +5°C, 


Ill. RESULTS AND DISCUSSION 


For each sample, the experimental slope of InNV,, vs / 
gave D in accordance with Eq. (2). A correction arising 
from boron compensation proved to be negligible. A 
slight correction (0.3%) for Hall-probe displacement 
from the midpoint of the sample was also included. 

The resulting value for D of Li’ at (800+5)°C, based 
on seven trials, is (2.21+0.07) K 10~* cm?/sec, where the 
error is the calculated mean probable (random) error. 
Possible additional systematic errors have already been 
discussed ; they are felt to be small. (An earlier experi- 
ment, based on five trials, under conditions felt to yield 
somewhat larger systematic errors, gave (2.17+0.05) 
< 10~-* cm?/sec.) 

The value for D of Li’ at 
trials and hence without an error index, is 2.4X10~° 
cm?/sec. The value of the diffusion constant at 1/7=0, 
based on the present results and room temperature ion 
drift results'® is (2.50.2) K 10~* cm?/sec and the acti- 
vation energy from these same results is 0.655+0.01 ev. 

These results are summarized graphically in Fig. 4, 
which also includes the data of reference 18. Any sub- 
sequent changes in the accepted values for drift mobility 
at high N, or for uyz/up at low JN, will alter these values. 
For these particular experiments, a 10% decrease in up 
for n-type Si in the region of V= 10" 
10% decrease in p/p in the region of A 


1350+5)°C, based on two 


atoms/cm', or a 
10'° atoms 
cm’, will increase these values of D by 1.4%; the correc- 
tion is proportional to the logarithm of the change in u. 

The value for Dyj\*/D1;7 (at 800°C 
trials, is 1.07;+0.02 
resulting from a relatively greater initia] 
in the Li® 
answer larger. The smaller relativ: 


, based on seven 
tematic error 
nonuniformity 


the correct 


Any remaining sj 


samples would tend to make 
error in this value 
compared to that in the value for D, 1s explained by 
the fact that this value represents a ratio of rates in 
simultaneously diffused samples; it is therefore not 
sensitive to the errors in temperature and diffusion times 
which affect D,;7. It is affected by moderate 
changes in up or wy/up. The inverse ratio of the square 
root of the mass is 1.080 

The magnitude of the diffusion coefficient measured 
at 800°C is identical to that obtained by 
Severiens.’? The D measured at 1350°C is consistent with 
the activation energy measured by Fuller and Severiens, 
and it falls on 
800° results and room temperatt 
indicating that the same m« 
operative to near the melting 

The measured isotope effect is consistent with the 


expected inverse dependence on the root of 
the mass. 
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IV. IONIC CHARGE OF INTERSTITIAL Li 
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Fic. 5. Comparison of chemical and electrical 
solubilities of Li in Si. 


nonuniform electric field as mentioned earlier, then the 
agreement between the present diffusion data and their 
drift data through the Einstein relation would, upon the 
assumption that the Li is interstitial,® lead directly to 
the conclusion that the Li is present as a singly charged 
positive ion. 

The same conclusion can be reached from solubility 
data. In Fig. 5, chemical solubility data using flame 
analysis" (which is not sensitive to the ionic charge) are 
compared with electrical data*-’® based on the assump- 
tion that the Li is present as Lit. The agreement is well 
within a factor of two, as indicated by the dotted lines. 
Note that although the possibility that the Li is present 
as Lit* can probably be discounted because of the high 
ionization energy for the second electron (and addi- 
tionally because a deep level has never been reported 
for Li in Ge or Si), the possibility of its being present 
as Li,* cannot as easily be discounted without evidence 
such as presented in Fig. 5. 


V. ATOMIC MECHANISM OF Li* DIFFUSION 


The present experiment yields an accurate value for 
Do, the diffusion constant at 1/7=0, and it is of interest 
to compare this with the Wert-Zener model for inter- 

*H. Reiss, C. S. Fuller, and A. J. Pietruszkiewciz, J. Chem 
Phys. 25, 650 (1956) 
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stitial diffusion. This model assumes that the activation 
energy for diffusion arises from elastic forces between 
lattice atoms” and that the interstitial diffusant jumps 
from the center of one hollow region in the lattice to the 
center of the next hollow region. The parameter of 
greatest uncertainty in the model is the vibrational 
frequency of the Li* ion in its potential well, and we 
accordingly treat this as the unknown. The diffusion 
results, in conjunction with the above assumptions and 
the Wert-Zener relation between Do and », yield 
Vexp= (4.50 to 5.35)10"/sec, using the value —4.4 
x 10-*/°C for du/udT, where u is the shear modulus. 
This value for » can be compared with a theoretical 
approximation made by Wert and Zener in which » is 
related to the activation energy for diffusion and to the 
jump distance; this approximation yields v= (9.0 to 
9.1) 10"/sec. If the potential well were somewhat more 
flat-bottomed than given by their sinusoidal approxi- 
mation, the theoretical value would be decreased and 
could reasonably be made equal to the experimental. 

It does not seem likely, however, that the diffusion 
rate of Li in Si is determined by a need to elastically 
displace lattice atoms. The small size of the Li* ion 
(1.20 A diameter”), coupled with the large diameter of 
the interstitial site in Si (2.35 A) and the large hex- 
agonal-tunnel diameter (2.07 A), would appear to cause 
little hindrance through electron shell overlap to the 
motion of the ion through the lattice. The same inference 
can be drawn from the observation that copper diffuses 
more rapidly than lithium through Si (at 900°C, D is 
510-5 cm?/sec for Cu™ and 4 10~* cm*/sec for Lit; 
a crude radioactive outdiffusion experiment at 500°C 
permitted an estimate of 0.35 ev or less for the activa- 
tion energy for Cu diffusion, which is about half that of 
Lit). Similar results are observed in Ge.?™ There is 
evidence that Cu in Si diffuses as Cu* at high tempera- 
tures.”* Since Cut is larger than Li* (1.92 A diam for 
Cut,” it is not reasonable that the smaller ion should 
diffuse more slowly if elastic forces determine the rate. 
Neither of these arguments constitutes conclusive proof ; 
but we shall nevertheless assume, as a working hypothe- 
sis for the remainder of this discussion, that elastic 
forces are not important. 

If the diffusion of the Li* ion is not determined by 
elastic forces, then it is very likely determined by elec- 


* In this model, repulsive overlap forces between diffusant and 
lattice atoms requires a displacement of the lattice atoms to 
permit the diffusant to pass through. This appears to be a good 
assumption in the cases of close-packed metal lattices; it is open 
to question in the case of the diamond lattice. The displacement 
of lattice atoms results in an peop term in the expression for D 


which is a function of the elastic shear modulus of the lattice. 

™ H. J. McSkimin, J. Appl. Phys. 24, 988 (1953). Use of these 
data accounts for the slight difference between the above values 
and those of J. N. Hobstetter, in Progress in Metal Physics 
(Pergamon Press, New York, 1957), Vol. 7. 

™=L. Pauling, Nature of the Chemical Bond (Cornell University 
Press, Ithaca, New York, 1942). 

“J. D. Struthers, J Appl Phys. 27, 1500 (1956) 

“A. G. Tweet, J. App!. Phys. 30, 2002 (1959). 

**C. J. Gallagher, J. Phys. Chem. Solids 3, 82 (1957) 
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trical forces arising from the ionic character of Lit. Such 
forces could arise either through the polarization of the 
Si by the Li* (the polarizability of the Lit can be neg- 
lected?*) or through the interaction of the Lit with the 
periodic electrostatic potential which must exist in the 
lattice quite apart from any possible polarization. Weak 
inferences may be drawn from several experiments 
which suggest that the latter possibility is the more 
probable. It does not seem worthwhile to do more than 
enumerate these experiments and suggest the argu- 
ments: (1) Lit diffuses more easily in the more polariz- 
able Ge lattice than in Si; the Ge-Si size ratio appears 
insufficient to account for this on a polarization model ; 
(2) the more polarizable** Mn** is found, by spin reso- 
nance,”’ to be symmetrically located at an interstitial 
site in Si, though it is amply small to be displaced in the 
[111] direction if polarization is significant (Ni*, com- 
parable in size, is displaced, though probably for other 
reasons’); (3) the Lit—B~ distance in both Ge? and 
Si** is found to be anomalously large; if polarization 
forces were predominant, one feels that the atoms would 
be especially likely to approach each other as closely as 
possible, the added Coulomb force of the B~ serving to 
further ensure this. 

If polarization were important, one would expect a 
displacement of the Li* ion in a [111] direction from 
the center of the interstitial site toward a nearest- 
neighbor Si atom. If the electrostatic crystal potential 
were the predominent influence, one would expect the 
Lit ion to seek out a position of symmetry with respect 
to the Si atoms and their associated valence electrons. 
The most likely location would seem to be at an inter- 
stitial site. Although the positive Li* ion in this position 
would be in only quasi-stable equilibrium with respect to 
the positive Si cores, it would be in stable equilibrium 
with respect to the negative space charge cloud of 
valence electrons because of the restoring force produced 
by the integral of the negative space charge left behind 
in any small displacement. 

Since Lit has no unpaired electrons, spin resonance is 
not a possible tool for further elucidating its position. 
In principle, the value for Do and v, with the Wert- 
Zener theory, can distinguish between some possibilities 
because of the dependence of these parameters on jump 
distance and jump directions, but for this approach to 
be practical one needs a better value for » than is pro- 
vided by the model. (We have looked for an absorption 
peak in the 40-50 uw region of the infrared, at tempera- 
tures down to that of liquid Ne, which might be associ- 
ated with the Li* vibration. These experiments have not 
been unsuccessful. An acute problem is the high free- 
carrier absorption from the donor electrons of Li*+.) In 
the spirit of the calculation at the beginning of this 


26 J. H. Van Vleck, The Theory of Electric and Magnetic Suscep- 
tibilities (Oxford University Press, New York, 1932) 

77H. H. Woodbury and G. W. Ludwig, Phys. Rev 
(1960); and Bull. Am. Phys. Soc. 5, 158 (1960). 

** E. M. Pell (to be published 
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section, the xp, based on the Wert-Zener model with 
our experimental Dy but without displacement of lattice 
atoms and hence without the entropy term, becomes 
(6.25 to 7.55) 10"*/sec for the Li* ion located at an 
interstitial site. This is somewhat closer to the previously 
discussed theoretical v of (9.0 to 9.1) K 10"/sec, but this 
cannot be considered significant in view of the uncer- 
tainties in the theoretical approximations for ». 
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APPENDIX. CALCULATION OF N,, FROM 
CONDUCTIVITY OR HALL CONSTANT 


I. Na from conductivity: For a rectangular bar of 
width a and thickness 3, 


, 


I E=qf f pNdxdy, 


0 0 


(1A) 


where J is the total current, E is the electric field, g is the 
electronic charge, u is the mobility, and NV is the carrier 
concentration. If N varies with position in accordance 
with Eq. (1) of the text, this becomes 


b a 
I/E= wm f f p sin(wx/a) sin(wy/b \dxdy 
0 0 


a 
= (2gNmb =) f p sin (wx/a)dx. 


9 


With the substitution w= 22x/a, there results 


r/2 Au 
T/E= (AqN mmab (1 +f sinude J, (3A) 
0 Lim 


where yu» is the drift mobility corresponding to carrier 
concentration NV,, and Ay is the increase in yu at positions 
of lower NV. The remaining integral can be evaluated 
graphically as a function of u», (or of V,,) for a particular 
semiconductor, and this has been done in Fig. 1 for 
n-type silicon, using the mobilities given in reference 16. 
Thus, the second term of Eq. (3A), defined by Ky, 


becomes 
r/2 Au 
K,=1+ sinudu. 


. Mm 


(4A) 


II. Nw from Hall Constant; For the 


same bar, 


VnX 10° Sydx HE. { undz, (5A) 


0 
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where Vy is the Hall voltage, Eg is the Hall field, H is 
the magnetic field in gauss and Ey, is the longitudinal 
field. Ey, can be written as the product of J and the 
gradient of the resistance in the z direction. The latter, 
in turn, is given by 


h a 
i/ (of f HoNdxdy), 


so that 


a b a 
Vuxior=Ht f nds | f f upNdxdy. (6A) 
0 0 0 
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Substituting, as before, the value for V given by Eq. (1) 
of the text, integrating over y, and making the addi- 
tional substitution “== 2x/a, one can obtain 


V aX 108° = HI /4NbKo(up/mn), (7A) 


where 


K, (+f 


0 


2 Au ri? Au 
sinudu ) / (1 +2 rf -- du), 
Man 0 Um 


the z’s in this expression being drift mobilities. As be- 
fore, Ky has been evaluated graphically for n-type Si 
and the results are given in Fig. 1. 
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Phonon Scattering in KCI-KBr Solid Solutions at Low Temperatures* 
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The scattering of phonons by point defects at liquid helium temperatures has been studied. Single crystals 


of KCI-KBr solid solutions were employed, since it is known that the Cl 


and Br~ ions are randomly dis- 


tributed in the anion lattice sites. A 1 mole percent addition of KBr reduced the conductivity of KCl by a 
factor of three. For all the crystals measured, including pure KC! and pure KBr, the thermal conductivity 
showed a maximum at the same temperature (5°K). Hence, point defects reduce the conductivity on both 
the high- and low-temperature sides of the maximum. For the mixed crystals the thermal conductivity was 
found to be related to the absolute temperature by the empirical formula K = Kge~® "7 for the temperature 


interval 6°K to 16°K. 


INTRODUCTION 


LEMENS’ theory of phonon scattering by crystal! 

imperfections at low temperatures’ has stimu- 
lated a great deal of experimental work but has not been 
well verified—especially in the case of high concentra- 
tions of imperfections. Klemens calculated an additive 
thermal resistance due to point defects and dislocations, 
and these predictions were tested experimentally by 
Slack,® Williams,*.? Toxen,** Sproull, Moss, and Wein- 
stock,’ Pohl," and others. Pohl" could not fit his data 


* This work was supported in part by the National Science 
Foundation. 
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on LiF containing F centers using Klemens’ theory. 
Sproull et al."® found that dislocation scattering is much 
more significant than Klemens’ theory predicts. Al- 
though Slack® obtained agreement within a factor of 
two for low concentrations of Ca+* in KCl, Williams® 
and Toxen** found that the Klemens formula did not 
give the right concentration dependence when extended 
to the range of up to 50% “impurity” (KCI-KBr and 
Ge-Si solid solutions, respectively). 

Another theoretical treatment of low-temperature 
thermal conductivity has been given recently by Calla- 
way.” Curves generated by his theory are in good agree- 
ment with the experimental data of Geballe and Hull” 
on isotopically-enriched and normal germanium, where 
the effect of isotopes on thermal conductivity is clearly 
shown but is substantially less than predicted by 
Klemens. Although the Callaway formulation is ap- 
proximate, it proved successful in interpreting this 
critical experiment and has prompted this examination 
of Williams’ data on KCI-KBr mixed crystals. The 
present discussion, then, is an account of the experi- 
mental procedures and results. An analysis of the data 
using the Callaway formulation will follow as a separate 
paper. 


2 J. Callaway, Phys. Rev. 113, 1046 (1959) 
“ T. H. Geballe and G. W. Hull, Phys. Rev. 110, 773 (1958). 
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DESCRIPTION OF EXPERIMENT 


Since KC] and KBr are available in reasonable purity, 
form a complete range of solid solutions, and can be 
pulled from the melt into single crystals, this alloy 
system is an attractive one to study. Also, an extensive 
literature exists on KCI-KBr mixed crystals and pro- 
vides answers to questions about the variation of crys- 
tallographic properties with composition. X-ray analy- 
sis and F-center studies'® have shown that the Br~ and 
Cl- are randomly distributed among anion sites. Thus, 
the system can be regarded as an extreme case of sub- 
stitutional doping, or as a substance with two anion 
“isotopes” of very different mass. The first point of 
view makes the experiment relevant to considerations 
of efficiency in thermoelectric cooling or power genera- 
tion, where ways are sought to reduce lattice thermal 
conduction in semiconductors. The second way of view- 
ing the experiment relates it to the isotope effect in 
thermal conductivity. Both interpretations were moti- 
vations for initiating the experiment, but because of the 
inadequacy of the Klemens-type analysis, only a brief 
report of the experimental results was published.” 


EXPERIMENTAL APPARATUS 


The apparatus used for the measurement of thermal 
conductivity employed the constant heat flow method 
and is shown schematically in Fig. 1. The apparatus is 
similar to that used by Slack,® except that differential 
thermocouples were used as thermometers. The thermo- 
couples, of Au+2.1 at. % Co versus constantan, were 
calibrated against the temperature differential between 
the helium bath and a variable-volume helium gas 
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thermometer built into the apparatus. A Liston-Becker 
dc breaker amplifier served as a detector. For the 
thermal resistivity versus temperature characteristics 
of the mixed crystals, the differential thermox ouples had 
sufficient sensitivity down to 3°K. The thermoelectric 
power of the couple is approximately 0.867 microvolts 
per °K, where 7=absolute temperature in °K, in the 
liquid helium range. The thermocouple junctions were 
inserted and pinched in copper foil tubes. These were 
soldered with a low melting point indium alloy to OFHC 
copper clamps making contact to the crystal through 
indium facings. Good crystal contact was thus main- 
tained even at liquid helium temperatures. By scanning 
the thermocouples with an ZL & N multiple position 
switch, temperature differences between various points 
in the system could be quickly estimated during a run. 
Temperatures below the normal helium boiling point 
were obtained by pumping on the bath, and higher 
temperatures were reached by passing a heat current 
through a thermal resistance between the crystal and 
the bath. 

Power inputs to the crystal heater—nichrome wound 
on a copper spool clamped to the top of the crystal— 
were obtained directly from current and voltage meas- 
urements and were reliable to better than 1%. Crystal 
cross sections, A, and thermometer spacings, Al, were 
measured with a traveling microscope; because of some 
irregularity in crystal cross section, the geometrical 
factor Al/A is known to only +5% 

Measurements of thermal conductivity as a function 
of temperature from 3°K to 16°K were taken on pure 
KCl, pure KBr and four mixed crystals. The conduc- 
tivities obtained are-believed accurate to +10%, 
the temperatures to +1%. 


and 


KCI-KBr MiXED CRYSTALS 


The mixed single crystals of KCI-KBr were pulled 
from the melt. Optical grade Harshaw crystals of KCl 
and KBr were used as the starting material. Melts of 
approximately the desired composition were contained 
in high-purity graphite crucibles. The pulling rate was 
1.3 cm/hr and the crystals were rotated during growth. 
The operation was carried out in a slightly reducing 
atmosphere : 92% nitrogen, 8% hydrogen. To prevent 
the crystals from cracking from thermal shock, it was 
necessary to pull them from the crucible into a hot zone 
provided by a heated chimney. The crystals were an- 
nealed after growth by heating to 75°C below the melt- 
ing point, holding for 1} hours, and cooling to room 
temperature over a period of 15 hours. A similar schedule 
was followed after the crystals were cleaved to size: 
tin. X} in. X} in. 

Concentrations of Br~ in the KCI-KBr crystals were 
obtained by measuring densities and using the additivity 


> 


of specific volumes, known as Retgers’ rule,’* which 


16 W. Retgers, Z. physik. Chem. 3, 497 


1889 
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has been found to apply to KCI-KBr solid solutions."’ 
Densities were measured by a weight-loss method with 
1, 3-dibromopropane as the flotation liquid. Composi- 
tions so determined expressed in mole percent KBr in 
KCl, were 1.00, 8.75, 26.64, and 47.84, each with an 
uncertainty of +0.10 mole percent. As mentioned above, 
the Br~ ions were randomly located in the anion lattice 
sites. 


RESULTS OF MEASUREMENTS 


From measurements of the power input Q, the geo- 
metrical factor Al/A, and the temperature drop AT 
across Al, the thermal conductivity K corresponding to 
the average crystal temperature 7 is found using 
K = (Q/AT)(Al/A). Values of logK versus logT for pure 
(Harshaw) KC! are plotted in Fig. 2, with the curve 
obtained by Slack on a crystal cleaved from the same 
boule shown for comparison. Data are also plotted for 
measurements on two (Harshaw) KBr crystals. With 
the high conductivity KCl and KBr crystals, values 
near the maxima are unobtainable with this apparatus 
since the small A7’s give differential thermocouple 
emf’s of the level of background fluctuations (a few 
hundredths of a microvolt). Even though the KBr data 
are not as accurate as those for the mixed crystals, the 
curve is included here since no other thermal conduc- 
tivity measurements have been reported on KBr in the 
temperature range between liquid helium and liquid 
hydrogen. At 16°K the present value is 2.5 times higher 
than that given by de Haas and Biermasz,"* but their 
crystal was thought to have a high impurity content. 

The curves of log thermal conductivity versus tem- 
perature for the four mixed crystals are also presented 
in Fig. 2 along with those for the pure crystals. As 
expected, the thermal conductivities of the KCl-KBr 
mixed crystals were substantially less than either of the 
two pure components. A one mole percent KBr addition 
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IN KCI-KBr 


SOLID SOLUTIONS 1023 
reduced the conductivity of KCl by a factor of three. 
The curve for the 26% KBr crystal has been corrected 
for the effect of a helium leak in the evacuated sample 
chamber by reducing the calculated K by 20%, a value 
based on other measurements made during the run. All 
the curves are found to have a similar shape: a maxi- 
mum at 5°K and with the conductivity falling off as 
e*? for temperatures between 6°K and 16°K. The 
parameter a has the value 0.099+0.002, so in this 
temperature interval the conductivity of each crystal 
decreases by approximately the factor e. 


DISCUSSION 


The similarity in curve shape is to be contrasted with 
Slack’s results® on Ca-doped KCl. He found a flattening 
of the curve and shift in the position of the conductivity 
maximum to higher temperatures with increasing cal- 
cium content. The explanation for this behavior was 
thought to be increasing precipitation of KCl-CaCl, 
colloids with increasing concentration. These colloids 
would scatter long-wavelength phonons more effectively 
than would point defects of atomic size. 

The retention of the point character of the doping 
agent in KCI-KBr crystals is established by x-ray and 
F-center studies even up to 50% KCl-50%KBr. Thus 
for an experiment involving only point defects, the 
maximum did not shift to higher temperatures. We note 
that the experimental data of Geballe and Hull” show 
no shift in the maximum when normal Ge is compared 
with isotopically enriched material. The additional 
phonon scattering centers in normal Ge (isotopes) are, 
as in KCI-KBr, randomly-located point defects. The 
fact that these point defects do not shift the maxima to 
lower temperatures shows that considerable phonon 
scattering occurs even on the low-temperature side of 
the maximum, an effect included in Callaway’s formula- 
tion” and also in one by Carruthers.” (A maximum 
exists in a pure crystal because at very low temperatures 
the phonon mean free path eventually becomes limited 
by the finite size of the sample.) 

A Klemens-type analysis of the present data would 
discuss the reduction of thermal conductivity in KCl 
produced by adding KBr in terms of three perturbations 
in the total crystal energy : a kinetic energy perturbation 
resulting from the difference in mass between Cl- and 
Br-, and two potential energy perturbations, one from 
increased anharmonicity produced by the difference in 
ionic radii, and one from the difference in elastic link- 
ages. Klemens calculated approximate values for each 
term. In his formulation, the mass-difference effect 
dominates. The difference in masses is 125%, leading to 
a value of the parameter l=, f{1—(M./M)"]=5.39 
x10 for 47.8% KBr. (M;=mass of ith species, of 
relative abundance f,.) This value is very large com- 
pared with that for naturally occurring isotopes 
(1.77 10~ for KCl). 


” P. Carruthers, Bull, Am. Phys. Soc. 5, 48 (1960). 
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TaBLe I. Comparison of KCI-KBr thermal! 
interpolations used for Vo, 7, and M, and 


N 
mole | g 
fraction in 10°%4 in 105 


KBr cm cm / sec 


0.000 
0.010 
0.087, 
0.266, 
0.478; 
1.000 


M 
in g 
62.0 
62.1 
62.8 
64.5 
66.4 
71.8 


1.88 74.6 

7 750 
78.4 
86.3 
95.8 
119.0 


®* Refers to naturally irring isotopes, ignored in the mixed crystal 


Klemens’ formula for the added thermal resistivity 
due to mass differences is 


AW = (#°V0/0.897he*) TT, 


where Vo=volume of unit cell, h=Planck’s constant, 
T=absolute temperature, and »=sound velocity. The 
parameter I defined above has the form T= N(1—N) 
x (AM)?/(M)? for the special case of only two different 
masses, here the molecular weights of KCl and KBr. 
(V=mole fraction KBr in KCl.) The values of the 
added thermal resistivity calculated from this formula 
are shown in Table I along with the measured values. 
It is seen that the Klemens formula overestimates the 
effect of mixing by factors ranging from 2 to 4, even 
including only one of the three scattering terms. Because 
the values of T used in this experiment are all relatively 
large, the deviation from a linear dependence of AW 
onT is only suggested by the data. The plot of collected 


data presented by Toxen® offers more convincing evi 
dence for this nonlin« arity. 

Thus both the form of the Klemens expression and 
the magnitude are seen to be in disagreement with the 
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resistivities with values calculated fr 
for background W used to obtair 


data, and in fact even the use of an additive resistance 
approximation has been found by Callaway” and 
Carruthers” to be improper. Consequently the Klemens- 
type analysis will not be pursued here, but the intro- 
duction of it does lend some physical plausibility to 
the experimental results 


SUMMARY 


The thermal conductivities of KCl 
tals have been measured 
Differential thermocouple 
in situ against a helium ga 
scattering by ions of like cl 
size decreases the 
but the effect is not ade 
theory. 


KBr mixed crys- 
in the liquid helium region. 
used after calibration 
thermometer. 


were 
Phonon 
irge but different mass and 

conductivity substantially, 
quately described by Klemens’ 


thermal 
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Vibrational States of the Hydrogen Molecular Ion* 
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The eigenvalues and eigenfunctions of the vibrational states belonging to the ground electronic state of 
the hydrogen molecular ion have been calculated. The calculations have been done for the J =0, 2, 4, and 7 
rotational states. Included is a discussion of the dependence of the eigenvalues as a function of the lowest- 


order dynamic corrections to the internuclear potential 


number of bound states of the D,* system. 


I. INTRODUCTION 


N a study of the collision processes of the hydrogen 

molecular ion with electrons and other atomic 
systems, one is concerned in general with contributions 
from all the vibrational states belonging to the ground 
electronic state of the system. This follows from the fact 
that of the various mechanisms which lead to the forma- 
tion of the molecular ion, whether in the laboratory or 
under astrophysical conditions, the ion is left in an 
excited vibrationa! state, and further transitions to the 
ground state must proceed via quadrupole emission. 
These quadrupole lifetimes are sufficiently long that the 
collision processes of the interest can occur before the 
ion has settled into the ground state. With respect to 
the interpretation of most experiments performed in the 
laboratory, these states are sufficiently long-lived to be 
considered stable.'* 

Calculations have been done to determine the eigen- 
values and eigenfunctions of the vibrational states 
belonging to the ground electronic state of the H,* 
system. These calculations have been carried out for 
several rotational states of the ion. We have included in 
these calculations a discussion of the dependence of the 
eigenvalues on the lowest-order dynamic corrections to 
the internuclear potential. In addition, a calculation has 
been done which gives the number of bound states for 
the D,* ion. The eigenvalues for the H,* ion are listed in 
the tables; the eigenfunctions have been tabulated 
elsewhere.‘ 


Il. QUANTITATIVE DISCUSSION 


A general discussion of the three-body problem has 
been given in a previous paper®; here we reproduce only 


* This work was done under the auspices of the U. S. Atomic 
Energy Commission 

'G. Gibson, University of California Radiation Laboratory 
Report UCRL-4671, April, 1956 (unpublished) 

?W. Linlor, C. F. Barnett, R. Reinhardt, University of Cali 
fornia Radiation Laboratory Report UCRL-4917, June, 1957 
(unpublished ) 

*S. L. Andersen, K. Gjétterud, T 
Nuclear Phys. 7, 384 (1958 

*S. Cohen, J. R. Hiskes, and R. J. Riddell, Jr., University of 
California Radiation Laboratory Report UCRL-8871, October 
1959 (unpublished 

*S. Cohen, D. L. Judd, and R. J. Riddeil, Jr., University of 
California Radiation Laboratory Report UCRL-8390, August, 
1958 (unpublished ) 


Holtebekk, and O. Lénsjé, 


Also, a calculation has been done to determine the 


that portion which is essential for the continuity of this 
discussion. 

The Hamiltonian for the hydrogen molecular ion is 
given by 


e 2 
: y=Ey, (1) 

Ie wy" Se ro—f, 
where 1, 2 refer to the proton coordinates, and ¢ to the 
electron coordinates. Upon introduction of the trans- 


formation 


r.= (2M+m)"(Mr+Mre+mr,), 
R, r.—4(r; + Is), (2) 
T. ri foe, 


the center-of-mass motion is separated from the internal 
motion, and the equation for the internal motion 
becomes 


-(~ 
2\M, 


where 
m 
ae ‘ 
2 1+-(m/2M) 


To treat the equation for the internal motions, we 
introduce a solution of the form 


¥(R.8.) = Do Wi Ret) xi(t en). (4) 


Upon insertion of Eq. (4) into Eq. (3), multiplication 
by y,*, and integration over all values of R,, Eq. (3) 


becomes 
+W,(r,)-—U hy 


h? 
>» nfo Veit W (rn) 
i 2M, 


e 


ir, 


e 
r er.-0, (5) 
R.+}r, 
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TABLE I. Comparison of eigenvalues with and without the lowest 
order dynamic corrections to the potential 


1.0916400 
1.0657038 
1.0438166 
1.0260434 
1.0125960 
1.0038738 
1.0004024 
1.0002723 


0654659 
1.0435752 
1.0257969 
1.0123427 
1.0003612 
1.0001323 
1.0000000 


\ f urrevaR, 


+2 [vstVare Tab, i 


The electronic eigenfunctions, ¥,;, are defined by 
setting the integrand of the last term in Eq. (5) to 
zero; the electronic eigenvalues, W;(r,), are then 
determined as a function of the internuclear separation, 
r,. The values of W;(r,,) used here have been determined 
by a variational calculation described elsewhere.*.* 

The remaining terms in Eq. (5) serve to define the 
nuclear motion. The calculations discussed here have 
been done in two approximations; in the first approxi- 
mation all the ©,; are set to zero, in the second only the 
lowest order term, Ooo, is retained. When atomic units 
are introduced, the equation for the vibrational motion 
is written 
{V.2+ (M,./M.)[W.— Wot) — 2/12 |} x00(Pn) 


— Oooxor(%n). (6) 


Here the first subscript on the x designates the lowest 
electronic state of the system, and the second subs¢ ript 
is introduced to distinguish the various vibrational 
states belonging to this lowest electronic state. 

The radial equation for a state of total orbital angular 
momentum J is obtained by introducing the substitu- 
LION doe=FaXo and separating off the angular part of 
do. The first index on @ can be suppressed, and the 
radial equation becomes 


Ie (M, 
} G Welr. 
dr,2 \M 


J(J+1) 


_ safe 0, (7) 


72 


n 


where goo= — Oo; goo is tabulated by Cohen et al.® 


*S. Cohen, D. L. Judd, and R. J. Riddell, Jr., University of 
California Radiation Laboratory Report UCRL-8802, June, 1959 
(unpublished ) 
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AND RIDDELI 


The solutions for the ¢, and the W, have been ob- 


tained by numerical solution of Eq. (7) using the 
IBM 701. The integrations extended over the range 
O<r,< 20 (in units of the 
tion proceeding in steps of Ar, For these calcula- 
tions we have taken M,,/M,= 918.334. The calculations 
have been done for the J/=0 and J=2 rotational states, 
and for a few of the upper states for /=4 and J=7. 

In the first approximation the goo is set equal to zero. 
In this approximation the potential function for large r, 
tends to the limiting value 


Sohr radius do), the integra- 
0.05 


m 


2M) 2h? 


1+(m 
which differs from the correct limiting value, 
atomic rydberg, 
m e 
R 


1+(m/M 2h? 


In second approximation the lowest order coupling 
term, goo, has been included. The inclusion of this term 
removes to lowest order in m/M the discrepancy in the 
asymptotic value of the potential present in the first 
approximation.® Table I is a comparison of some of the 
eigenvalues in first and second approximation, given in 
units of the atomic rydberg 

The eigenvalues calculated in second approximation 
are listed in Table II. For the /=0 (parahydrogen) 
state we find nineteen bound vibrational states. For the 
higher rotational quanta the potential function deforms 
in such a way as to reduce the number of bound states; 
at J=4 there are 
seventeen bound states 

The error in the eigenvalues is determined primarily 
by the inaccuracies in the potential function. On the 


eighteen bound states, at J=/7, 


Taste II. Vi 
- ? 


1909011? 
LYZ911 
17 
1.1543024 
1366937 


4291 


1 

| 

| 

1 

1 1201708 
1 1047073 
1.0914036 0902817 
1.0779281 1.0768785 
i 1.0644884 
1 0531084 
1 0427433 
1 0334056 
1 0251171 
1 

1 

| 


0179104 


0654659 
0540136 
0435752 
0341627 
0257969 
0185092 
0123427 
0073536 
-1.0036121 
1.0011962 
1.0001323 


1.0197711 
~1.0132400 
1.0118297 1.0078827 

0069335 

0032941 

0009937 
1. 0000669 


1. 0059878 
1.0025902 
1. 0005668 


1.0010305 


DIO U eS wnN— SO 


Dissociation limit = W = 1.0000000 





VIBRATIONAL STATES ( 
basis of the comparison of the first-approximaticn 
potential function used here with the previous exact 
calculations,’:* we conclude that the correct eigenvalues 
are systematically lower by 4 to 5X10~ electron volt 
than the values calculated here. Note that this absolute 
error is of the same order of magnitude as the goo term. 
We believe the differences in the eigenvalues are more 
accurate than this error in the absolute values, however. 

To test the convergence of the numerical integration 
for the rapidly varying higher state wave functions, the 
integration was done for an interval Ar, =0.025, and by 
using a linear interpolation for the potential at the inter- 
mediate points; this test shifted the eigenvalues down- 
ward approximately three parts in 10°, which is small 
compared with the effect of the uncertainties in the 
potential. 

7E. A. Hylleraas, Z. Physik 71, 739 (1931). 


*D. R. Bates, K. Ledsham, and A. L. Stewart, Phil. Trans. Roy 
Soc. (London) A246, 215 (1953-1954). 
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Ill. D,* ION 


As a final calculation we have determined the number 
of bound states of the D,* ion. The number of bound 
states is one less than the number of nodes of the lowest 
free-state solution. For this calculation the goo term 
appropriate to D,* was neglected; the integration pro- 
ceeded in steps of Ar, =0.025, using a linear interpola- 
tion of the potential. In this approximation and for 
J =0 we find 27 bound states for the D,* ion. 

Note that for D,* there are v2 times as many levels 
as for H,*. This result would follow rigorously for a 
parabolic potential or in the limit of applicability of the 
WKB solution. 


ACKNOWLEDGMENT 


The authors would like to thank Mr. Victor Brady 
for his assistance in preparing and carrying out the 
numerical integration work. 


NUMBER 3 AUGUST 1, 1960 


Hyperfine Structure of the Microwave Spectra of the NO Molecule and 
the Nuclear Quadrupole Moment of Nitrogen 


Cuun C. Lin 
Department of Physics, University of Oklahoma, Norman, Oklahoma 
(Received March 23, 1960) 


The frequencies of the magnetic resonance spectrum of the NO molecule has been recalculated by using 
the new value of spin-orbit coupling constants and by taking the effect of | uncoupling into consideration. 
The agreement between the theoretical and experimental results is improved over the previous calculation. 
By combining the magnetic hyperfine and nuclear quadrupole coupling constants the ratio of the quadrupole 
moment to the magnetic moment of the nitrogen nucleus is obtained. The nuclear quadrupole moment of 
nitrogen is found to be (0.016+0.007) X10™ cm*. The uncertainty of this value is chiefly due to that of 
the coupling constants rather than to the nature of the method itself. 


HE theory of the hyperfine structure of the 

microwave spectra of NO and the interactions 
between the various spin angular momenta have been 
discussed in several papers in the literature.'~* Recently 
Favero, Mirri, and Gordy” have measured the rota- 
tional transitions of the NO molecule in the *m, state 
and by combining the frequencies of this set of lines 
with those associated with the *x, levels they made an 
accurate determination of the hyperfine coupling 


1 R. Beringer and J. G. Castle, Jr., Phys. Rev. 78, 581 (1950) 

2H. Margenau and A. Henry, Phys. Rev. 78, 587 (1950) 

*A. Henry, Phys. Rev. 80, 549 (1950). 

‘C. A. Burrus and W. Gordy, Phys. Rev. 92, 1437 (1953) 

5 R. Beringer, E. B. Rawson, and A. F. Henry, Phys. Rev. 94, 
343 (1954). 

* M. Mizushima, Phys. Rev. 94, 569 (1954). 

7G. C. Dousmanis, Phys. Rev. 97, 967 (1955) 

*C. C. Lin and M. Mizushima, Phys. Rev. 100, 1726 (1955) 

*J. J. Gallagher and C. M. Johnson, Phys. Rev. 103, 1727 
(1956). 

” P. G. Favero, A. M. Mirri, and W. Gordy, Phys. Rev. 114, 
1534 (1959). 


constants. They also obtained the spin-orbit coupling 
constant as 122.094 cm instead of 124.2 cm™, the 
value determined by optical spectroscopy." The theory 
of magnetic resonance spectrum of NO has been given 
by Lin and Mizushima.* These authors used the old 
value of spin-orbit interaction constant in their calcula- 
tion and were able to fit the experimental data only 
within 5 Mc/sec. They suggested that this discrepancy 
might be due to the uncertainty in the spin-orbit term. 
With the new value of the various coupling constants 
given by Favero, Mirri, and Gordy” we have recal- 
culated the frequencies of the resonance spectrum. 
The calculation has also been slightly modified to 
include the effect of / uncoupling’ which was neglected 
in reference 8. The results are given in Table I. It may 
be noted that with the exception of H; the theoretical 
frequencies agree with experiment within 1 Mc/sec. 


"4M. Guillery, Z. Physik 42, 121 (1927); F. A. Jenkins, H. A. 
Barton, and R. S. Mulliken, Phys. Rev. 30, 150 (1927). 
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TABLE I 


Experimental and calculated values of the frequency 


of NO magnetic resonance spectrum 


Calculated 
lrequency 
(in Mc 


Observed 
frequency 
in Mc/se« 


Resonance 
held 


gauss 


1 ransitions 


Line M,, M,; ~M,_,, I in sec) 
9269.9 
9270.7 
9271.0 
9269.8 
9269 7 
9270.6 
9268.2 
9269.6 
9270.3 


R39R 
8425.7 
8453 
8501 


R528 2 


9269.94 
9270.65 
9270.65 
9270.65 
9270.65 
9270.65 
9269.81 
9270.65 
9270.65 


Hy 
Hs 
Hy 
Hy, 
Hs 
He 
H; 
Hs 
Hy 


8555 

8600.97 
8629.71 
8656.46 


Rr et 


Two nuclear quadrupole coupling constants of the 
NO molecule have been determined.*-” The first one, 
eQqi, is the usual coupling term” which is proportional 
to (PV Oz 


5 while the econd, 


eG e’O(3 sin*y/r (1) 
1, and, in 


fact, NO is the only molecule for which this constant 


is observable only in molecules with |A 
has been evaluated from experiment. In this equation 
r is the length of the line joining the electron to the 
nitrogen nucleus and x is the angle between this line 
The quantity eV qe here is 
reference 8, but is three times the 


and the internuclear axis 
identical to eg’ 
corre sponding constant ce fine d by Gallagher and 
Johnson.’ With the self-consistent field approximation 
for the electronic st of the the 


elec tronk wave function is expre ssed in the form of a 


ructure molecule (i.e., 


Slater determinant), it can be shown that the average 
applies only to the unpaired electron 
“effective 
is equal to one 


process In Eq. 1 
In other words the 
of reference 8 


rather than all electron 
19 
provided that the configuration interaction is negle cted. 

From the study of the magnetic hyperfine structure in 


the rotational spectrum it has been found that? 


number” » in Eq 


Suu (sin*x a 112.6 Mc sec, 


av 


where u is the magnetic moment of the nitrogen nucleus 


and yo, the Bohr magneton. Again the average symbol 


2 C. H. Townes and B. P. Dailey, J. Chem. Phys. 17, 782 
(1949); C. H. Townes and A. L. Schawlow, Microwave Spectroscopy 
(McGraw-Hill Book Company, Inc., New York, 1955), Chap. 9 

%P. G. Favero, A. M. Mirri, and W. Gordy (reference 10) 
indicated that their value of 22 Mc/sec for eQg2 is more than 
double that in reference 9, 9.3 Me This discrepancy actually 
does not exist since the definitions of eQg2 in these two papers differ 
by a factor of three 
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here pertains only to the odd electron 
Eqs. (1) and (2 


quadrupole moment to the 


By combining 
obtain the ratio of the electri 
moment 


on of the former quantity. 


we 
magnetic which 
leads to a direct determinat 
Using 22 Mc/sec for eOq2 as 
finds O=0.016 10~-* 
avoided the difficult task of ascertaining the magnitude 
of (dV /d2?) at the and thus eliminated the 
main source of error in the determination of nuclear 
The of this method is 
only limited by the use of Hartree-type approximate 


given in reference 10 one 
cm’. In this procedure we have 
nucleus 


quadrupole moment accuracy 
and the neglect of the Stern- 
‘ The latter effect 
polarization of the inner core electrons by the valence 
The distorted in 
the nucleus in a way sim 
the valence electrons at t nu 
moment. This « 
coupling parameter to be some 
The 


has not been obtained accur: 


electronic wave function 


heimer correction.! arises from the 


electrons. ner core cloud interacts with 


ar to the interaction between 
lear quadrupole 
observed” quadrupole 
what different from the 
effect 
timated to 
value of the nuclear quad- 
rupole coupling term. The nu 


aus¢ 


expression in Eq. (1 magnitude of this 
itely, but is es 
be about ten percent of the 
lear quadrupole moment 
of nitrogen has been determined previously by Sheridan 


0.01 107% 
from the 


as 


spe ( tive ly, 


and Gordy’® and by Bassompierre'* 
cm? and 0.007110 
coupling constant eQ(d?V/ds*) in 

The uncertainty of Q of in this particular 
case is mainly due to th of nce the term 
containing eQg. in the Hamilt 
the NO molecule contributes 


cm?, re 
molecules 


rotation ol 
! 


amount to 


the energy,* one may vary parameter 
over a certain range while still keepin 
between the calculated and experimental frequencies 
of the rotational transitions. When the possibility of 
such a variation of the coupling const 
the uncertainty of eQq2 is estimated to be 


g good agreement 


int is considered, 
+9 Mc/sec.'? 
Thus the nuclear quadrupole of 


(0.016+0.007) « 10-** 
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The 4030 triplet of Mn (3d*4s*, *S —3d*4s4p, *P°) was studied in absorption under various pressures of 
argon and helium ranging in relative density from 1 to 30. Helium produced no shift while argon produced 
a linear red shift of 0.12 cm™/r.d. In the presence of both helium and argon, the half-widths were found to 
increase directly with increasing relative density of the perturbing gas. The j= 4, § and § components 
are broadened in helium by 0.46, 0.50, and 0.47 cm™'/r.d., respectively, while the same components are 
broadened in argon by 0.33, 0.36, and 0.30 cm™'/r.d. The result for Mn/Ar indicates that the interatomic 
energies are proportional to the inverse sixth power of the interatomic distance, and that the difference in the 
interaction constants for the ground state *S and the excited states *P of Mn in argon is 3X10~™ erg cm‘. 


INTRODUCTION 


XCEPT for the resonance lines (A3280 and \3382) 
of Ag' and the first sharp series doublet (4101 
and 4511) of In, all observations of the pressure 
broadening and shift of atomic absorption lines due to 
the presence of foreign gases have been performed with 
the alkali metals and Hg because their spectra are 
particularly easy to obtain. To extend such studies to 
atoms belonging to many-electron systems with spectral 
terms of high multiplicity, the violet triplet of Mn 
44034.489, 44033.074, and 44030.760 which corresponds 
to the transitions 3d*43?, ®Ss 2— 3d*4s4p, §P, 2.6/2.7 “yA 
were chosen. Fine structure pressure effects’ can also 
be studied with these Mn lines. 


EXPERIMENTAL 


An absorption cell (4.9 cm long and in. in diameter) 
and its heating unit were placed inside the pressure 
chamber (8 in. in diameter) with zirconia blocks as 
insulation. Sapphire windows and fused quartz rods 
were used in the optical path to minimize the adverse 
effects of convection currents and the coating of the 
windows by Mn. The inner surface of the chamber was 
water cooled, so that the elevated temperature of the 
cell did not decrease the tensile strength. 

The heating unit consisted of segments of tungsten 
wire mounted on an alundum core (parallel to the axis 
of the system) and connected in series by short nickel 
tubes. This heating unit was found to be much superior 
to the conventional spiral wound units with respect to 
uniformity in the temperature distribution. Further- 
more, it was easy to replace a defective segment without 
replacing the whole unit as had been the case when 
using spiral windings. Observations were made on a 
35-ft grating spectrograph in Wadsworth mounting‘ 

* The work was first supported by the National Science Founda 
tion, and later by the Office of Ordnance Research, U. S. Army. 

+ Now at Whitman College, Walla Walla, Washington. 

' E. D. Clayton and S. Y. Ch’en, Phys. Rev. 85, 68 (1952) 

2S. Y. Ch’en, A. Smith, and M. Takeo, Phys. Rev. 117, 1010 

sf 
S Y. Ch’en and M. Takeo, Revs. Modern Phys. 29, 57 (1957 

‘The spectrograph was constructed with the support of a re 


search grant from the Graduate School of the University of 
Oregon 


' density for the 7 


with a dispersion of 1.59 A/mm in the second order and 
a theoretical resolving power of 160 000. Figure 1 shows 
the broadening of the Mn triplet by helium as a function 
of the relative density. The temperature of the absorp- 
tion tube was normally operated at 1030°C, 


A. The Shift 


The positions of the maxima of the broadened lines 
were determined with a recording microphotometer 
having a magnification of 25 and a reproducibility 
within a few tenths of an angstrom. It was found that 
in the presence of helium there was no observable shift 
for any of the three components of the 44030 triplet for 
relative densities up to 30, Because of the relatively 
large broadening in the presence of helium, the line 
shift would have had to be greater than 0.05 cm='/r.d. 
in order to be measurable. 

Preliminary observations on the Mn 2794 triplet in 
the presence of helium gave no indication of a shift 
either, although a pronounced broadening was noticed. 

Argon was found to produce a red shift which varied 
linearly with the relative density. The data are shown 
in Fig. 2. The slopes of the best fitting curves are 
—0.11, —0.13, and —0.124-0.01 cm™ per unit relative 
3, §, and | components, respectively. 


B. The Half-Widths 


The half-widths obtained for each oi the three com- 
ponents of the manganese 4030 triplet broadened by 


PSA.) Teme 8.0 
~| 5 ve 








Fic. 1. The microphotor eter traces of Mn triplet (4034 70), 
40 33.074, and 4030.760) when broadened by helium. 
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the linewidth was found to be one in the relative density 
range 1-20, the curve for the j= % component has been 
extended from relative density 20 to 30 by using twice 
the violet width. For low relative densities of helium 
the half-widths of the 7= 4, §, | components were found 
to increase by 0.46, 0.50, and 0.47+0.05 cm™/r.d., 
respectively. In the same relative density region (r.d. 
= 1-20) for argon the rate of change of the half-width is 
0.33, 0.36, and 0.302-0.02 cm~/r.d. for the j7=%, 3, and 
¥ components, respectively. The precision of the meas- 
ured value of the change in the half-width per unit 
change in relative density was somewhat higher in the 


3 
> 
i¢ 


REO SHIFT 


case of argon since the greater relative density range 
permitted a more precise determination of the slope. 
DISCUSSION 
>. Ye 


ae 


6 
P, ,i4030 A) 


The observations reported above show that the gross 
effect of argon as the foreign gas on the width and shift 


‘ 





i 1 1 
20 25 30 


RELATIVE DENSITY 
Fic. 2. Shift vs relative density of argon. The origin has been 
translated along the ordinate in order to separate the curves for 
the various components 





helium are plotted in Fig. 3. The overlapping of the 
spec tral lines broadened by helium was so pronoun ed 
that the half-widths of the individual components of the 
multiplet were not measurable at relative densities 
greater than 10. For argon the half-widths were meas- 
urable for relative densities up to 20. The dependence 
of the half-width on the argon relative density is shown 
in Fig. 4. Since the ratio of the red to the violet half of 
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Fic. 4. Hailf-width vs relative density of argon 





of the spectral lines of a many-electron system with 
sextet multiplicity is of the same nature, although less 
pronounced, as the effects observed for the alkalies and 
In. Both the shift and broadening are between a half 
and a quarter as large as the corresponding phenomena 
6 14030a) in the alkali metals’ and In? 

ws By inserting the experimental mean value of the half- 
width (Av) and shift (Av,,) for Mn and argon in Foley’s 
relation® 


HALF WIDTH 


Avy, Ap, 2 cotr p-1 
The value of p was found to be 5.95 indicating there is 
an inverse sixth power interaction between manganese 
and argon. The observed linear dependence of the shift 
and half-width on the density is in accord with the 





l 
10 


RELATIVE DENSITY Foley theory, although it is not a conclusive proof of 





Fic. 3. Half-width vs relative density of helium. § Equation (58) of reference 3. 





PRESSURE BROADENING 
the Foley theory since practically all line-broadening 
theories yield a nearly linear relation. The Fourier 
integral theory predicts, for interactions with p=6 
(Eq. (57) of reference 5], that the difference in inter- 
action energy constant for the ground state °S and the 
excited states *P of Mn in argon is 3X 10~* erg cm*. 

An extension of the theory of the fine structure pres- 
sure effect® is applied to this triplet. A rather elaborate 
theoretical calculation of the broadening of the three 
fine structure components has been presented as a 
separate paper.’ The results lead to the relative values 
of half-widths or shifts of the lines in the ratio 


OF 


VIOLET TRIPLET OF Ma 1031 
shift related in a definite way to the width. However, 
subsequent theoretical developments have shown that 
the shift is generally smaller than that predicted by 
adiabatic theories of the Foley type. The effect of colli- 
sion-induced (real or virtual) nonadiabatic transitions 
is to cause interferences which can result in a very 
small shift even though the broadening is appreciable. 
Under the present experimental conditions the collision- 
induced transitions between discrete states were not 
likely to occur. 

One should bear in mind that the theoretical assump- 
tions for the analysis of pressure effects produced by 


light gases are somewhat open to question. The inter- 
action force between He and Mn could be of the type 
1/r?, p being a large value. Consequently, the short- 
range force may give a very small shift. Another cause 
may be the velocity effect. The important force is 


Mn (j=3): (=): G=) =0.36:0.36:0.34. 
(Experimentally the ratio is 0.33:0.36:0.30.) Although 
not perfect, the agreement is quite good. 

The difference in the behavior of the shift for argon 
and helium may be of theoretical significance. The lack 
of shift in Mn lines broadened by helium is evidently 
very fascinating. According to Foley there should be a 


6M. Takeo and S. Y. Ch’en, Phys. Rev. 93, 420 (1954). 
7M. Takeo, (to be published) 


probably repulsive. The motion of the He atom passing 
by the Mn atom will probably be slowed down at close 
collisions but will not be appreciably affected if the 
collision takes place at large parameters. 
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An attempt is made to achieve a unified potential description of the gross structure of the nucleon-nuclear 
interactions in bound states and in states of scattering. A model is employed with a nonlocal complex diffuse 
potential with spin-orbit coupling and surface absorption. This represents a relatively simple nonlocal 
generalization of the usual static models which might reasonably be expected to describe the nucleon-nuclear 
interaction in the low-energy range (say from —25 Mev to 25 Mev). Choosing the range of the nonlocal 
forces as suggested by considerations of the properties of infinite nuclear matter, the real parameters are 
fixed largely on the basis of neutron and proton separation energies. Two absorption parameters are then 
adjusted to provide agreement with total reaction and differential elastic cross-section data for neutrons. 
It is found that the successes of local optical models with energy-dependent parameters are largely pre 
served. Contrary to expectations, it is found that nonlocality tends to accentuate rather than wash out 
diffraction patterns. Although a diverse variety of experimental phenomena are treated, a range of param- 
eter choices remains. Because of theoretical uncertainties as to the size of the “rearrangement energy,” 
an effort is made to establish limits as to its magnitude on phenomenological grounds. The influence of 
several choices upon the physical phenomena used in adjusting the parameters of this model are shown 
It would appear that this study does allow for a rearrangement energy but that it is rather small (<6 Mev) 
and comparable to the probable fluctuations of the potential from element to element 


I. INTRODUCTION 


N recent years, considerable success has been 
achieved in accounting for the gross features of 


* Portions of this work were carried out at the Los Alamos 
Scientific Laboratory and Florida State University with the 
support of the U. S. Atomic Energy Commission. Some of the 
fina! calculations were carried out at Eglin Air Force Proving 


neutron and proton cross sections with the aid of a 
complex potential well model. During the same period, 


Grounds through kind arrangements made by the Air Force 
Office of Scientific Research. 

t This work is based in part on a dissertation (by P. J. Wyatt) 
submitted to the Graduate School of the Florida State University 
in partial fulfillment of the requirements for the degree of Doctor 
ot Philosophy 
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comparable success has been achieved in parallel studies 
in accounting for neutron and proton binding energies 
with the aid of a similar model with a real potential. 
The close similarity of the potentials used in these 
studies have suggested the possibility that perhaps a 
single potential well description (at least for the real 
part) might serve to handle both negative and positive 
energy states of nucleons interacting with nuclei. 

It is clear, however, that a local or static potential 
could not provide a complete description. Many studies, 
directed toward accounting for the saturation properties 
of nuclei by the use of exchange forces, have long in.plied 
that the nucleon-nuclear potential would be velocity 
dependent, or nonlocal. Recent intensive efforts directed 
toward utilizing our current detailed knowledge of the 
two-body forces by Brueckner,' Bethe,’ and others? have 
reinforced this earlier view and at the same time are 
now leading to predictions concerning nuclear matter 
properties; such as, total energy per particle, density, 
compressibility, etc., in reasonable accord with experi- 
mental information. From a phenomenological stand- 
point, recent studies*~* of the optical model, over broad 
also point to the dependence of the 
nuclear potentials upon energy or velocity. 

In this paper, an attempt is made to unify the 
description of the positive and negative energy states 


energy ranges, 


of nuclei in the region of concern in classical nuclear 
physics (+25 Mev) by the use of the Schrédinger 
equation which has been generalized to the form 


h? 
[Ve+E W(r) [Rccxyv(e)ae. (1) 


Qu 
A kernel, K(r,r’) is chosen which is characterized in a 
relatively simple way, and for convenience of compu- 
the is used. 
The consequences of Eq. (1) for the bound states of 


tation “effective mass approximation’” 


nucleons in diffuse realistic potential wells have already 


been examined.” The extension of this earlier work to 


include scattering necessarily requires that K(r,r’) be 
complex. On the basis of the following three assump- 
tions, the unification of the bound states and scattering 
is attempted. 


1K. A. Brueckner, Phys. Rev. 103, 1121 (1956). 

2H. A. Bethe, Phys. Rev. 103, 1353 (1956 

3K. A. Brueckner, C. A. Levinson, and H 
Phys. Rev. 95, 217 (1954 

* Proceedings of the International Conference on the Nuclear 
Optical Model, Florida State University Studies Number 32, edited 
by A. E. S. Green, C. E. Porter, and D. S. Saxon (Florida State 
University, Tallahassee, 1959 

’H. Feshbach, C. E. Portier, and V. F 
96, 448 (1954 

*J. R. Beyster, M. Walt, and E. W 
1319 (1956) 

7S. Fernbach, Revs. Modern Phys. 30, 414 (1958). 

*H. Feshbach, Annual Review of Nuclear Science 
Reviews, Inc., Palo Alto, California, 1958), Vol. 8, p. 49. 

*W. E. Frahn and R. H. Lemmer, Nuovo cimento 5, 1564 
(1957); 6, 664 (1957 

” AE. S. Green and P. C 


M. Mahmoud, 


Weisskopf, Phys. Rev 


Salmi, Phys. Rev 


104, 


(Annual 


Sood, Phys. Rev. 111, 1147 (1958) 


WILLS, 


AND GREEN 

(1) The imaginary part of the optical potential is 
essentially discontinuous at zero energy (see Sec. IV). 

(2) All other nuclear quantities are continuous at 
zero energy. 

(3) The primary energy dependence of the nuclear 
potential is embodied in its nonlocality. 


Several calculations are made which are aimed at 


elucidating the “rearrangement energy” question. 


Il. THE PRESENT DESCRIPTION 


In the bound-state investigations it is assumed that 
the potential matrix, K(r,r’) can be written as follows: 
K(r,r’)=V((r+r’)/2]6.(r—r’). Here 6,(r—r’) is a 
sharply peaked even function of its argument with 
“range” a (~range of two-body forces) and whose 
integral properties are described by 


foo a‘do ae fos 


In the limit of zero range, 6,(r—r’) behaves as the 
Dirac delta function and Eq. (1 
to the usual Schrédinger equation. 


Ly | 3 
o)a°de >. 
© C 2 


immediately reduces 
If ka<<1, then (neglecting terms of fourth order and 
higher) Eq. (1) may be reduced to’: 


? 


1 
V+ vee 
M(r) M(r) 


where p= mA/(A+1), and 


Vir 4) 


PuV*/2h* le (r 


1 h; 
} 
LGM s 


is the so-called “effective mass.” V(r) now corresponds 
to the usual static potential which, in this paper, is 
taken to be spherically symmetric, i.e., V(r)=V(r) 
=—V*(r) where &(r) is a conveniently chosen struc- 
ture function. Incorporating a spin-orbit term of the 
Thomas type," one has in the center-of-mass system: 


1 
Ve Wir 


This equation is readily separated in sphe rical cordi- 


nates to yield the following radial equation 


uF. E. Bjorklund and S. Fernbach, Phys. Rev. 109, 1295 
(1958). Despite the slight energy iated with the 
spin-orbit potential by Bjorklund and Fernbach, the size of the 
resultant correction terms, were the spin-orbit 
included in the nonlocal kernel, is of suct 
that their consideration can safely be post; 


dependence assoc 


contribution 
2 small magnitude 
yoned for a later study 
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where 
¥ (0) = LF 1(6,6)Gi(r)/r, 
l 

and 

£=1/2 for 


=-—(J+1)/2 for 


j=l+4 
j=l}. 


Formulation of the Scattering Problem 


The transition from bound states to scattering via 
the nonlocal formalism might at first suggest the simple 
replacement of V(r) by V(r)+iW(r) in Eq. (1). This 
would result in “complex” effective mass terms of the 
type: 

bu 
M(r)= - , 
1—[a?yu/2h? LV (r)+iW (r) | 

Bjorklund‘ and others have found that an imaginary 
spin-orbit term is not necessary to fit the scattering 
data for incident energies up to about 50 Mev, although 
above this energy such a term seems to provide im- 
proved fits. As the present investigation is concerned 
with low energies (<25 Mev), the replacement by 
V(r)+iW(r) is taken in all terms in Eq. (6) except 
the spin-orbit term which is kept real. For an attractive 
potential [V(r)<0, W(r)<0 for all 7] the resulting 
iW (r)G(r) term would be a source of the usual “local” 
absorption in the customary optical model description 
where a=0. The additional terms, however, would be 
due entirely to the nonlocality. It is not difficult to 
show that the additional imaginary terms arising from 
nonlocality essentially would produce emission. In fact, 
it may be seen from the continuity equation” that the 
nonlocal imaginary terms would at best diminish the 
absorption with increasing energy which would contra- 
dict the observation that the absorption increases up 
to about 100 Mev.” 

In an effort to simulate the known variation of 
absorption with energy, a reduced mass of the form 


M (r)=y/{1+ (uV*g2/2h2)[E(r) +itin(r)]}, (8) 


has been chosen but the loca! refractive and absorptive 
term has been taken as — V*[E(r)+-ito(r) ] where {» and 
¢, are two free parameters introduced in scattering, n(r) is 
a form function associated with the absorption term and 

2 Y. C. Tang, R. H. Lemmer, P. J. Wyait, and A. E. S. Green, 
Phys. Rev. 116, 402 (1959). 


3 See, e.g., curves shown on page 422 of A. E. Glassgold, Revs. 
Modern Phys. 30, 419 (1958). 
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g is a “generalized” nonlocality parameter replacing a. 
This introduction of two free parameters can be asso- 
ciated with the possibility that the true kernel K(r,r’) 
might actually represent a sum of complex kernels with 
different ranges of nonloca!ity."*"4 


Ill. THE PHENOMENOLOGICAL ANALYSIS 


It is now possible to examine the specific consequences 
of the formalism established in Sec. II. Prior to this, 
however, the form factors &(r) and »(r) must be 
considered as well as the complete set of parameters 
characterizing the nucleus. 

From the earlier phenomenological analysis of proton 
and neutron bound states and scattering,*:7"*—" as well 
as from the Stanford electron scattering experiments," 
it is clear that the form of the real part of the nuclear 
potential is probably best described as having an 
approximately uniform interior region and a diffuse 
surface which falls off rapidly within 2 to 4 fermis 
beyond the rms radius. A great variety'’"** of po- 
tential shapes satisfying these criteria have been used 
in the past. For computational simplicity as well as 
because of its continuity properties, the following form 
was used in the present work : 


t(r) 


3 
Z*, a<r<b (9) 


where 


Z=(9r—4(a+5) 1/4 (b—a). 


The surface limits a and b may be expressed in terms of 
more familiar constants: the surface thickness, 7, 
and the half-falloff radius R by the simple relations 


a= R—0.99868T~R-—T, 
and 


(10) 
b= R+-0.99868T~R+T. 


It should be noticed that &(r), &’(r), and &’(r) are 
continuous for all values of r subject to the above 
definitions. Letting 7 = 2d ln9 an almost perfect match 
may be obtained to the form factor which is given by 


“Pp. J. Wyatt, Ph.D. dissertation, Florida State University, 
1959 (unpublished). Also, private communications from Y. C. 
Tang and R. H. Lemmer. 

4% A. Green, Bull. Am. Phys. Soc. 2, 25 (1957). 

4% A. E. S. Green, Phys. Rev. 99, 1410 (1955). 

7P. C. Sood, Ph.D. dissertation, Florida State University, 
1958 (unpublished). 

*R. Hofstadter, Annual Review of Nuclear Science (Annual 
Reviews, Inc., Palo Alto, California, 1957), Vol. 7, p. 231. 
® A. E. S. Green and Kuick Lee, Phys. Rev. 99, 7) (1955). 

» A. A. Ross, H. Mark, and R. D. Lawson, Phys. Rev. 102, 
1613 (1956). 

% A. Schroeder, Nuovo cimento 7, 461 (1958). 

@ J. Riese, Ph.D. thesis, Massachusetts Institute of Technology, 
1958 (unpublished). 

% A. V. Lukyanov, Y. V. Orlov, and V. V. Turovtsev, Nuclear 
Phys. 8, 325 (1958) 
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radius (fermis) 


ic. 1. Comparison of the present well shape (solid line) with 
that of Woods and Saxon (dashed line) for a hypothetical nucleus 
Note the slightly greater slope in the surface region for the latter 
model 


(see Fig. 1) 
1 
E(r) n 


{1+ exp (r—R)/d]}} 


(11) 


Recent theoretical investigations™*® as well as the 
significant improvements of the Bjorklund-Fernbach" 
fits suggest that the imaginary part of the optical 
potential (for incident energies up to 25 Mev) should 
be peaked in the surface region. Although the Gaussian 
form factor used by Bjorklund and Fernbach is prob- 
ably a reasonable approximation in this energy region, 
a new form factor (and with it 
it is possible to provide a similar 


rather than introduce 
additional parameter 
urface absorption simply by letting 


n(r) = —d&/dr. (12) 


The concept of a surface derivative absorption is not 
entirely new and has indeed been tried by others”*.?? 
in the past. There are, however, several interesting 
features of the present form. In view of the continuity 
of £(r) and its derivatives, (r) and 9’(r) are also 
continuous for all r. The desire for computational 
simplicity as well as functional continuity stems from 
the formidable differential equations to be solved as 
well as the higher derivatives of the form factors which 
occur frequently due to the mass term derivatives 
[see Eq (6) |. 

For the cases of proton bound states and scattering, 
a Coulomb potential must be included in Eq. (6). In 
the present investigation a Coulomb potential of the 
Ford-Hill?’ family Il type with reasonable parameters 
was chosen. The Coulomb half-falloff radius was chosen 
on the average to be about 0.5 fermi less than the 
Progr. Theoret. Phys. (Kyoto) 21, 


*K. Harada and N. Oda, 


260 (1959) 
26H. J. Amster, Phys. Rev. 113, 911 (1959) 
26 W. S. Emmerich, Westinghouse Research Laboratory Report 
60-94511-6R17 (unpublished). 
27 Ww. S. Emmerich and N. J. Amster, Physics 22, 1163 (1956). 


281). L. Hill and K. W. Ford, Phys. Rev. 94, 1617 (1954). 
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nuclear half-falloff radius, and the falloff parameter 
n=5 was accepted. Although both neutron and proton 
bound extension to 
scattering has been completed only for neutrons at 
this time. 


states were investigated, the 


Characteristic Nuclear Parameters 


In view of the observed proportionality between A! 
and the nuclear rms radius, R is usually described by 
R=rn,A!+r, where ro and 7, are constants. The work 
of Green and Sood":'? concerning the proton potential 
anomaly, as well as the work of Nemirovsky,” indicates 
that the central well depth should be dependent upon 
the neutron excess, i.e., 


V*=Vot[(N—Z)/A]Vi, 


where the positive sign refers to the proton case, the 
negative one to neutrons,” and A, Z, and N refer to 
mass, proton, and neutron number, respectively. The 
remaining parameters 7, a,,”, fo, and ¢; were assumed 
for the most part to be A independent. Departures from 
this may indeed occur and are 
section. 


discussed in the final 


Methods of Solution 


The present investigation has been substantially 
dependent upon the results obtained with two codes 
constructed for the IBM 
determines the eigenvalues and the 


704. The bound-state code 
derivatives of the 
eigenvalues with respect to the various parameters for 
a given set of input parameters. The scattering code 
extracts the complex transmission coefficient from which 
the various cross sections are calculated following the 
usual optical model analysis’ with the necessary modifi- 
cations due to the spin-orbit and nonlocality terms. 


Adjustment of Parameters 


Because of the two additional parameters occurring 
in the scattering formulation (fo,{,) the problem of 
finding a complete set of suitable parameters 
approached from the bound-state solutions. Thus once 
a set of parameters Vo, V1, ro, 71, Geo”, T, 
found which would produce satisfactory last-particle 
3.2 these parameters were fixed and 


was 
and g* were 


binding energies 
the scattering prediction 
fo and ¢; were examined. 

It should be evident from Table I that a wide range 
of possibilities existed, each set 


for various combinations of 


producing nearly 
equivalent bound-state fits. The procedure of finding a 
“good” set of bound-state parameters rested almost 
entirely on the use of the eigenvalue derivatives in 

* P. Nemirovsky, preprint (kindly supplied by Professor H. 
H. Barshall). 

® Reference 4 contains many interesting remarks and « 
on the subject. 

A. H. Wapstra, Physics 21, 367 

#2 J. R. Huizenger, Physics 21, 410 
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conjunction with a least squares fitting routine involv- 
ing an overdetermined set of conditions (i.e., the last 
particle separation energies of 14 nuclei). The scattering 
predictions, however, irrespective of the values of {> 
and ¢,;, showed marked differences. The scattering 
quantities compared with experiment consisted of the 
total, reaction, and differential elastic cross sections. 
By virtue of the success of other investigations (see, 
e.g., references 4 and 11) using the simple radius 
characterization, R=1r,A}, it was decided to put r,=0; 
the additional parameter (or degree of freedom) 
appearing unnecessary at this time. If all the remaining 
parameters were taken as free, the usual ambiguity 
Vre~constant*™ arose. It was observed that for any 
ro an equivalently suitable set of parameters could be 


TABLE I. Comparison of theoretical and experimental last 


particle eigenvalues for various sets of nuclear parameters. The 
experimental values are from Wapstra* and Huizenger.> 


= 
) 


Set Vo Vi 2 te 


73 26.0 
65 36.8 
52 26.0 
66 26.0 
, 61.5 
6 69.3 


1.00 
0.65 
0.00 
0.50 
0.50 
0.65 


0.70 
0.73 
0.70 
0.70 
0.70 
0.66 


mann 


> 4 
— 


26.0 
21.2 


wn 
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jauapdunaeen 
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Theoretical eigenvalues (Mev) 
Set 2 Set3 Set4 Set 5 


4.68 5.21 
1.01 1.56 
690 644 
2.67 2.11 

8.43 


Iso Ex; 
tope State (Mev) 


4.14 
0.60 
6.60 
2.50 
8.37 
1.83 
7.00 
6.64 
6.83 
6.24 
7.91 
3.57 
6.73 
3.72 


Set 1 Set 6 
5.43 
2.00 
6.72 
2.68 
8.14 
1.53 
8.23 
6.79 
7.14 
4.91 
6.52 


ov dsi2 
F17 dase 
Si®! diz 
Ci* 

Ca® 

Sc# 

Zn” 

Ge” 

Rb* 

Nb# 

Sn"5 

Xeu7 

Pb™7 

Bi 


5.52 
2.04 
6.55 
2.65 
8.34 
1.62 
8.01 
6.45 
7.81 
5.85 


4.92 
1.26 
6.65 
2.30 
8.29 
1.37 1.26 
8.42 8.90 
7.19 35 
7.01 28 
5.20 § 93 
7.98 7 20 
tee 3.44 
6.05 7.51 
0.47 


* See reference 31. 
b See reference 32 


found. It was found also that near ro>=1.25 if g? (the 
nonlocality) were allowed to vary, the least squares 
procedure favored g?=0; i.e., the local case. However, 
the scattering predictions were then very poor. 

The final adjustment of the parameters was therefore 
accomplished as follows: (1) g* was fixed to pgovide 
approximate agreement with the range of nuclear 
forces.* This choice, together with the potential well 
depth which it subsequently implied, in turn produced 
an effective mass at the nuclear center compatible with 
studies of the properties of infinite nuclear matter. 
(See, e.g., Table IV in footnote reference 17 for a sum- 
mary of effective mass values appearing in the litera- 

3 A. E. Glassgold, W. B. Cheston, M. L. Stein, S 
and G. W. Erickson, Phys. Rev. 106, 1207 (1957) 


*L.C. Gomes, J. D. Walecka, and V. F. Weisskopf, Ann. phys. 
3, 241 (1958). 
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Taste II. Parameters constituting our best basis for unification 


of bound states and scattering. 


Parameter Best value 


Vo (Mev) 
V, (Mev) 
ro (fermi) 
T (fermi) 
a,.2 (fermi?) 
@ (fermi?) 
fo 
¢ 


Probable variation 


~~ 


+3 
+6 
+0.02 
+0.40 
+0.05 
+0.03 
+0.1 
+0.3 


Nm 

SO Quem = bh 

“Ih 2 
rr 


1 


ture.) (2) ro was fixed at a value between 1.15 and 1.30. 
(3) The remaining parameters were adjusted via the 
least squares technique (both neutron and proton states 
were examined but the scattering calculations were 
applied only to neutrons). (4) With all the parameters 
now fixed, the scattering predictions were examined for 
a large range of {> and ¢). If the fits were poor, ro was 
adjusted to another value and steps 3 and 4 repeated. 


_(5) Once a set of fixed parameters Vo, Vi, £0, @eo?, T 


(and fo and ¢;, for scattering) were established, the level 
structures of several isotopes were examined in detail. 
If the structures produced were in good agreement 
with the expected shell structure, then, subject to the 
previous bound-state and scattering calculations, the 
set was considered to be consistent. 


IV. RESULTS, DISCUSSION, AND CONCLUSION 


As was evident from Table I, the bound states alone 
are insufficient to determine a unique set of parameters, 
especially in the nonlocal description. By introducing 
positive energy states into the problem, one can narrow 
down the possibilities substantially. A description of 
the myriad of machine and hand calculations pertinent 
to the selection of the best set of parameters has been 
omitted from the present paper as their inclusion 
would be of little value or interest. Each result was 
either accepted or rejected, not on its own specific 


TaBLe III. Comparison of last-particle eigenvalues (in Mev) 
based on parameter values of Table II. The experimental values 
are from Wapstra* and Huizenger.® The last column indicates 
the theoretical values of Nemirovsky.* 


State Eax 
4.14 
0.0 
6.00 
2.50 
8.37 
1.83 
7.00 
6.64 
6.83 
6.24 
7.91 
3.57 
6.73 
heir 3.72 


Eheory 


4.81 
1.65 
6.21 
1.12 
7.64 
0.95 
8.16 
6.58 
7.09 
3.97 
8.01 
2.94 
7.07 
0.31 


Isotope Epn 


oO" ds 5.40 
} 17 d 

Si® ds 
Cc dara 
Ca" ra 
Sc4l fi 
Zn" fora 
Ge” £o/2 
Nb*® £o/2 
Sn Sis? 
Xe fers 
Pb®” pie 


Bi 


* See reference 31 
» See reference 32 
* See reference 29. 
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Fic. 2. Representative 
neutron differential scatter- 
ing cross sections based on 
the best nuclear parameters 
indicated by the present 
preliminary work (Tab 
II). The dashed curves 
represent the “‘local’’ pre- 
dictions of Bjorklund and 
Fernbach 
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merits, but rather on the basis of the manner in which 
it fitted into the over-all picture, i.e., the consistency 
of bound-state and scattering results. 


Numerical Results 


Table II shows the set of parameters considered at 
this time to be a best basis for the unification of the 
bound states and scattering within the framework of 
the formalism presented in Sec. II. The probable range 
of values (based on the analysis) is also indicated. 
Table III shows the comparison of the eigenvalue 


3% 60 90 120 10 160 


results with experiment and some of Nemirovsky’s” 
calculations. It is interesting to note that the values of 
V;, obtained in this study for both local and nonlocal 
cases, are in good agreement with those inferred by 
Fulmer** in recent experiments concerned with proton 
scattering at 9.5 Mev. Figure 2 the neutron 
scattering results based on these parameters (solid 
curves). The dashed curves represent the local fits of 
Bjorklund and Fernbach.*” The sources of the data are 
indicated in reference.’ 
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Fic. 3. Differential scat- 
tering cross sections illus- 
trating the effect of a larger 
radius constant (ro) also 
consistent with bound-state 
data. Note the higher values 
at small scattering angles. 
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Figure 3 is similar to Fig. 2, but illustrates the results 
of Set 2 of Table I. Note the effect of the larger radius 
constant (ro= 1.25 fermis) is to increase the scattering 
in the forward direction. The other differences (in 
parameters g’, V;, a,.?, and 7) have been found to 
produce no noticeable effects on the forward scattering. 

Table IV presents the total and reaction cross section 
predictions compared with experiment® for various 


* Neutron Cross Sections, compiled by D. J. Hughes and J. A. 
Harvey, Brookhaven National Laboratory Report BNL-325 


% 60 90 120 150 
DEGREES 


elements at 4.1, 7 and 14.6 Mev and are based on the 
parameters in Table II. 

Figure 4 illustrates the bound state energy levels for 
neutrons based on the parameters of Table II. The Hf 
nucleus is in reality, of course, deformed. It was hy- 
pothetically chosen as spherical, however, in order to 
show the characteristic shell structure predicted by the 
present model. 


Superintendent of Documents, U. 


S. Government Printing 
Office, Washington, D. C., 1955). 
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Taste IV. Comparison of experimental and theoretical values 
of neutron total and reaction cross sections 


Cross sections (barns) 
Energy OT oT oR OR 
Element (Mev) (theory) (expt) (theory) (expt) 
Al 7 2.01 
1.92 


4 
4 
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nm 


Ti 
Fe 


51 

6 
50 
41 

51 

94 
82 
O4 
99 
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06 
05 
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Possibility of a Rearrangement Energy 


A tacit assumption throughout much of the previous 
bound-state work of Green et al. and should be men- 
tioned at this time.*’ This assumption concerns the 
association of ‘‘last-particle separation energies” with 
“energy eigenvalues.” A considerable amount of contro- 
versy exists in regard to the “rearrangement energy” 
which may occur when a nucleon is removed from a 
nucleus. Thus, conceivably, the energy eigenvalue of a 
last nucleon may be greater than its experimentally 
observed separation energy; the difference between the 
two quantities being ascribed to the so-called rearrange- 
ment energy. The rearrangement energy would thus 
assist in the removal of a particle once such a gedanken 
process has started. Some maintain*®* that the two 
quantities differ by a “rearrangement” energy of 10 to 
25 Mev while others*” consider them essentially equal. 
Experiments by Schiffer® and Maris“ et al. point to the 
approximate equality of the two, while calculations by 
Mittelstaedt® et al. suggest the former view. 

The results discussed thus far indicate that a fair 
description of nucleon scattering and bound states can 
be made without recourse to the rearrangement energy 
concept. However, in view of some of the shortcomings 
in the fits shown in Fig. 2, it was considered desirable 
to examine in detail the such an 
hypothesis. 


consequences of 


37 See also pertinent remarks in reference 4. 

88 See comments by Brueckner and Weisskopf in reference 4. 

*® A. E. S. Green, Phys. Rev. 104, 1617 (1956). 

J. P. Schiffer, L. L. Lee, Jr., and B. Zeidman, Phys. Rev 
115, 427 (1959). 

“! See talk and references by Maris in reference 4. 

@ P. Mittelstaedt, Nuclear Phys. 9, 116 (1958) 
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The derivative of the last-particle eigenvalue with 
respect to the parameter V > for the isotopes in Table III 
is on the average about 0.45. Thus by deepening the 
wells by 10 Mev, the last-particle eigenvalues would 
be augmented by about 4.5 Mev. The rearrangement 
energy referred to in Sec. II is believed (by its pro- 
ponents) to be 10 to 20 Mev. Thus the well studied 
here would have to be deepened by 22 to 44 Mev to 
produce so large an effect. 

To test the rearrangement energy hypothesis, V» was 
increased by 10 Mev. This amounted to increasing the 
magnitude of the last-particle eigenvalues on the 
average by about 4.5 Mev. The scattering results are 
shown in Fig. 5, and Table V compares the predicted 
total and reaction cross sections with experiment.** As 
is immediately evident, some of the results are consider- 
ably improved (e.g., Bi) while others become noticeably 
worse (e.g., Fe). It is interesting to note that a similar 
augmentation of the Vo in Set 2 of Table I, produced 
consistently worse results. (This case, corresponding to 
ro= 1.25, was reported in reference 4.) Were V9 increased 
by an amount sufficient to produce a rearrangement 
energy of 10 to 20 Mev, it is evident from Fig. 5 that 
all the diffraction patterns would be shifted too far 
towards the smaller angles to produce any reasonable 
fits. 

The results of the rearrangement energy investigation 
may therefore be summarized briefly as follows: (i) A 
rearrangement may well exist (1) if so 
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Fic. 5. The effect of 
deepening the potential well 
(nonlocal) by 10 Mev. The 
average corresponding “re- 
arrangement” energy would 
be 4.5 Mev. Other nuclear 
parameters are identical to 
these used in Fig. 2. 
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then it must vary substantially from isotope to isotope. 
(iii) Its magnitude is sensitive to the characteristic 
radius constant, ro, but (iv) cannot be larger in any 
event than about 6 Mev. 


Concluding Remarks 


Although the fits to experimental values are not 
perfect, the over-all success of the present description 
is evident. Even without the introduction of a rearrange- 
ment energy, a unification of the bound states and 


scattering has been achieved to a substantial degree. 
Were one to include the possibility of local fluctuations 
of parameters such as 7 and rp in going from isotope to 
isotope, then some improvements would naturally 
result. As an example, a decrease in the surface thick- 
ness in Sn of about 8% is found to shift the maximum 
at 69° from 10° to 15° towards smaller angles for 
Set 2 in Table I. Other sets produce similar results, but 
often at the expense of the fits for different elements. A 
further examination of such possible local parameter 
fluctuations, should therefore provide interesting re- 
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TasLe V. Comparison of experimental and theoretical values 
of neutron total and reaction cross sections based on anaverage 
rearrangement energy of 4.5 Mev. 
Cross sections (barns) 
Energy or or oR oR 


Element (Mev) (theory) (expt) (theory) (expt) 


Al 


— 
Oo 


1.19 
1.07 
) 
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56 
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Pe] 
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2.69 
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sults—especially those relating to the closing of major 
shells. 

The surface concentration associated with the shape 
of the imaginary potential used here is probably 
exaggerated and a modification in the light of recent 
theoretical studies might prove interesting.“** The 
assumed discontinuity of the imaginary part of the 
optical potential, although somewhat unphysical, is 
not entirely so. The number of excited nuclear states 
below zero energy is usually small while the number of 
compound states available rises rapidly above zero 
energy. Thus, in the vicinity of zero energy, the imagi- 
nary part of the optical potential should be expected 
to rise rapidly—almost discontinuously on a linear 
energy scale. 

The rather deep minima predicted in the theoretical 
differential elastic scattering cross sections (see Fig. 2) 
might represent a real effect even though they are not 
indicated by experiment, for the following reasons: 
(1) The errors associated with the angle measurements 
have the effect of smoothing out the angular distri- 
butions. This effect may be easily seen by folding a 
Gaussian of about 5-degrees width with one of the 
theoretical curves. The theory, of course, shows perfect 
resolution and must therefore be sharper. (2) The 
fact that the scattering calculations were based on an 
average A, rather than an isotope weighted one, also 
contributes to the sharpening of the theoretical curves. 
Were the calculations made for individual isotopes and 
then weighted, the angular distributions would be 
smeared out somewhat. (3) The possibility of a small 
contribution of compound elastic scattering, even at 
energies as high as 14 Mev,® could substantially affect 
the minima. If an isotropic component of compound 
elastic differential cross section of the order of, say, 
7X 10~ barn per steradian were added to the theoretical 
curves at 14.6 Mev for example, the minima would be 


* See reference 4 for comments on this possibility. 
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considerably smoothed out while the maxima would 
remain virtually unchanged. The contributions from 
compound elastic scattering at lower energies is con- 
sidered for the most part to be responsible for the low 
values of differential scattering cross sections obtained 
at larger angles in some cases (e.g., at 4.1 Mev). 
Nevertheless, the fact that the minima are as deep 
as they appear, even in this nonlocal formulation, seems 
to be contrary to the expectation® that the inclusion of 
nonlocality should tend to damp out the diffraction 
pattern. It is extremely difficult to assign a reason for 
this calculated effect. Even in the case of local optical 
models it has been difficult to establish in detail what 
features of the complex potential influence the various 
aspects of the scattering predictions. A similar difficulty 
is encountered in high-energy electron scattering in 
attempting to infer nuclear charge The 
traditional approach here has been to assume a reason- 


densities. 


able form for the density function and to adjust the 
parameters in this function to achieve optimum agree- 
ment. A recent study of p-shell nuclei, however, has 
shown that markedly different density functions can 
give rise to the same scattering predictions.“ In this 
case of the nonlocal complex potential the problem is 
complicated by the fact that one does not simply 
introduce nonlocality (i.e., let g increase from zero) and 
hold all other Instead, 
renormalizes the other parameters of the potential 
(particularly the well depth which is increased) to 
maintain fits to the key experimental data used in the 
parameter and 
location of diffraction After this is 
plished it is difficult to know whether such secondary 
effects as the depth of diffraction 1 
introduction of nonlocality or the 
other potential parameter 

of this point (i.e., g* was varied and | 
maintain the last particle bindi 
lar isotope) indicates that the diffraction minima are 
ncreasing g* especially in 
effect is 


parameters constant. one 


adjustments (e.g., binding energies 


minima accom- 
nima are due to the 
of the 
\ preliminary examination 
adjusted to 
g energy for a particu- 


alteration 


augmented (deepened) wit! 
in the background angles 
pronounced. 
With these 

reasons suggest 
nonlocality which might account for the 
accentuation of the diffraction patterns. In the effective 
mass approximation considered here the introduction 
of nonlocality leads in the final radial equation [ Eq. 
(6)] to a series of additional terms involving the 
variable reduced mass function M(r). Several of these 
terms are effective only in the region of the nuclear 


tendency of reinforcing 


where the most 
heuristic 
introduction of 
observed 


reservations ol might for 


two aspects of the 


surface. These terms have the 
the centrifugal potential and tending to push the higher 
angular momentum states outwardly to the region of 
the surface. In addition the combination M[VE&(r)+E] 


“VY. Meyer-Berkhout, K. W. Ford, and A. E. S. 


Phys. 8, 119 (1959). 
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has the tendency to sharpening the effective outer edge 
of the nuclear potential. The combined action of these 
effects might when “averaged” over angular momentum 
states be viewed as equivalent to adding a potential 
tending to concentrate nucleons to the surface. Now 
in the Born approximation the form function F(q) 
where g is the momentum transfer is simply the Fourier 
transform of the radial potential function.“ Here one 
can show that potential localization tends to enhance 
the oscillations in the form factor F(¢) which occasions 
an enhancement of the oscillations in the cross sections. 
One might expect a similar phenomena to be operative 
at lower energies. 

This interpretation is supported somewhat by the 
observed influence of the innovations which Kisslinger 
and Rainwater‘ use in interpreting the scattering of 
mesons by nuclei in which the diffraction minima appear 
to be suppressed. Their final radial wave equation is 
similar to the model here, except that they have a 
variable mass which is enhanced as one goes to the 
center rather than reduced. With the inclusion of this 
modification it is possible to fit observed angular 
distributions whose minima resist fitting with local 
optical models. 

As the experimental results of elastically scattered 
neutron polarizations are at this time rather sparse, 
not much effort was directed towards detailed fitting 
along these lines. However, the characteristic difference 
of the polarization predictions compared with former 
work with local models lies in the slightly smaller 
polarizations predicted by the present model at scat- 
tering angles up to 40°. This has been noticed experi- 
mentally for intermediate elements at higher scattering 
energies. Nevertheless, the wide variations in the 
theoretically predicted polarization (up to +98% in 
some cases) for larger angle scatterings are still found 
the nonlocality apparently having little effect in 
smoothing out the polarization patterns (Fig. 6). 

Although some of the elastic differential scattering 
cross-section curves in this nonlocal model are in poor 
agreement (Fig. 2) with experiment (e.g., Bi at 4.1 
Mev), others show structural details observed in 
experiment, but not predicted on the basis of local 
models. (See, e.g., Cu and Fe at 14.6 Mev). This 
structure is generally high, but nevertheless in good 
shape agreement with experiment. The minimum 
predicted in Cd at 4.1 Mev between 25 and 50 degrees 
could well exist and might be looked for in future 
experiments. The very poor fits of Bi at 4.1 and 7 Mev 
are probably associated with the poor agreement with 
experiment of the bound state eigenvalue of that 
element (see Table IIT). Finally, it should be mentioned 
that the spheroidal deformation of some elements could 
be responsible for some of the discrepancies between 
our predictions and experiment. 

It might be well at this point to call attention to the 


Dr. Jules Levin (private communication). 
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Fic. 6. Representative polarization data based on the present 
best parameters (Table II). The violent fluctuations t no 
improvements over the “local’”’ predictions of Bjorklund and 
Fernbach though the polarization is considerably smaller in the 
forward direction. 
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limitations of this study of the application of non- 
local potentials. This work makes use of the expansion 
of Frahn and Lemmer in conjunction with a more 
generalized type of kernel embodying realistic and 
complex structure functions. Because of the complexity 
of the finite nucleus problem and the rather detailed 
involvement of the nuclear suriace in the bound-state 
and scattering data fitted here, it is very difficult to 
assign the origins of the residual discrepancies between 
theory and experiment. From crude “wavelength” and 
nuclear size considerations it would seem that the 
approximation used should hold good to positive 
energies of the order of 25 Mev. Hence, it is likely that 
these discrepancies are associated more with limitations 
of the particular kernels chosen here. The work of 
Brueckner et al. and Gomes et al.™ provides some 
guidance as to two kernel generalizations of the real 
portion of the kernel. However, there is as yet little 
theoretical guidance on the imaginary part. The nega- 
tive sign of £,, which the fitting of experimental data 
over a broad energy range has demanded may also be a 
manifestation of hard core effects in the two-body 
interaction, 
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One must, of course, recognize that the optical model 
is a highly oversimplified description of the nucleon- 
nucleus interaction and hence has other limitations. 
The prescription chosen for separating the observed 
elastic scattering into shape elastic and compound 
elastic, has of course considerable bearing upon the 
values assigned to {» and ¢;. The recent work of Alford‘ 
has particularly suggested that there is a larger con- 
tamination of compound elastic in measured cross 
sections than previously supposed, particularly for even 
A elements in the mass region around A =50. Accord- 
ingly, the limits of error assigned to the absorption 
parameters may be somewhat optimistic. 

In conclusion it should be pointed out that the work 
described herein embodies a particular synthesis of 
many earlier phenomenological studies of the inde- 
pendent particle model and the nuclear optical model. 
In view of the many uncertainties and differences of 
opinion among those pursuing a strictly theoretical 
approach and in an effort to minimize the number of 
free parameters, the simplest nonlocal generalizations 
which might possibly fit a diverse range nucleon- 
nuclear phenomenon were utilized. It is rather satis- 
fying that the inclusion of nonlocal terms which is so 
clearly demanded by many theoretical considerations 
does not occasion any loss from the remarkable accom- 
plishments of local I.P.M. and optical-model descrip- 
tion. 

Unfortunately, even when constricted by a wide 
range of phenomenological observations there seems to 
remain « rather wide choice of parameters. The inclusion 
of proton scattering data (originally intended as a part 
of this study) should prove of additional help in 
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narrowing the range of acceptable parameters and 
hence in sharpening the physical conclusions which 
might be drawn with such a model. 

However, even in its present form and with the 
parameters given in Table LI, the model might be 
expected to serve as a useful point of departure for 
exploring many further details of the nucleon-nuclear 
interaction. From a standpoint of practical applications 
the model might be expected to be useful in reactor 
design for interpolation of neutron cross sections over 
energy gaps or element gaps where experimental data 
is lacking. 
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Using the spherical wave functions generated in a previous investigation by Wyatt, Wills, and Green, 
the influence of spheroidal deformation is examined with the aid of perturbation theory. The combined 
calculations yield the energies of single-particle states for a diffuse boundary, nonlocal deformed potential. 
Specific calculations are performed for light nuclei around A =25 and in the rare-earth region between 
A=150 and A=180. An analysis of nuclear ground-state spins and magnetic moments is presented in 
terms of the computed level schemes and wave functions. The results confirm the general aspects of the 
Nilsson, Mottelson results as obtained with adjusted harmonic oscillator potentials although some differences 
arise in detail. In particular, the calculated coefficients usually show less mixing of different angular mo- 
mentum states in our case. The fact that the unperturbed potentials used in this calculation were obtained 
in the study of Wyatt, Wills, and Green from completely independent theoretical and experimental con- 
siderations is satisfying and further tends to confirm that the phenomenological model has a strong basis 
in reality. A discussion of the relationship of the phenomenological model to the self-consistent nuclear 


model of Brueckner is given. 


I. INTRODUCTION 


HE successes of the unified picture of the nucleus 
introduced by Bohr and Mottelson in describing 
a variety of low-energy nuclear phenomena are now 
well known.' Basically this description of the nucleus 
combines the collective motion of many particles with 
the ideas of the strict independent particle motion 
incorporated in the nuclear shell model. It leads to a 
unified description of nuclear motion in which the 
bulk of the nucleons are pictured as being capable of 
collective vibrational and rotational modes similar to 
those of a liquid drop in addition to the essentially 
independent motion of the few loosely bound outer 
particles. Of particular interest is the case of strongly 
deformed nuclei for which it can be shown!' that the 
vibrational, rotational and single-particle motions take 
place independently of each other and may be treated 
separately. This situation arises for nuclei well removed 
from the closed shells where the neutrons and protons 
can cooperate to produce a large deformation of the 
nucleus from a spherical shape, and the total wave 
function becomes simply a product of three functions 
describing the two collective modes and the independent 
motion of the outer nucleons in the average deformed 
field which the nucleus now effectively presents to 
these nucleons. 
While many of the predictions of the collective model 
depend only on the existence of the deformed shape, 


* Portions of this work were carried out at the Oak Ridge 
National Laboratory and at Los Alamos Scientific Laboratory 
with the support of the U. S. Atomic Energy Commission. Some 
computations were carried out at Eglin Air Force Base through 
arrangements by the Air Force Office of Scientific Research. 

t Now at Physics Department, Massachusetts Institute of 
Technology, Cambridge, Massachusetts. 

1S. A. Moszkowski, in Handbuch der Physik (Springer-Verlag, 
Berlin, 1957), Vol. XX XIX. 


a more detailed appication of the model in the analysis 
of nuclear properties does also require an explicit 
calculation of the (so-called intrinsic) wave functions 
describing the motion of the few outer nucleons in the 
deformed nuclear field. This problem has attracted 
much attention in recent years, especially in connection 
with the application of the collective model to odd A 
nuclei.? In principle such a calculation should proceed 
via some self-consistent manner, only assuming a 
knowledge of the fundamental nucleon-nucleon forces, 
but such a procedure poses immense difficulties and 
will probably not be carried out for many years to 
come. Indeed up to now attempts’ to compute these 
intrinsic wave functions have employed phenomeno- 
logical potential wells which while analytically con- 
venient are clearly unrealistic representations of the 
nucleon-nucleus interaction. 

In the present calculation we will also start out with 
some phenomenological interaction for the average 
nucleon-nucleus potential. However, taking advantage 
of advanced numerical computational facilities, the 
restrictions on our potential form will be considerations 
of physical plausibility rather than of analytic con- 
venience. Thus, we are both guided and constrained by 
present experimental and theoretical information from 
which the predominant features of the nucleon-nucleus 
interaction may be inferred. 

From the wealth of experimental data now available 
on nuclear scattering and other processes, two main 
facts emerge: (1) that the average potential felt by a 


2 B. R. Mottelson and S. G. Nilsson, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Medd. 1, No. 8 (1959). 

7A list of authors who have studied nucleon motion in a 
deformed well is given in reference 15. 

*See for instance A. E. Glassgold, Revs. Modern Phys. 30, 
419 (1958). 
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average potential has a diffuse boundary at the nuclear 
surface.6 The velocity dependence of the nucleon- 
nucleus interaction also finds theoretical justification 
and rather definite formulation in the self-consistent 
field methods for the nuclear many-body problem 
developed by Brueckner et al.* The work of Green and 
collaborators’:* has indicated the necessity of a diffuse 
edge in connection with the calculation of single- 
particle binding energies and total energies within the 
framework of the independent-particle model of the 
nucleus. 

To simulate the velocity dependence we will use an 
“effective mass approximation” for finite nuclei® intro- 
duced elsewhere, which does seem to provide a good 
qualitative indication of the results to be expected from 
a more elaborate treatment of this effect which essenti- 
ally arises from the nonlocality of the effective nucleon- 
nucleus potential in coordinate space.” Within the 
limits of this approximation it turns out that the 
velocity-dependent potential is not very much more 
difficult to treat than an ordinary potential, whether 
it is spherical or not. The introduction of a diffuse 
edge, however, is much more difficult to handle even 
in the case of a spherical potential well, and one has to 
resort to numerical methods of computation. However, 
it turns out that once the wave functions and level 
schemes of a given spherical potential are known, it is 
a fairly straightforward matter to compute the effects 
of introducing a spherical deformation into this po- 
tential field. Extensive numerical calculations of single- 
particle states and wave functions in velocity-dependent 
spherical wells having a diffuse edge, using the effective 
mass approximation mentioned above have previously 
been made and thus it is now feasible to carry out the 
additional computations associated with deformation 
effects. 

A summary of the method of calculation of single- 

particle states in a realistic deformed potential which 
includes the effects of velocity dependence will be found 
in the next Detailed calculations have been 
carried out for light nuclei around A = 25, and in the rare 
earths region between A = 150 and A = 180, i.e., in regions 
where the existence of strongly deformed nuclear shapes 
seem to be well established experimentally. The result- 
ing deformed level schemes will be found in Sec. III 
together with an analysis of the magnetic moments of 
selected nuclei. A brief discussion of the results in the 
light of other existing calculations of the same type is 
presented in Sec. IV. 
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GREI 
II. SINGLE-PARTICLE MOTION IN A REALISTIC 
NONSPHERICAL POTENTIAL WELL 
of the 


and wave 


In this section we give an outline calculations 
of single-particle functions in 
a realistic nonspherical force field that is appropriate 
for strongly deformed nuclei. assume that 
the adiabatic ., that the 
intrinsic motion is not altered by the 
rotation of the Che problem then 
reduces to a study of nucleon motion in the average 
nonspherical field V (r) of the nucleus which is regarded 
as fixed in space. As a further approximation we also 
ignore all residual interactions and assume that each 
nucleon moves independently of its neighbors in the 
collective nuclear field. Actually, this last assumption 
turns out to be partially justified in the light of recent 
work on the nuclear many-body problem*®” and is also 
supported by the approximate validity of the extreme 
shell model” and optical model" of the nucleus. Hence, 
one could expect that a good starting point would be 
to assume a single-particle wave equation like 


binding states 


As usual we 
holds, i.e 

appreciably 

nucleus as a whole. 


approximat ion 


(P*/2mo)u(r)+ V (r)u(r)= Eu(r), (1) 


for a particle of mass mo and energy FE moving in the 
collective field V(r) of the nucleus. However, the self- 
consistent field Brueckner and collabo- 
rators®" which take into account the strong correlations 
in the nuclear wave functions, show that the extreme 
independent particle picture represented by the above 
wave equation is actually only reasonable if V(r) has a 
nonlocal nature, and the second term on the left-hand 
side of Eq. (1) must be replaced by the interaction 


fv rr’ )u(r’)dr’, 


where the integration extends over all space; V (r,r’) is 
a nonlocal potential which can in principle be self- 
consistently determined from a knowledge of the 
individual nuclear two-body forces alone. The immense 
computational difficulties involved in calculations of 
this type” however make such a procedure unsuitable 
for the present purposes. Rather we adopt an approxi- 
mate phenomenological approach and simply assume 
a physically reasonable form for the nonlocal potential 
appearing in Eq. (2). Bearing in mind that (i) the 
interaction represented by (2) must be Hermitian 
which means that V(r,r’) must be symmetric in its 
dependence on r and r’ if it is real, (ii) that the approxi- 
mate validity of calculations employing local potentials 
indicates that nonlocal effects should not be too large, 
and (iii) that Eq. (2) must be translationally invariant 
uK. A. Brueckner, J. 
Rev. 110, 431 (1958). 
2M. G. Mayer and J. H. D. Jensen, Elementary Theory of 
Nuclear Shell Structure (J. Wiley & Sons, Inc., New York, 1955). 
4H. Feshbach, C. E. Porter, and V. F. Weisskopf, Phys. Rev. 
96, 448 (1955) 
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SINGLE-PARTICLE STATES 
for infinite nuclear matter, one is lead to the modified 
wave equation (see reference 9 for details) 


tv 3 1 1 
( —P?+2P-—P+FP 
4\2m 2m 


2m 


Jui) +V(e)u(n 


- 


keu(r), (3) 
in the place of Eq. (1) as a first approximation to 
describe the nonlocal nature of the nuclear field. Here 
m denotes a spatially variable effective nuclear mass 


m= mo 1— (a?mo/2h*)V (r) }", (4) 


where a is a parameter characterizing the degree of 
nonlocality in the potential. This parameter is so 
defined that a=0 corresponds to the local case. We take 
the modified Eq. (3) to be the wave equation describing 
the single-particle motion and proceed to study how 
this modification effects the motion of individual 
nucleus in a realistic nonspherical potential well. The 
solutions of a similar wave equation have already been 
extensively studied by Green ef al.** for various 
spherical potentials. 

To pursue the case where V(r) is nonspherical we 
confine ourselves to small deformations of a spheroidal 
nature only. Accordingly, one may then approximate 
the potential as'® 


V (r)= V(r)—e(rdV/ dr) P2(cos8)+4e(rdV/dr), (5) 


where @ is the angle between the particle’s radius vector 
and the nuclear symmetry axis, and ¢ is a measure of 
the deformation. Following the procedure used by 
Gottfried,'® we treat all «dependent terms which arise 
when the expression (5) is substituted into Eq. (3) as 
perturbations, and expand the wave functions wu in 
terms of the basic set of wave functions provided by 
the solutions of the spherical!y symmetric wave equation 


CT eym+V (r) + V solr) W(nljQ)= Eo(nlj (nl ja), (6) 


where T,ym is an abbreviation for the symmetrized 
kinetic energy operator appearing in Eq. (3) and nljQ 
denote the usual set of radial and angular momentum 
quantum numbers required to describe a single nucleon 
state in a spherical potential well.’ Equation (6) is 
identical with (3) for «=O apart from an additional 
Thomas-type spin-orbit force V,. which is necessary if 
one wishes to obtain a reasonable set of spherical energy 
levels. We ignore here the influence of deformation and 
nonlocality on the spin-orbit force since effects of this 
type are expected to be small and would fall well 
within the limits of uncertainty involved in the choice 
of potential shape in (6) anyway. 

By substituting the last two terms in the expression 
(5) into the wave equation (3) we obtain the pertur- 
bation interaction 

U=U,+U,, 


“4 A. E. S. Green and P. J. Wyatt (to be published) 
‘6K. Gottfried, Phys. Rev. 103, 1017 (1956). 


(7) 


IN DEFORMED POTENTIALS 
with 


U;, == e(rV')Pot+ he(rV"), 


and 
Us= — pgea" (rV") Po¥?+ 29 -(rV") P29 4+-02(0V") Po], 


where the primes denote differentiation with respect to 
r. Our perturbed eigenvalue problem then reads 


(Hot U)u= Eu, (8) 


for the energies E and intrinsic wave functions u# in the 
deformed field, where H» denotes the spherical Hamil- 
tonian in Eq. (6). Expanding u in terms of the complete 
set of eigenfunctions ¥(nljQ) of Ho which belong to the 
same projection 2 of the particle’s angular momentum 
along the nuclear symmetry axis and have the same 
parity w since only these quantum numbers are con- 
served when all perturbations are included, Eq. (8) 
reduces to the matrix eigenvalue problem 


dX C(¢,Qw ; nl 7) LEo(nl 7) — E(q,Qw) 


nlj 


(9) 


for the energies E(q,Q%w), and eigenvectors C(q,Q,w; nl 7) 
which are at the same time the expansion coefficients 
for the wave functions u in terms of the ¥(mljQ). The 
additional quantum number g in the above expressions 
serves to label the different roots of the matrix (9) 
belonging to the same Q2 and w. A deformed state is 
then specified by the set (¢,0,w); due to the assumed 
axial symmetry in our potential a degeneracy with 
respect to the sign of 2 in each state still remains. 
Now, in principle, the summations in (9) should also 
include integrations over the continuous positive 
energy spectrum of Ho, so that the matrices (9) are 
formally of infinite order. The complete diagonalization 
of this system of matrices is not possible in practice, 
and considerable simplifications must be introduced to 
make the procedure a practical one. So, with Gott- 
fried,'® we first delete the entire continuous spectrum 
of Ho so that the matrix elements of U in (9) refer to 
bound-state wave functions only. One expects the errors 
introduced by this approximation to be confined mostly 
to the particle states lying near the top of the potential 
well. Further simplifications result from the selection 
rules for the matrix elements of U appearing in (9). 
As U is an even operator in space, no parity change is 
introduced by it, and only even or odd values of | can 
appear in the summations in (9). Since the eigenvalues 
of (6) fall into definite shells of even or odd parity 
well separated from each other in energy, the operation 
of the parity selection rule makes it sufficient to 
diagoralize the matrices (9) in the subspace spanned 
by only those wave functions of H» which have the 
same parity and which belong to the same major shell. 
The next shell of states having the correct parity to 
contribute is energetically then too distant to have a 


+(n'l’ j’Q| U| nljQ)}=0, 
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large effect and the contributions of all such distant 
states can be neglected in the first order. 
« [In setting up the appropriate matrices for the 
deformed field it is convenient to break the basic wave 
functions ¥(nljQ2) down into radial and angular parts 
by writing 

¥ (nl jQ)= (1/r)G (nl j)irja, (10) 
where the Y’s are the well-known eigenfunctions of 7* 
and 7, and the G’s can be numerically determined once 
the shape of the spherical potential V (r) in (6) is defined. 
The matrices for U can then be reduced to simple 
expressions involving the product of terms depending 
only on the radial wave functions G and the known"® 
matrix elements of P2(cosé). After some reduction one 
finds 


(n'l’ 7’Q| Us| nljQ)= — 1, —- 4 t-T3t fl DI} 
 (U7'Q| Po LjQ)4+- 1 bar ndvidyj, (11) 
where 
(/+1)(/+2), 
l+1)—1, 
i(i/—1), l’ 


1A. Bohr and B. R. Mottelson, Kgl 
Selskab, Mat.-fys. Medd. 27, No. 16 (1953) 
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Fic. 1 Ene rgy le vels for protons 
and neutrons from N=8 to N=20 
as a function of the nuclear 
deformation. Each state is labeled 
by the quantum numbers (¢,Qw) 
defined in the text 


(4,V2*) 


and the /’s denote the radial matrix elements 
I, (G(a’),rV'G(a - a 
1,=(dG(a’)/dr,rV'dG (a 


I,= —(G(a’),rV'"G(a)), 
I= (G(a’),(1 r)V'G(a)). 


(nl7) 
dr), 


It is clear that the values of these matrix elements 
are very sensitive to the behavior of the radial functions 
G and the behavior of the potential at the nuclear 
surface and hence the importance of using realistic 
nuclear potentials would appear obvious. Since the 
integrations involved in (12 confined to the 
surface, the task of carrying out the indicated inte- 
grations numerically for a realistic well shape is con- 
siderably reduced. 

Further evaluation of (12) now depends on the 
values of the various nuclear parameters (well depth, 
nuclear radius constant, etc.) defining the well shape 
chosen for V(r), which in turn determines the functions 
G. These parameters have been found approximately 
in the work of Wyatt, Wills, and Green for a well shape 
very similar to a Woods-Saxon potential (see reference 
14 for details) by looking at both bound and scattering 
states for spherical nuclei. We will assume that their 
values are appropriate for our problem too although 


are 
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Fic. 2. Energy levels for 
protons from A#=50 to 
A =82 as a function of the 
nuclear deformation. The 
quantum numbers (¢,Qw) 
are given on the right for 
each state and the connec 
tion between g and the 
relevant spherical levels is 
shown in the inset. 
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this need not necessarily be so. This is no serious 
restriction, however, since it turns out that most of 
the results of the deformed calculation are primarily 
dependent only on the over-all shape of the radial 
wave functions which in turn is rather insensitive to 
the exact well parameters used in their calculation, as 
long as the general features of the well are retained. 
Knowing the radial integrals (12) and spherical 
energy levels Eo(nlj), it is a simple matter to solve the 
eigenvalue equation numerically for various values of 
the deformation parameter. The results of such diago- 
nalizations are shown in Figs. 1-3 where we give the 
resulting energy level schemes for light and heavy 
nuclei plotted as a function of the more usual defor- 
mation parameter 6=0.67e. This is used rather than « 
to allow a direct comparison with other existing calcu- 
lations,’ especially those of Nilsson.'? The quantum 
number q defined previously in connection with the 
designation of the deformed levels is given along the 
vertical axis at 5=0 in each figure and serves to indicate 
directly the spherical state from which each deformed 
level originates. The bracketed numbers labeling each 
state give the set of quantum numbers (q,2,w) appro- 
priate to that state. A table of the coefficients C is also 


7S. G. Nilsson, Kgl 
Medd. 29, No. 16 (1955). 
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available but is too lengthy to reproduce here.’* In 
these calculations we have used the Green-Wyatt_well 
shape with depth Vo=70 Mev, surface diffuseness 
d= 2.86 fermi and a nuclear radius R=1.20A- fermi. 
The nonlocality parameter was fixed at a=0.82 fermi, 
giving a mass reduction of 0.54 in the nucleus [see Eq. 
(4) ], in good agreement with other estimates.” 

Figure 1 refers to a nucleus with radius corresponding 
to A=29. However, by repeating the calculation for 
another value of A (i.e., changing the radius parameter 
R) one can readily see that the main features of the 
level scheme are preserved, there being only a slight 
shift in the over-all position of each level. This state- 
ment is even more true for the expansion coefficients 
C(q,2,w) which hardly change at all when the positions 
of the spherical levels are altered in this way. Thus 
one can suppose that our level scheme will be valid for 
range of nuclei in this region. Furthermore, since the 
Coulomb interaction in light nuclei is small, Fig. 1 can 
be expected to apply to both neutron and proton states. 
The deformed level scheme plotted in Fig. 2 is based 
on the spherical wave functions generated by the 
Wyatt-Wills-Green code for protons with parameter 


18 Tables will be available on microfilm 
“ See, for instance, K. A. Brueckner, Phys 
1955). Note that fixing the mass reduction from Eq. (4) at r=0 
only determines the combination a*Vo, but it is only this combi- 
nation of parameters that enters into the nonlocal perturbation, 
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values as above except for Coulomb corrections, for a 
well radius corresponding to A=177. Figure 3 shows a 
similar computation for neutron states at the same 
mass number. 


Ill. APPLICATIONS 


A comparison of the level schemes presented in the 
previous section with the diagrams computed by 
Nilsson using an oscillator potential for the nuclear 
field shows a very similar behavior in the energy levels 
as a function of deformation. This might have been 
expected since the main features of any deformed 
level scheme will depend primarily on the spherical 
level ordering. In Nilsson’s case this level order is 
adjusted to reproduce empirical single-particle levels 
as well as possible. In the present calculation it is 
determined directly as a result of choosing well pa- 
rameters which reproduce scattering and boundstate 
data as well as possible.” 

Mottelson and Nilsson? have recently made an 
intensive analysis of the ground-state properties of 
deformed odd A nuclei in terms of the Nilsson level 
scheme. By way of application we present here a 
parallel analysis of ground-state spins and magnetic 
moments based on the present calculations. 

Assuming that the nuclear spin is determined by the 
spin of the odd particle, it is clear that the deformed 
states to which the odd nucleon is assigned, in our case 
on the basis of measured nuclear spin, will almost 
invariably coincide with the Mottelson-Nilsson assign- 


ments. This is to be expected, since the procedure 
involved here only requires that a deformed state of 
the appropriate spin be available in the vicinity of the 
observed nuclear deformation at around the correct 
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mass number. A better indication of any improvements 
introduced by the more realistic calculation must come 
from comparing quantities like the predicted magnetic 
moments with other similar estimates and experiment. 
This is especially the case with magnetic moments since 
these quantities only involve the comparison coefficients 
C(q,Qw) which are sensitive to the main features of the 
potential alone and are not very dependent on the 
exact parameters of the well. We will not attempt to 
calculate any features like the effective 
moments of inertia or equilibrium deformations, since 
such calculations always involve contributions from 
many particles and the actual level spacing does become 


collective 


important. We do not consider the energy values given 
in the previous section to be unique enough to make 
such calculations (which are very tedious to perform) 
significant. 

The magnetic moments of the coupled system divide 
up into contributions from the collective motion of the 
nucleons as a whole and from the odd extra particle, 
and may be expressed as (see reference 1 for details) 


y= goQ+ geek, (13) 


where go and ge are the gyromagnetic ratios associated 
with the intrinsic and rotational motion, and R is the 
angular momentum of rotation. Both go and gr depend 
on details of the intrinsic motion, but especially the 
former, which may be calculated directly in terms of 
the expansion coefficients; useful formulas have been 
given by Gottfried.'® The gg on the other hand involve 
the cooperation of many particles, so we will accept 
these factors as empirically determined parameters for 
different nuclei. 

Some calculations for deformed odd A nuclei based 
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Tasce I. Calculated values of intrinsic g factors and magnetic moments for odd A nuclei lying in the region A=151 to A=179. 
The ground state spin J», measured equilibrium deformations 6 and the deformed state occupied by the odd particle according to Figs. 
2 and 3 are also given. For comparison the second last column lists the Gottfried values uo for the magnetic moment.* The empirical 
data on gg (which can have two possible values unless the sign of (gg—gx) is also known) comes from Adler et al. as do the values 
for J) and 4. The experimental values for the uex, are taken from a recent review article.* We take ge=0.4 throughout and the intrinsic 
magnet moments for the neutron and proton equal to that appropriate for the free nucleon. 
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» See reference 20. 
© G. Laukien, in Handbuch der Physik, edited by S. Fligge (Springer-Verlag, Berlin, 1957), Vol. XX XVIII, Part I, p. 338 


on our wave functions are summarized in Table I. For of such calculations very doubtful in this region, in 
completeness, we list the observed nuclear spin J», ' contract with the situation in heavy nuclei. 

empirical deformation 6 and the possible state of the 

odd nucleon consistent with this data according to our IV. DISCUSSION 

level schemes. Computed values of the gyromagnetic 
ratios go and magnetic moments uw are compared with 
available experimental values,” taking g=0.4 through- 
out and intrinsic nucleon moments appropriate to the 
free nucleon. Gottfried’s estimates ue for magnetic 
moments based on a local square well potential are also 
included for comparison. 

One notes that a satisfactory agreement results in 
most cases especially as far as the intrinsic g factors 
are concerned. Inspection of the table of coefficients'* 
shows that, for heavy nuclei, the C’s vary slowly and 
smoothly with deformation, so that the results in 
Table I are insensitive to the exact value assumed for 3] 
the nuclear deformation in each case. 

Evidence for rotational spectra in some light nuclei 
around A=25 have led several recent attempts” to 
apply the strong coupling to this mass number region | 
also, with limited success. By way of illustration we (S,ve*) state 
give the decoupling parameter’ a as a function of 
deformation in Fig. 4 for a nucleon occupying the 
(5, 4+) state (see Fig. 1), which is appropriate for the 
ground state of Si®, or an excited state of Al**. The 
measured values of a indicate equilibrium deformation 
of —0.13 and +0.4 for these two nuclei in agreement 
with previous estimates.” However, the rapid variation 
of the C’s with deformation (and hence any quantities us 


pe meer on them) make the quantitative significance ee eo*ewwe@es#seever”*.? ©& 
Deformation Porometer 8 


Before proceeding with a general discussion of the 
results obtained here, it is useful to review the various 
approximations made in reducing the original problem 
to a feasible one, and to indicate the probable short- 
comings of the approximations that have been intro- 
duced. Since the treatment of the deformed potential 
depends almost entirely on the solutions of the corre- 
sponding spherical well, we discuss this first. 
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™* K. Alder et al., Revs. Modern Phys. 28, 432 (1956). Fic. 4. Decoupling parameter as a function of deformation for 
™D. A. Bromley et al., Can. J. Phys. 35, 1042 (1957); G. the (5, §4-) state. The experimental values for Si® and an excited 
Rakavy, Nuclear Phys. 4, 375 (1957). state of AP* are indicated. 
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Apart from a more realistic well shape, the principal 
modification that has been introduced here is a velocity 
dependence of the average nuclear field. Our argument 
in this respect was to replace the self-consistent nonlocal 
potential required by many-body theory by a nonlocal 
potential which satisfies reasonable physical require- 
ments, but which is in no way self-consistent.’ By 
doing so, however, we are able to replace the integro- 
differential equation for single-particle motion which 
follows from (1) and (2), by the much simpler differ- 
ential equation (3) within the limits of applicability of 
the effective mass approximation. In any event, one 
can argue that the introduction of an “effective mass” 
concept for a finite nuclear system to parallel the 
situation in infinite nuclear matter would have to 
proceed via some fully symmetrized kinetic energy 
operator like that in (3) on the basis of Hermiticity 
requirements alone. 

From a semiquantitative point of view our nonlocal 
interaction appears to be quite reasonable. It can be 
shown directly’ that the effective mass equation (3) is 
essentially equivalent to an additional interaction 
proportional to the particle’s orbital angular momentum 
P, which tends to weaken the effective nuclear potential 
for higher angular momentum states (see Appendix), 
This result is independent of the radial shape of V (r) 
and is a direct manifestation of what is usually referred 
to as the velocity dependence of the potential in nuclear 
matter. An effect of this type also emerges clearly from 
the recent fully self-consistent calculations carried out 
by Brueckner.”” In addition, the presence of nonlocal 
interaction implies a much deeper well than for the 
corresponding local potential in order to bind the same 
number of particles and (in view of the above remarks) 
is distinguishable from the effects coming from the 
surface diffuseness, which generally influences states 
with a high radial quantum number and low angular 
momentum’ more strongly. 

The assumptions made in connection with the 
deformation perturbation in Sec. II are the usual ones 
to make" to reduce a formidable computational problem 
to a form from which useful results may be obtained 
without excessive labor. As stated in the text, there is 
no way to estimate the error introduced by neglecting 
the continuum states in the perturbation procedure 
without explicit knowledge of the continuum wave 
functions which are not available in any case, so this 
uncertainty must remain. However, the neglect of the 
coupling between different shells of the same parity can 
be shown by actual computation to be a good approxi- 
mation, so that no appreciable errors come from this 
assumption. 

Furthermore, we have performed calculations for 
only one nuclear radius in the vicinity of nuclei in 
which we were most interested. This is an obvious 
computational limitation, since it is not possible to 
express our deformed energy levels as a function of 
mass number, a feature which makes the oscillator 
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potential so useful in work of this nature. However, 
small variations in R do not effect the spherical wave 
functions much, and only cause a common shift in the 
positions of the spherical energy levels. The small 
change in the spherical wave functions means that the 
expansion coefficients C(g,Qw) hardly change at all in 
moving through a range of mass numbers as in the rare 
earths regions for example. Thus, we expect the coeffi- 
cients to be much more reliable than the actual positions 
of calculated energy levels at a given deformation, and 
for this reason have not looked at nuclear properties 
which depend explicitly on level spacings. Any agree- 
ment with experiment found in such computations 
would not have too much significance since a relatively 
small change in the positions of the spherical levels will 
have a corresponding influence the relative 
positions of the deformed states. For similar reasons 
we have not attempted to calculate equilibrium defor- 


upon 


mations in the realistic model, since apart from the 
formidable task of evaluating single-particle kinetic 
and potential energies in each occupied state for a 
variety of deformations, the residual uncertainty intro- 
duced by picking a constant radius parameter makes 
the results of such a computation uninteresting. 

A comparison of our orbit assignments given in Table 
I for the odd particle state in both odd proton and odd 
neutron nuclei shows no significant differences from or 
alternatives for the Mottelson-Nilsson assignments.’ 
For the reasons given in the text this is an expected 
result. On the other hand, the calculation of magnetic 
moments in terms of our wave functions does have an 
independent significance. The determining factor here 
is the expansion coefficients themselves which are 
insensitive to the exact location of the energy states, 
but directly involve the structure of the radial wave 
functions G in Eq. (10). These do differ considerably 
from the corresponding oscillator wave functions. It is 
possible that the main improvement obtained by using 
a realistic potential is that our wave functions represent 
a much better picture of the situation for a real nucleus 
than what oscillator functions are able to do. We 
observe in this connection that the calculated coeffi- 
cients'® usually show considerably less “mixing” of 
different angular momentum states in our case than 
the oscillator potential leads one to expect.!’ The reason 
for this is twofold: (i) Our energy levels are on the 
average further apart energy-wise due to the nonlocal 
interaction than in a local (ii) the surface 
region for the realistic potential is smaller than for an 
oscillator potential (which is all and the 
coupling of the nucleons to the nuclear surface is 
reduced accordingly. To illustrate this, Table II shows 
the average of rV’ (which determines the surface 
coupling) for several states in a realistic well, and the 
corresponding values for a nonlocal oscillator potential 
of the same rms radius. One notes that there is always 
a reduction, amounting to about 15% for the deeper 
states. In contrast, the direct effect of 


we ll, and 


surface), 


the nonlocal 
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TaBLe II. Values of the radial integrals ],; for neutron states 
in a realistic well, and in a nonlocal oscillator potential of the 
same rms radius. We take hw* =82A~' Mev and A =177 for the 


nonlocal oscillator level spacing.* 


Ts, oe ™= (Not 4) hw* (Mev 
109, N 


State I, (Mev) 
liiare 104 


=f) 


* See reference 9. 


interaction through the terms proportional to ¢a* in 
Eq. (11) turn out to be very small. 

While the satisfactory values obtained for the 
intrinsic g factors tend to support the point of view 
that our wave functions are rather good, one must bear 
in mind that the formulas used in our computations 
have some theoretical uncertainties.” To resolve some 
of these uncertainties, it would be helpful at this stage 
to investigate for instance electric dipole transitions in 
heavy deformed nuclei on the basis of these wave 
functions.” 

In summary it appears that the main features of the 
Nilsson level scheme and the qualitative conclusions 
based on it, are retained in a more realistic treatment 
of the average force field governing the independent 
motion of the nucleons. One observes, however, that 
the present level schemes have been generated in a 
rather systematic way, and are at least understandable 
in physical terms in that the radius, diffuseness and 
nonlocality, etc., all fall within ranges of values which 
are reasonable from other independent experimental 
and theoretical investigations. In this sense there has 
been no “fitting” of empirical data in any way in the 
present investigation. We have simply accepted the 
results based on an attempted unification™ of bound 
and scattering states in terms of a realistic potential 
well, and have pursued the effects of spheroidally 
deforming this potential. The good over-all agreement 
with empirical data certainly indicates that the realistic 
the basis of these calculations is 


potential used as 


capable of producing reasonable results within the 


independent particle picture of the nucleus. 
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APPENDIX 


We present a brief discussion of the structure of the 
nonlocal potential used as the basis of the present work 
in this section and indicate a semiquantitative com- 
parison with the nonlocal potential following from 
Brueckner’s calculations. Since V(r,r’) in Eq. (2) is a 
matrix in coordinate space, it is simpler to integrate 
over one coordinate first and regard the resulting 
function of the remaining coordinate as representing 
in some way an “effective potential” for a single nucleon. 
To do so, we first split off the angular dependence by 
writing 

+1 k; ro’) 


— 


0 4 rr’ 


Pi(r,r’). (14) 


The function &,(r,r’) may be found by inversion of 
14) if V(r,r’) is known. Taking the form’ 


V (rr) = V((r+r’)/2)6,(r—r’), (15) 


with 6,(r) = (rta)~* exp(—r*/a*), one finds 


ki(r.r’) =4arr' V (1) (xa) 


Xexpl — (r?+-9'2)/a? }(—1)'jr(2irr’/a*), (16) 
where j; is a spherical Bessel function. The parameter 
a is then identical with the a in Eq. (3). The expression 
(16) is approximate in that we assume V(r) is a rela- 


tively slowly varying function of r over a distance a. 


Then we may calculate the effective potential 


“ 
filr f ki (r.9’ dr’, 


which is also given in Brueckner’s work.” Evaluating 
(17) when &; is given by (16), one finds 


+ 
a 
l+1 
xr ; 


confluent hypergeometric function.™ For 


(17) 


where Fk is a 
l=0 one has 

V (r)®(r/a), (19) 
where ® is the error function™ but for larger / values 
we have not been able to express f; in terms of tabulated 
functions. However, its general behavior may easily be 
established by examining the limiting cases when (r/a) 
is much smaller and much larger than unity. In the 


first Case 
C((l+2)/2) a edd 
vir , 
] 1+-$) a 


*W. Magnus and I 
Physics (Chelsea Publi 


ra, (20) 


Oberhettinger, Functions of Mathematical 
shing Company, New York, 1954). 
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Hyperfine Structure and Nuclear Moments of 17-Hr Bromine-76* 


Epcar Lipwortu, Tuomas M. Green, Hucnw L. Garvin, aNp WritiAmM A. NIERENBERGT 
Lawrence Radiation Laboratory, University of California, Berkeley, California 
Receive March 25, 1960 


The nuclear spin, the nuclear magnetic-dipole interaction constant a, and the nuclear electric-quadrupole 
interaction constant b, have been determined for 17-hr bromine-76 by an atomic-beam experiment. The 
results are: J=1, |a@\ = 345.422+0.014 Mc/sex b 314.3294+-0,022 Mc/s b/a=0.9100+0,0001. The 
nuclear magnetic-dipole and electric-quadrupole moments are calculated to be, respectively, «= +0.5479 
+0.0001 nuclear magneton, and 0 = 0.27+0.01 barn. The sign of u, though not determined, is probably 
ns are Av(§, })=1256.47+0.05 Mc/sec, and Av(4, }) =189.11 
+0.05 Mc/sec. The hyperfine structure is of particular interest because the F=4 and § levels are inverted 
and not in normal order. This inversion is the first case of its kind established in an atomi 


negative. The hyperfine structure separatio 


beam experiment 


INTRODUCTION Voy IS given by 


HE nuclear spin and hyperfine energy-level separa- 
tions in 17-hr Br’® have been measured by the 
atomic-beam method. From these measurements the 2] 


nuclear magnetic-dipole and electric-quadrupole mo- ' , , 

em. . Ty : In the absence of a1 ipphled magnetic fit ld, I I+J 1s 
ments of Br’® have been calculated. The results are of ' , 1 cf 14 

: Tl ob eet . a constant ol the motion wher F PCE +1) |'%. 
interest for two reasons: (a) The ratio 6/a ot the electri r , Sal ‘Er 
ago P ie The quantum numbers F and My, the projection of F 
juadrupole and magnetic-dipole interaction constants jn ynits of # along an axis of quantization, are constants 
is of such a magnitude and sign as to produce an in- of the motion, and in a representation in which (F) 


version of two hyperfine levels. This inversion, which and My, are taken diagonal, (I-J) and Q,, are diagonal 
permits observation of an additional transition not matrices. In this representation, the solution of Eq. (1) 
normally visible in an atomic-beam flop-in experiment, . can be written 
is the first of its type explicitly recognized.’ (b) The (W/a)p=C,(F)+C2(F)(b/a), (3) 
nucleus of Br’® contains the same number of neutrons 
where C,(F) and C2(F) are constants depending only 
upon F for a given J and J. The energy (in units of a) 
of a given hyperfine level characterized by total- 
lodic table might perhaps confirm the existenc angular-mom¢ ntum quantum number F is (W/a IP. It 
areca. acter f : is clear from the form of Eq. (3) that a plot of (W/a)e 
ollective effects of nuclear motion. versus b/a will be a straight line which will in general 
have a different slope for each value of F. A plot of 
THEORY (W/a)r is shown in Fig. 1 for values of J and J appro- 
priate to Br’ (i.e., 1; }, respectively). For vanishing 


as Se’®, which is known to possess an anomalously large 
nuclear electric-quadrupole moment. The measurement 


of similar large quadrupole moments in this region of 


The nuclear spin of Br” is one.2 There is, therefore, 


no interaction between the nucleus and the field gen- 





erated by the surrounding electrons of order greater 
than the electric-quadrupole interaction. The complete 
Hamiltonian of the interaction (neglecting only mal] 


perturbations from other configurations) can therefore 





be written as 


al- J--30.,. (1) 


Here a and b are the nuclear magnetic-dipole and 


electric-quadrupole interaction constants, J is the nu- 


J is the electronic angular momentum, and 
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quadrupole moment, we have 6=0, and the hyperfine 
levels are in normal order and the separation between 
F levels satisfies the well-known Landé interval rule. 
If b/a is less than —2 or greater than 4, the levels are 
no longer in normal order and an inversion will be 
said to exist. It is neces sary for present purposes to in- 
vestigate the consequences of b/a lying between § and 4. 
First we remark that if the hyperfine levels are in normal! 
order there are only two transitions observable in an 
atomic-beams flop-in experiment on an isotope with 


J=1landJ 


Fig. 2(a). 


3. These transitions are labeled a and @ in 
If, however, the F=4 and F=# levels are 


Me mM, 


inverted, the level diagram must be 


2(b), and it will be seen that an transition 


labeled (y), is observable Is Is t ase for 
z<b a<4., 


At low values of the apy vagnetic field (i.e., in 


now 


the linear Zeeman regiot of the 


above «pression 
v= gr(uoll)/h, where H is the magnetic field, is the 
Bohr magneton, A is Planck’ ! ne i 
defined by 


three transitions 


In this expression for gr, a sm n in gy, the nuclear 


g fac tor, has been ne giecte d The electroni g factor 1s gy. 

In order to determine the nuclear spin of an isotope, 
resonances are sought at two or three known magnetic 
fields in the The fre- 
quency and its slope against the magnetic field uniquely 
determine both F and J except for 7/=0. In practice, 


one obse rves as 


linear Zeeman region resonance 


many flop n 
mitted by the level 


values of the system 


resonance as are per- 


ordering and angular-momentum 
‘4 


As the magnetic field is increased i where 


the interaction of the electroni 


point 
magnetic moment with 
the field is no longer negligible compared with the inter- 
and electroni magnetic 
Lips H~al-J),t transition frequency 
vy does not remain a linear function of 


action between the nuclear 
moments (1.€., 
and must be 


calculated by solving the complet amiltonian of the 


system with the field applied 
al-J+60 g g 5) 


An IBM 650 compute \r 
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whether or not there is an inversion. Since these M, 
values are part of the input data to the programs, the 
results were processed by using the M,y values appro- 
priate to the inversion of Fig. 2(b), and a consistent fit 
to the data was obtained. In addition, the field depend- 
ence of the resonances was checked by perturbation- 
theory calculations. The predicted third resonance (+7 
was subsequently observed. 


EXPERIMENTAL 


Bromine-76 is produced from arsenic by the reaction 
As?*(a,3n)Br7®. As there is only one stable isotope of 
arsenic, little undesired activity is produced. The 77-hr 
Br” produced by the (a,2m) reaction has been observed 
but has in no way interfered with the measurements o1 
Br’®. The a-particle beam of the Berkeley 69-in. cyclo- 
tron is used at full energy at a current of about 20 
microamperes, and approximately 70 microampere hours 
of irradiation yields sufficient activity for several hours 
of operation. The target is prepared by placing about 


H2SO, ond H,0z inlet 


He outlet 
(to cold trap) 














Orying tube 


| Reaction vessel 


3. Apparatus used to separate Br’ from arsenic metal 
2 grams of arsenic powder in a depression stamped in 
a 0.010-in. aluminum plate; two 0.001-in. aluminum 
foils are placed over the powder, and the whole as- 
sembly is clamped in an aluminum target block. 
During irradiation the plate containing the powder 
is water-cooled, while the front foil is exposed to a 
helium atmosphere both for cooling and to prevent 
possible le akage of material into the cy lotron vacuum 
chamber. 

The bromine is separated chemically from the arseni: 
by means of the apparatus shown in Fig. 3. Dry helium 
is passed continuously from left to right and the oven 
vial cooled with liquid nitrogen. The arsenic and the 
requisite amount of carrier bromine (in the form of 
KBr powder) is placed in the reaction vessel, and con- 
centrated sulfuric acid and hydrogen peroxide are 
added. The bromine passes over the P.O; drying agent 
and condenses in the oven vial. The vial is allowed to 
stand open for a few minutes in ice water to allow con- 
densed reaction products other than bromine to escape 
and is then cooled in liquid nitrogen again and trans- 
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scale 
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fo leak 


Fic. 4. Demountable discharge tube used to 


| 


dissociate bromine molecules 


ferred to the atomic-beam apparatus. The bromine is 
allowed to effuse at room temperature through a leak 
of the type described by Gordon® into the discharge 
tube shown in Fig. 4. This discharge tube is similar to 
one described previously but in the present design the 
tube is more easily replaced.’ Electrical contact is 
made by nickel spring Jeads which contact nickel foils 
wrapped and spot welded around the tube. The quartz 
tube under the foils is painted with Aquadag to increase 
capacitative coupling to the discharge. 

The beam is collected on buttons coated with evapo- 
rated silver and detected by counting the decay 
8 particles from Br’® in small-volume continuous-flow 
methane beta counters. Observations were made by 
using a full-beam counting rate of about 75 counts per 
minute per minute of exposure 
usually exposed for 5 min. The liquid bromine con- 
sumption was approximately 0.3 cc/hr when a leak 
with an “apparent diameter’”® 

The atomic-beam machine used in this experiment 


- resonance buttons were 


of 2.3 microns was used. 


has been described elsewhere.’ The homogeneous transi- 
tion field (C field) is calibrated with an alkali reference 
beam and a surface-ionization detector. Cesium and 
potassium beams were used interchangeably for this 
purpose. At low magnetic fields, the potassium reson- 
half-width at 
100 kc/sec. 


ance optimum rf power was about 


RESULTS 
Initial exposures made at low magnetic field estab- 
lished the nuclear spin to be one. High-counting buttons 
were obtained at frequencies corresponding to the (a) 


*S. A. Gordon, Rev. Sci. Instr. 29, 501 (1958). 


7H. L. Garvin, T 
534 (1958) 


M. Green, and E. Lipworth, Phys. Rev. 111, 
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the relative magnitude of x? for the different signs of g; 
is expected to determine the actual sign of gy."° In the 
present case, because of an excessive apparatus line 
width no conclusion can be drawn as to the actual sign 
of gr. We adopt as the final values of a and 6 the average 


1(¥) resonance 
Mc/sec 
of the results in Table LI, with an assigned uncertainty H 
: ies 9 © 21.51 Me/sec 
equal to that computed for each. Thus we have 
345.422+0.014 Mc/sec, 
314.329+0.022 Mc/sec, 


0.9100+0.0001. 


Corrections due to the finite size of the nucleus and the 
nuclear magnetic-moment distribution are negligible for 
atoms of moderate Z in pure *P, ground states and can 
be neglected. Corrections due to the mixing in of the 
P, state by the applied magnetic field are small and 


Counts per minute 


can be ignored. 
The zero-field hyperfine structure can be obtained 
best by solving the Hamiltonian of Eq. (2) with J=1 





rasie II. Values of a and 6 computed by IBM routine describe: 
by Garvin et al.* and using the resonances of ; : 220 
: F 2 


lable I as input data. 
Frequency (Mc/sec) 
nee at a field of 6.9 gauss. 





b (Mc/sec) 


314.326+-0.022 
314.331+0.022 


sta’ & 
J+-] =) 





Av($, $)=2.5a+1.258, 
and 
Av(4, 3 1.5a— 2.256. 


Substituting in the experimentally determined va 


of a and b, we find 
Av(§, 3 1256.47+0.05 Mc/sec. 


and 


Av(4, })= 189,110.05 Mc/sec. 


The complete hyperfine-structure diagram of Br™ 


shown in Fig. 8. 


NUCLEAR MOMENTS OF Br 
A. Magnetic Moment 


The valence-electron configuration for bromine is 4°. 
, ; : “tee : : Fic. 8. Plot of energ: 
For this case where one electron is missing from a closed mealies tie r ith an IE 
z= in . 2 energies were obtained by solving th miltonian with an IBM 
shell, a and b are related to £1, the nuclear g tactor, ar d 650 computer using a and b values close to the final results. 
Q, the nuclear electric-quadrupole moment, by the 
‘ 5 {Uc if u w) a _B. G. Casimir, On the Interaction Between Atomic*N uclei 
. ' : and _Electrons leylers Tweede Genootschap, Haarlem,§ 1936) 
For a discussion of the use of the x significance test, sex | 57 and 58 ‘ 
reference 5 and R. A. Fisher, Statistical Methods for Resea s. Ir ' 1 ' ' y : 
Workers (Oliver and B. g mee 1948 4 : r : L Davis Jr B Tr. Feld, ¢ W. Zabe and J R Zacharias, 
liv id yd, London, Phys. Rev. 76, 1076 (1949 
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For bromine the relativistic correction factors 
R are F¥=1.0261 and R=1.0535 
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magnetons, V are the electron and proton 


mass, respectively. Other symbols have their usual 


meanings 


From Eq 8a) and the definition of g; we have 


where u nuclear magnetic moment and /* the 
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nuciear spi! table bromine isotope Br*. [ sing the 


results of King and Jaccarino for the a values of Br” 
and Br* together with the nuclear moments of the 


Walchli,“ we find 


same 1solope mea 


0.5479+0.0001 nuclear magneton (Br? 


3479+ 0.00003 


he diamagnetik 
the moment is not determined 
experiment, but 


sign, w and V must be opposite in sign. 
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a and 6 both have the 
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obvious explanation in terms of the single-particle shell 
model. In addition, the quadrupole moment is ex- 
ceptionally large (1.1 barns). Aamodt Fletcher 
suggest three possible configurations, al) with a positive 
quadrupole moment, that would give rise to the ob- 
served spin. These are listed in Table III together wit! 
their magnetic moments calculated by using the tree- 
neutron g value. As the nuclear moment of Se”® is not 
known, it is impossible to decide between the various 
possibilities. In column 3 of Table ITI we have listed 
the magnetic moments of Br’* calculated on the assump- 
tion that the neutron part of Br’® is similar to that of 
Se”® and that the proton part is similar to that of the 
stable bromine isotopes whose moments are known. 
The calculation has been made on the assumption that 
the neutron and proton parts couple together in (JJ 
coupling, i.e., that the moment of Br’® is given by” 


and 


IAI p+1)—J al 
T+1 


where (g,,g, and J,,J,) are the neutron- and proton- 
part g values and angular momenta, respectively, and 
/ is the nuclear spin. In the last line of Table IIT we 
have listed the moment of Br’ calculated in the same 
way using the neutron configuration [ (g9/2")o p1/2 ]. 

It is obvious that no very satisfactory agreement 
exists between the calculated and experimental values 
of the moment of Br’®, and it is unlikely therefore that 
the configurations suggested for Se7* have much validity 
The configuration [ (g9/2*)» pi/2] is rendered additionally 
unlikely by the fact that in this case y and Q both hav 
the same sign. 

In the nuclear ground state, the quadrupole moment 
Q is related to the intrinsic quadrupole moment Qo by 
the expression™ 


T(2I-1 


27+3) 


= 2.7 barns. 


This large value of Qo suggests strongly the possibility 


of a collective deformation of the nuclear core, and it is 


of interest to investigate if the Nilsson model is capable 
of giving a satisfactory explanation of the observed 
spin and moments. Nilsson has calculated the energies 
of bound states of individual nucleons in the field of a 
deformed core and has expressed the results in terms of 
a deformation parameter, 6. This parameter 4 is related 
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Paste Ill 
using the figuration 
juadrupole moment of Se 


Calculated values of the 
neutron cor 


moment of Br’ 
the sign of the 
Che last configuration is suggested 
by an application of Nordheim’s rule, but is rendered unlikely by 
the relative signs of the magnetic and quadrupole moments. The 
calculations have performed using the free-neutron ¢ value 
and a value of obtained from the known moments of Br” 
and Br™ 


magnet 
suggested by 


been 


‘ 


Mo Br heap 
nm 
abs. value 


O.55 


to VU» by the expression 


Qo= 0.82 (1.2 10-A 4)*5 (1+ $6). (15) 


For Br’® we find 6=0.31. The nuclear energy levels 
are shown plotted against the deformation parameter 6 
in Fig. 5 of Nilsson.* At a 6 value of 0.31 there is crowd- 
ing of the available neutron and proton levels, and it is 
not possible to state unequivocally which levels are 
thirty-filth proton and forty-first 
neutron. In columns 1 and 2 of Table IV we have listed 
the possible neutron and proton configurations taken in 


pairs in such a way as 


oct upied by the 


to permit a resultant spin of 1 
of the odd—odd Br**, In columns 
3. and 4 are listed the numbers that identify the appro- 
priate Nilsson states, listed the 
magnetic ulated by the use of the Nilsson 
wave functions. The calculations have been performed 
by evaluating the expression 


for the ground state 
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moment cal 


in the strong-coupli 
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Equation (16) is easily 
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angular 
angular momentum of the core, 
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rapier IV. Magnetic moment of Br’ calculated using Nilsson 


wave functions with deformation 6=0.3 
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evaluated using the matrix elements given 


Nilsson. 
It is now known that for large deformation , positive 
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by by 
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Placzek? and Wick* have considered the large recoil 
imit for the slow neutron-scattering cross section by 
introducing expansions in powers of the effective colli- 
sion time. They showed that the leading correction to 
the free-atom cross ection at high energie ; is deter 
mined by the Doppler effect associated with the averag¢ 
kinetic energy of the bound nucleus. They also derived 
higher-order corrections that depend explicitly on the 
binding potential. 

The expansions introduced by Placzek and Wick are 
not suitable, however, for the calculation of differential 
quantities, such as the energy-transfer cross section for 
slow ne utrons, or the Doppler-broadened line shape 
for resonant absorption. An appropriate expansion for 

calculation of these quantities is obtained in the 
present paper by a rearrangement of the terms in 
Wick’s expansion. The properties of this new expansion 
are not easily studied for an arbitrary system. It is 
therefore useful to explicitly consider a system for 
which the appropriate time-dependent correlation func- 
tion is exactly calculable. 

We consider, in Sec. 
lattice vibrations. 


IIT, the case of a crystal 
harmonic For this case the 

form of the appropriate time-dependent correlation 
can be derived.'"© The nature of the 
result is such that we can obtain an asymptotic expan- 


+ 


eXac 
function 


ion in inverse powers of the recoil momentum by direct 
application of the central limit theorem of probability 
theory." The leading term in the expansion is the result 
that would apply for an ideal monatomic gas of un- 
mass, but with an effective temperature 
2)Kay, where Kay is the average kinetic energy per 
particle. This term is the “weak binding” limit obtained 
by Lamb. The higher terms in the expansion invoive 
the lattice that 
appear in the work of Placzek” and of Wick.‘ 
An alternative approach that is applicable for crystals 


same parameters of the vibrations 


is to first expand in terms of the number of phonons 
exchanged in a single interaction. The terms corre- 
sponding to zero or to one phonon interchange can be 
treated exactly and can yield detailed information 
about the distribution of lattice vibration frequencies 

rhe central limit theorem can then be 


lied to the individual terms in the phonon expansion 


in the crystal.*.* ” 

responding to the exchange of two or more phonons. 
In a paper by Sjélander,” this approach has 
carried through in detail for the scattering of neutrons 
by crystals. 

In Sec. IV we consider the development of an ex- 
pansion for large momentum transfer applicable to non- 
crystalline materials. The expansion is obtained by 
making the same rearrangement of the terms in Wick’s 


been 


expansion that gives the result in Sec. ITI for the crystal- 


line case. For a noncrystalline system, the expansion 
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no longer gives an asymptotic expansion in inverse 
powers of the recoil momentum, but it continues to have 
the property that the leading terms of the expansion 
give the dominant contributions to the first few mo- 
ments of the scattered energy distribution or of the 
absorption line shape. This feature makes the present 
method of interest in connection with such complicated 
phenomena as the scattering of slow neutrons by 
liquids. The present method is closely related to the 
moments method considered by de Gennes” in connec 
tion with the above-mentioned problem. 

Finally, in Sec. V we discuss some applications of the 
techniques developed in the preceding sections. Nu- 
merical results for the Doppler-broadening of neutron 
absorption resonances are presented, as well as a dis- 
it plausible that the weak binding 
limit of Lamb will be quite accurate for almost all cases 
of interest. The relevant formulas for the emission and 
resonant reabsorption of nuclear gamma rays are pre- 
ented and discussed, but no numerical results are given. 
A discussion is given of the application of the present 
method to slow-neutron scattering problems. The rela- 
tion of the present expansion to Wick’s expansion for 
the total scattering cross section is discussed in Ap- 


pe ndix A. 


cussion which makes 


II. DERIVATION OF RESONANCE LINE SHAPE 


We consider the resonant absorption of a neutron 
by a nucleus bound in an atomic system. The resonance 
summed over final 
and averaged over initial atomic 


line shape (normalized to unit area 


atom tates states 


is given by’'4 


p(a) (6 exp(ip-r 
= 


incident neutron or 
the resonance energy; p is the recoil 
momentum to be taken up by the atomic system; r is 
the position coordinate of the nucleus; and p(a) is the 
distribution of initial atomic states, | a), with energy eq. 
The sum is over intermediate states, |b), with energy 
«,. The sum over final atomic states has already been 
carried 


where E is the energy of the 


gammia ray; Eo is 


out by closure, 


and the dependence of the 


natural width, I’, on the atomic state has been neglected. 


An identical expression applies to the resonant absorp- 
tion of a gamma ray.’ 


In order to relate the resonance line shape to the 


neutron-scattering amplitude for the same atomic 


ystem, we introduc + 
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and rewrite (1) in the form tion of® 


, [ do S(pyws) (E— Ex—wo I ») and 
eae S(pw (M 
dependence of the line shape on the atom 


contained in the function , , 
Substitution of (9 


familiar Bethe-Pla 
ened resonance 

In general, exact analytic expr cannot 
be given except in th tor m A] ') from 


(8b) it appears pl sion of S(p,w 


for large p can be obtained m th havior of x(p,f 


for small ¢. In the special ca it r(¢) can be written 
We note that S(p,w) is precisely the same function® as a sum of harmonic oscillator c nates, x(p,t) can 
that determines the noninterference slow neutron scat- be exactly determined. and t! 1 for large recoil 
tering in the Fermi pseudopotential approximation. The explicitly studied. In t next ion we examine the 
of a solid. 
9 is given by A related expansion | ped for arbitrary systems 


E'/E)\S(K, E-E 6) in Sec. IV. 


scattering of a neutron of energy F to energy £’ through application to the harmonic lattice vibration 


where the momentum transfer K if given by (K?/2m) Ill. ASYMPTOTIC EXPANSION FOR 
2(EE")' cosé |, and a, is the bound-atom LATTICE VIBRATIONS 

In the approximation of an infu honon lifetime 

al been cle ve loped In the theory the lattice vibratior of i ) i an - ed by 


* can therefore be applied an r(#) which is a sum of simple harmonic oscillator 


resonance line hape. In this coordinates. By tl theoretical 
formalism it u y more convenient to work with — techniques plus a t rem due 1 lk for tl 
the function x(p,/), which is related to the line shape averaging over a 1 na lilibrium distributi 
through initial states, an exa 
; o derived®:* for this case. T 
Ws 7 HW CXPL? l jt 3! tH) Ix(p,!). ' depend on the orientation ¢ the incident neutron or 
— gamma ray with respect th ystal axes. For 
At tl t, we note the relationship of our notation randomly oriented polycrystait material, an average 
to that of other authors: S(p,w) is the same function in- Ver this orientation must be pr rformed. In this paper 
troduced by Van Hove,* and x(p,f) is the spatial Fourier W® WW"! Con ider only the ca a Bravais lattice, tor 
transform of Van Hove’s time-dependent self-correla- which X\p,! independent rientation, and is 
: given by 


f 


tion function G,(r,/). It is equal to x(p, —?¢) as defined 

by Zemach and Glauber,® which is equal to (42/0, 

times the function G(p,t) defined by Wick.* where 
By the introduction of the Hamiltonian, H, for the 

atom ystem, q. (5) for x p,/) can be rewritten in and 


I sed form j f 


in which M is the nuclear m the maximum 
8h vibrational frequenc’ the distribution of 
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detailed information about the frequency distribution 
of the lattice vibrations can be obtained from the experi- 
ment. This has been discussed in some detail for the 
case of neutron scattering by Placzek and Van Hove,’ 
and for the case of gamma-ray absorption by Visscher.* 
It has been shown by Sjélander™ that the terms corre- 
sponding to emission of two or more phonons can be 
accurately calculated by means of an expansion based 
on the central limit theorem of probability theory." 
This simplification of the multiphonon terms greatly 
simplifies the analysis of experiments in which multi- 
phonon corrections are significant but not dominant. 

In the present paper we apply the central limit 
theorem to obtain an asymptotic expansion for large 
recoil without first making the expansion in the number 
of phonons exchanged. The resulting expansion is useful 
only when the multiphonon terms are dominant, so that 
the details of the frequency distribution are not im- 
portant. We expect that for large values of R, the 
Fourier transform of x(p,/) will be determined by the 
behavior of x(p,/) for small values of ¢. Expanding y(t) 
about ‘=0, we obtain 


vj} Q))= 


wm 
Xy_1>= f ‘wae 4 F 
Xo, f fl coth(¢ 


In particular, 


where 


and 


2T) f(g)d¢ 


2,=1, 

xo= (4/3)Kyy=2T", (17 
where K,yy is the average kinetic energy per particle 
associated with the lattice vibrations. In the limit that 
Wm goes to zero, 7’ approaches T and the terms in (14) 
for v>3 vanish, giving the proper ideal gas limit (9) 
for x(p,t). 

In order to develop an expansion valid for large 
values of R, we note that the Fourier transform of (11) 
is formally identical to the probability distribution of 
the sum of (R/T’) identically distributed random 
The limit theorem of probability 
theory tells us that this distribution approaches a 
Gaussian with corrections of order R-!. A systemati 
procedure exists for obtaining an expansion in powers 
of R~, which can be proved to be asymptotic in nature." 
Following Cramer, we write 


variables. central 


2 XZ, 7 
Jexp] RS —(it)"}, (18 


-3 yp 


xX pt expLR 


and then expand the 
powers of (it). 


second exponential in (18) in 
In order to group terms according to 
powers of R-}, we introduce the dimensionless variable 
z7=2RT’?. The values of z which contribute to the 
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Fourier transform of x(p,/) will be of order unity. The 
Fourier transform of each term in the expansion can 
easily be carried out by noting that 


x 


f e~“*(iz)” exp 


x 


2)dz 

2r)'H,(x) exp(—x?/2), (19) 
where 
da” 


H,,(x) " exp(x?/2) fexp(—2x?/2)] (20) 


dx” 


is the mth Hermite polynomial. 
The resulting expression for S( pw) is 


I 7’)? 2 
(wd? h exp! se) T ( ) H €) 
12V2\ RZ T” 
| tz \? 
( ) Ho 
S76\ 7" 


Ss pyw) 


LOUT" R)')| 


’ 


where 
A (RT’)! 
is the Doppler width, and 
€ V2 (w = R A. (23) 


is the result for an ideal gas 
of mass M and temperature 7’. The “weak binding” 


The leading term in (21 


limit first obtained by Lamb’ corresponds to retaining 
only this term. The correction terms are seen to vanish 
both in the limit of large recoil and in the limit of weak 
binding for arbitrary recoil. Since the expansion is 
the error in truncating at any 
term can be estimated. The higher order terms in (21) 
can be computed in a straightforward manner for any 
assumed frequency distribution. 

For arbitrary crystal 

11) by 


known to be asymptotic, 


structure, we must replace 


x (p.t)=exp{ Ru-[M()—M0) }-a}, (24) 


where uw is a unit vector in the direction of p, and Mt(t) 
is a tensor depending on the orientation of the incident 
neutron with respect to the crystal axes. The expansion 
corresponding to (21) can still be carried out, but 7”, 
C3, X4, etc., will depend on orientation. An average over 
orientation of such an expression is cumbersome. In the 
next section we discuss a closely related expansion which 
can be applied to noncrystalline systems and which 
gives 


a fairly simple result for crystalline systems of 


complicated structure 


IV. APPROXIMATION FOR ARBITRARY SYSTEMS 


We would like to develop an expansion of the form 


21) for arbitrary systems. Since x(p,t) does not in 


general depend exponentially on .R, the expansion will 
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absorbing 
creast Mi 
whicl 
correspo! d 
coethicient 
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is given by 
line shape 
programme 
puter,’® i 


where 


A is given 


and dx £, 
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arbitrary units) 
26-ev resenance ir 


as a functior 
Rh! 


TABLE I 


Peak cross section 
Lamb’s 
ree atom approximation 


1.000 
0.976 
0.954 
0.918 
0.861 


0.957 
0.954 
0.942 
0.913 
O.860 


0.959 
0.956 
0.945 
0.917 
0.864 


] 


oefficients, An, for a Debye crystal are con- 


defining the functions 


F(0/2T)=(T'/T), 


tly written by 


H(©/27 (5C,,/3T ©"), 


the Debye temperature. In terms of these 


1 oF 
20V2 TIRSFY 
1 OH 
80 RTF? 
1 (-)4 
1120V2 RITIF! 
1 (-)' 
1600 T8RF* 


nections F and H both go to one for high 
Their detailed properties are discussed 

ndix B. As a numerical example, we will consider 
in rhodium. The Doppler-broad- 
this resonance as a function of temperature 

tudied experimentally by Landon." The low 

energy of this re 


resonance 


sonance makes the inherent convergence 
of the Hermite polynomial expansion rather poor. This 
is compensated, however, by the small ratio of Doppler 
width to natural width, so that the effects on the 
shape due to crystalline binding are rather small. The 


+ 
ine 


most sensitive parameter is the peak cross section. In 
Table I we give the peak cross section as a function of 
temperature. A Debye temperature of 378°K has been 
assumed. 

We note that the dé 
Lamb’s result 1 in 
interesting compariso1 


minant corrections are given by 

this low recoil case. A more 
, considering the improved reso- 
lution of today’s neutron spectrometers, would be for 
he detailed line shape of a more severt ly 
. The authors welcome st 
experimentalists measuring neutron resonance 
parameters for spec ific cases to calculate. 


t Doppler- 
broadened resonance iggestions 


Irom 


H. Landon, Phys. Rev. 94, 1215 (1954 
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Emission and Absorption of Gamma Rays 


The line shape for resonant emission or absorption 
of gamma rays can be much more sensitive to the 
details of chemical binding than for the case of neutron 
absorption, since the natural width of the gamma-ray 
ine is negligible compared with the Doppler width. 
The recoil energy R is given by Ee/2Mc*, which is 
small (compared to 7) for a 10-kev gamma ray, and 
large for a 300-kev gamma ray. For sufficiently small 
R, the possibility exists for studying the details of the 
frequency distribution of lattice vibrations in a crystal.® 
The relevant experiment will be to measure the nu- 
clear reabsorption of a gamma ray as a function of the 
Doppler shift of the emitted gamma ray with respect 
to the absorber. 

Consider the emitter to be moving at a velocity » 
toward the absorber, and thus Doppler shifting the 
energy of the ray by an amount 

c)Eo. The probability of resonant reabsorption 
as a function of 


emitted gamma 


is given by 


Rix (RD, 


(35) 
where the subscripts a and e on the x functions refer to 


the state of chemical binding of absorber and emitter, 
respectively. 
For smal) R and for a crystalline system, the appro- 


priate procedure is to expand x, and x, in terms of the 
number of phonons exchanged.* For large R, the average 
number of phonor large and the 
(26). Carrying out this 


ons in 35), 


emitted will be 


appropriate expansion is that of 


expansion for each of the funct we obtain 


a line hap W’ of the form (3) with 


> 27, 


ion of the form (28) 


The parameters T’, B,y, ( 


replaced by the sum 


‘se, and (K?),, in (28) are to be 
of the values for the emitter and 
the absorber. The appropriate Doppler width becomes 
Ao= 2 R(T,'+T,’ Terms involving Hermite poly- 
ls of the 1 and higher orders will have coeffi- 
and absorber 


nomia 
ients containir I luc of emitter 
parameters. 

in the context of 
can be used to 


The above results are of interest 


cher’s sugye that gumma ray 


tudy effects of chemical binding on the nuclear motion.’ 


A partic that of liquids; the 
physics is essentially the same as for neutron 


in the following. 


ularly 
slow 


inelastic scattering, a 
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Slow Neutron Scattering 


The essential feature of the expansion (28) is that it 
characterizes the differential energy-transfer cross 
section (6) in terms of a few parameters of the nuclear 
motion in the interatomic force field. This character- 
ization is not of great interest for a system of known 
dynamical properties, such as a crystal, because more 
detailed information on the lattice vibrations can be 
obtained® by using appropriately chosen experimental 
conditions. The expansion (21) is of some practical 
interest in the crystalline case, however, since it is use- 
ful in describing neutron moderation by a crystal for 
neutron emergies greater than the Debye temperature. 
For the neutron moderation problem, we do not expect 
the details of the lattice vibrations to be of great 
importan e. 

For a system of poorly known dynamical properties, 
the expansion (28) is of somewhat greater interest 
since it defines in an approximate way what parameters 
of the dynamics of the atomic motion are likely to be 
determined from slow neutron inelastic scattering. The 
developments of the present work have been limited to 
the case of incoherent scattering, but they already show 
some interesting features. 

It is instructive to compare the present results with 
the work of de Gennes.'* He considered the calculation 
of the second and fourth energy-transfer moments of 
S(K, E’—E) for transfer K. De 
Gennes’ were restricted to a 
liquid in the limit of large mass where recoil can be 


neglected 


fixed momentum 


considerations classic al 
He considered this case for coherent scatter- 


ing, as well as incoherent scattering, but we will be 
concerned only with the latter. De Gennes found that 
the second moment of S(K, E’—E£) is given by 2RT, 
and the 12R°7°+-2R¢ It is in- 


teresting to note the differences in the present treatment 


fourth moment by 


in which quantum mec! 
included 


First, we 


anical effects and recoil are 


note that the parameters of the atomi 
in an « xpan ion for the differen- 


tion so that the restriction 


motion appear direct 
tial energy-transfer 
to fixed momentum trans a given scattering angle 
rT} Is I tr tion 

interpret ition 1 term 
the Hermite 


1tom 


is not present appears only in the 
moments and is avoided by 
Second, the 


in¢ luce d in the 


polynomial « xpansion free- 
recoil 1 explicit 
. Third, the 


COTTe?¢ tion 


definition of 
temperature T is replaced by T’; a 
uantum mect 


motion. The third moment te in B 


ein (28 


due unical ze ro-point 


also arises from 
Ze ro-point t1ol inally, \ have an additional 

This term 
mal equilibrium. 
iquids is hard to 


fourth 
vanishes 
It orc r 


estimate. 


We have 
sion of Wick’s sh« 
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thod* for calculat- 
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slow 
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| able in 
situations where the reco fficiently Ja hat the 
effects of chemical ms of a 
few parameters. The de param- 
eters is of particular interest for liqui vhere the 
dynamics of nuclear motiot The 
method presented here may be useful analyzing 
experiments on slow neutron inelastic scattering or the 


, y ly > 
gamma-ray absorption lines 


of nuclear gamma ray 


binding 


termination 


, 
poorly cnown. 


broadening of low- 
in liquids. 
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APPENDIX A. SHORT-COLLISION-TIME 
APPROXIMATION 


The 
introduced by Wick,* who 1 it to express the 
neutron 
the 
the 
duration was rigorously shown to be 


‘“‘short-collision-time’’ approximation was 


first 
total 


n inverse powers of 


cross sectlol i 


neutron energy. (TI only 


contributions fron short 
sotropic 
s of the 

short- 
collision-time approximation to the calculation of the 
differential properties of neutron scattering. It 


be possible, then, 


oscillator in its ground State 


previous section constitute 


should 
(26) 
to the 


expansion 
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the contribution of processes 
integral properties of articular, we 


should be able to obtain th ult obtained by Wick 
for the total cros 
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Fic. 1. Contour for ¢ integration in Eq. (A2). 


make more direct use of the short-collision-time nature 
of the expansion (26) rather than the large recoil 
nature of (28). Since our expansion is only valid for 
short times, we must eliminate the long-time contribu- 
tions to the cross section on the basis of the behavior 
of x(K,t) for physical systems before making the short- 
time expansion. 
The cross section, o(£), is given by 


f afore Pity (Kt), (A2) 


where k= (2mE)! is the incident momentum, and 


E!—E= (2m) K?+ 2k: K]. 


“(=~ 


Here, we have assumed that the K and ¢ integrations 
can be exchanged. As pointed out by Wick, this inter- 
change is permissible if we first attribute to ¢ a small 
positive imaginary part. 
tour A in Fig. 1. 


This corresponds to the con- 


In order to eliminate the long-time contributions to 
we deform the contour from A to B 
in Fig. 1. For a harmonic system with x(K,) given by 
(11), it has been shown‘ that the contributions from the 
horizontal portion of B are of the order of exp(— E/T"), 
if to is greater than or equal to (M/T"). (This is true 
except for the special case of an isotropic oscillator, 
with M=1, considered by Wick.) It is probable that the 
contribution from the horizontal parts of B will be 


the cross section, 


equally small for a more general system, but this has 
not been shown. 

We therefore choose 46=(M/T") and evaluate the 
integral around the loop in B by use of the expansion 
(26). By transforming from K to 


M 
a 
M+1+iT't 


carrying out the g integration, and introducing the new 


BINDING 


ON NUCLEAR RECOIL 





Fic. 2. Contour for p integration in Eq. (A4). 


independent variable 


M+1 
p i | ( 
M 


the resulting expression becomes 


M \?71 
a(k) of ) fe le *l (p)dp, (A4) 
VU +1 br! C 


U+1 
—_ 
ME i2ME M 


1 sM+1\'7C,, T’o\~ 
CEN Spo) 
24\ M ME ME/: 
1 5 1 T'p 
+- (x. Kw) (1 ay ~) 
30 3 ME ME 


20p+4p")+O0(E-*). 


where 


i t Be 


I(p)=1- p’(3—2p) 


x (15- (AS) 


bee contour C in the complex p plane is shown in 
Fig. 2. The branch cut for the integrand runs along the 
positive real axis starting from the branch point of p~! 
at the origin. We note the occurrence of a pole at 
p=ME/T’ in the terms in the integral, which are 
greater than second order in E~ 

The integral in (A4) can be conveniently carried out 
if we first extend the contour C in Fig. 1 to + on 
both sides of the real axis. The contribution from the 
horizontal path between p(—ilo) or p*(— ilo) and infinity 
vanishes as exp(— M E/T") if to is chosen to be2 (M/T’). 
For example, the error in the term involving Cyy is of 
order 


(—) = (— 
UE ) 


Xexp(—ME/T’) nf 


T’p( wae ilo) 
| (A6) 
ME 





1068 M. S. NELKIN 

This is the first term in (A5) that would give diffi- 
culty if fe were to approach infinity. Higher order terms 
will have an error containing powers of 


[1—(T'p(—ite)/ME) >, 


but these errors will still be proportional to 


exp(—ME/T"). 


The integral around our extended contour is conven- 
iently carried out by use of the integral representation 
of the T’ function.'* The result of integrating (A4) in 
this way is (A1). The short-collision-time contribution 
to the cross section is therefore in agreement with Wick. 

Because of the deformation from contour A to 
contour B in Fig. 1, there are no difficulties with long 
collision time. The time f is not required to approach 
infinity, but must only be 2(M/T’). This corre- 


sponds to 
T’p(—1tlo)} 
|! | M/(M-+43), 
ME 


so the exponentially small error in (A1) is not appreci- 
ably increased by factors containing inverse powers 


of (A7). 


(A7) 


APPENDIX B. T’ AND C,, FOR A DEBYE CRYSTAL 


We found it convenient to define two functions F(@/2T) 
and H(@/2T) by 


T'=TF(9/2T), (B1) 
27C°H(0/2T). (B2) 


18 P. Morse and R. H. Feshbach, Methods of Theoretical Physics 
(McGraw-Hill Book Company, New York, 1953), p. 431. 


hy, ( av 


AND D 


PARKS 


From the definitions (15) and (16), we have 


H 


For small x, we hav 
F(x 1+ 
H(a i+ 


(BS) 
(B6) 


and for large x 


H(x t ; (B8) 


giving as the zero-temperature limits, T’ — (})@ and 
Cy — (4)0.3 The behavior for intermediate x was 
studied numerically on a digital computer,’® and it was 
found that the high-temperature form (B5) can be 
used for x<2 and the low-temperature form (B7) for 
x> 2. The maximum error is for x= 2[ T= (})© ], where 
the exact value of F is 1.68 and both (B5) and (B7) give 
a value of 1.80. 

Similarly, for C,, the maximum error occurs at 
x= 2.22, where the correct value of H is 1.97, and both 
(B6) and (B8) give 2.21. 


9 Joan Bell (private communication) 
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The decay rates for the ground-state transitions of all polonium isotopes and the odd-even astatine 
isotopes are discussed on the basis of the nuclear shell model. Good agreement with experimental! data is 
obtained. In particular the behavior of the reduced width as a function of the neutron number around the 


magic number WV = 126 is well reproduced. 


INTRODUCTION 


N an earlier paper' a theory of alpha decay was 

developed whose aim was to take into account the 
influence of nuclear structure on alpha decay. The 
theory was found successful in explaining the fine 
structure of the Po™ alpha decay. The relative in- 
tensities of transitions leading to various states in the 
daughter nucleus and the coefficients of alpha-gamma 
angular correlaticns were obtained in good agreement 
with experimental values. 

In this paper we shall first outline again briefly the 
derivation of some formulas which are then applied to 
discuss the ground-state transitions of even-even, 
even-odd, and odd-even alpha emitters in the region 
of Pb®*. The nuclear wave functions are approximated 
by shell-model wave functions and good agreement is 
found with experimental data.? 


I. DERIVATION OF AN EXPRESSION FOR THE 
DECAY CONSTANT 


We consider a system of A nucleons (Z protons and 
N neutrons) and describe it by means of the time- 
dependent Schrédinger equation 

H®(1---A;1)=ihdb(1---A; 1)/dt. (1.1) 


We assume for the Hamiltonian the following form: 


A h? 
u--¥ ( - act V(1,2---A). I.2) 
2m 


V describes the interaction of all the particles. It is 


further assumed that the wave function %o(1---A) 
-++A;t=0) is known and that this wave function 

is the wave function of the parent nucleus. 
Next we separate off the trivial center-of-mass motion 
of the system and decompose the remaining Hamil- 


* This work was performed under the auspices of the U. S 
Atomic Energy Commission while the author was on leave of 
absence from the University of Heidelberg, Heidelberg, Germany 

+ Present address: University of Heidelberg, Heidelberg, 
Germany 

'H. J. Mang, Z. Physik 148, 572 (1957), for details also see 
H. J. Mang, Sitzungsberichte der Heidelberger Akademie der 
Wissenschaften, p. 299 (1959) and H. J. Mang, University of 
California Radiation Laboratory Report UCRL-8931, October, 
1959 (unpublished). 

- O. Rasmussen, Phys. Rev. 113, 1593 (1959); and 115, 1675 
(1959). 


tonian into several terms 
H=H,(1234)+Hx(5---A) 
— (h?/2M ) Art W (a,K), 


where 1, 2, are protons, 3, 4, are neutrons. 

H,, describes the internal motion of a system con- 
sisting of two protons and two neutrons. Hx describes 
the internal motion of the remaining A—4 nucleons. 
R is the relative coordinate between the center of mass 
of particles 1; 2; 3; 4 and the center of mass of the 
remaining particles 5; 6; ---A; and —(h®/2M)&rei is 
the kinetic energy operator associated with the relative 
motion of the two groups of nucleons. W (aK) accounts 
for the interaction between the two groups of particles. 
We should mention that the Hamiltonian H has not 
lost its symmetry properties. 

For obvious reasons we shall refer from now on to 
these two groups of nucleons as a particle and daughter 
nucleus. Consequently, we call the solutions of the 
equations 


(1.3) 


H aXa" = €aXa’; 
HV x’ ExV rx‘, 


the internal wave functions of the @ particle and the 
daughter nucleus. In these equations r and o@ are 
short-hand notations for those sets of quantum numbers 
that are necessary to determine the solutions xq” and 
Vx" completely. 

Furthermore, if xa’, Xa” and Vx’, Vx” are bound- 
state solutions of (1.4) the following relation holds: 


(xa Vx” |W (aK) | xa") =5eebeeV(R), (1.5) 


for R= |R!|> Ro. Ro turns out to be about 9X 10-" cm 
for natural @ emitters. The meaning of the relation 
(1.5) is that when the a@ particle and the daughter 
nucleus are well separated in space the interaction 
between them is always described by a simple potential. 
Furthermore V(R) approaches the Coulomb potential 
2(Z—2)e/R rapidly. For most purposes therefore it 
will be sufficient to use 2(Z—2)é/R instead of V(R). 

These considerations indicate that it might be rea- 
sonable to write for the time-dependent wave function 
$(1---A;2): 


(1.4) 


#(1---A; 2) de & 


a(ljyPo(1 --A)+ > 


raoLm 


(1.6) 
x {va"V x’ or (Rye Vy" R/R orotm(é,t). 


1069 





1070 HANS J. 


@ is an antisymmetrization and normalization operator, 
while ¢,(R,e) is a solution of the equation 
Wei d h? L(L+1) 


R 
2M R dR’ 


and is normalized as follows: 


fet o.(R,e’)R*dR=5(e—’). (1.8) 


To get unique solutions’ for the coefficients a(t) and 
brotm(€,t), it is necessary to impose the condition 


fa a 


X bre" e(ROV L"Vbrotm(es)) 0. (1.9) 


#(1---A)| 


raLm 


( 


Of course @(1---A;¢) may always be expanded in the 
above form (1.6) as long as we sum over a complete set 
of functions x.” and Vx’. But we know that for ener- 
getic reasons the terms in the sum over 7 and @ corre- 
sponding to unbound states cannot contribute to the 
alpha decay. Therefore, we split the sum into one over 
bound states only and one in which 7 and o or both 
correspond to unbound states and neglect the latter 
sum. With this approximation and taking into account 
angular momentum conservation as well as the fact 
that there is only a single bound state of the alpha 
particle, we rewrite ®(1---A; 2) in the following form: 


feeb (€2)Q@ 
j 


X fvae (Rye) & C(LiJ;m M—m) 


m 


xX ¥."(R/R)V;."-*), 


@(1---A;)=a(t)> 


Fie 


all {)+-5° 


oL 


(1.10) 


— (i/h)(Eo+F—ty)t), 
(i/h)(Eo+F—iy)t]—expl— 
Eo+F—Ex—éa—e€ 
(®yjene™| H—~ Eo|®oy™) 


je=Eo 


jLe 
pf 


where P means principal value. The conditions for the 
approximate solution to be a good one are: 


: (Pyjere™ | H— Eo| Poy M 
> Pide— 
tL 


Eot+F— Ex—éa—€ 


Y< 


Fé 


—EK—€a €0 (1.13) 


’ 


and 


(Pyjere”|H—E 


d y™ 


*H. Casimir, Physica 1, 193 (1934) 


MANG 


where J is the angular momentum of the parent 
nucleus, 7 the angular momentum of the daughter 
nucleus, and LZ the angular momentum of the a particle. 
The Clebsch-Gordan coefficient C(LjJ;m M—m) cou- 
ples Z and j to give the resulting angular momentum J. 
The functions x. and y;,—™ are now, as already men- 
tioned, only the bound state solutions of (1.4). 
Introducing this expression for ® into the Schrédinger 
equation (I.1), we get a system of coupled integro- 
differential equations for a(t) and b;.r(¢,t). But this 
system of equations decouples and becomes rather 
simple if one more approximation is introduced. We 


neglect nondiagonal matrix elements of the type 


(® yjere” | H—Ha—Hxt+(h?/2M) drei 
—2(Z—2)e/Ri Py jeter), 
where 


Py jot '(LiJ;m M—m) 


x Y p"V je M 1 


QA{xavr(R,e) Zant 


which means we neglect the interaction of the alpha 

particle with the daug nucleus via the nuclear 

forces and take only into account the Coulomb inter- 

action ; reasonable approximation at 

energies involved in natural alpha decays. 
The simplified equations read: 


iha(t)=a(t)Eo+> fa bjt (e,l 


X (Poy | H 


t 
hter 


a the alpha 


I 
inl jor (et) +a(t)\(Py jor 
H\ 


Poy™ | H | Pos). 
Using standard techniqu 
approximately we get: 


where E 


; 
oO 


olve the equations 


(1 h)(Exteate)i 
~ iy 


‘ EK+F, 


9 


has to vary slowly compared to 
(KR 
if « varies between €9—7 
alpha emitters these 
‘If we use V(R) as 
potential, we take into account a part of the nuclear interaction 


'W. Heitler, Quantum Theory of Radi Clarendon Press, 
Oxford, 1954), 3rd ed., p. 181, and the references quoted there. 


4+-F—ea—Ex—« 


all 


ind e9+y. For natural 
litions are well fulfilled. 


1.5 stead of the Coulomb 


+ 


con 


defined ir 


ion 





CALCULATION OF a-TRANSITION PROBABILITIES 


The problem of determining the decay constant is 
now reduced to the calculation of the matrix elements 
(Poy™ | H— Eo|¥7;.1."). But those matrix elements can- 
not be calculated unless @oy™ is defined in a rigorous 
way. The somewhat vague statement “the wave func- 
tion &oy” should describe the parent nucleus of the 
alpha decay” cannot be considered as a definition 
of Poy™. 

A natural way to define o, would be to obtain it 
from a consideration of the formation process of the 
alpha emitter. But on a nuclear time scale all alpha 
emitters are nearly stable. If it were not for the re- 
pulsive Coulomb interaction between the alpha particle 
and the daughter nucleus there would be no alpha 
decay at all. Therefore, another definition of 9,” is 
suggested. It has to be a bound-state solution of a 
Schrédinger equation 


H boy! = EO y™. (1.14) 


Hp is defined as follows: 
Hy =H, 


if all nucleons are confined in a spherical® volume Q 
with radius ro; 


Hy=H—Ve(r)+Ve(ro), 


if one or more nucleons are outside the above defined 
volume 2. Ve(r) is the Coulomb interaction between 
the nucleons inside and those outside Qo. 

ro is so defined that the interaction between one 
selected proton (neutron) and all the others that are 
in Q is repulsive (zero) if the selected proton (neutron) 
is outside Q but mostly attractive if the proton 
(neutron) is inside Q. Of course there is a maximum 
value for ro because of the condition that the eigenvalue 
problem with Hp» (1.14) should have bound-state 
solutions. This definition assures that Ho is equal to 
the exact Hamiltonian H in that part of the configu- 





Single particle potential, Vin 





Fic. 1. (a) Relation between the single-particle potential V(r 
and the constant ro. (b) Connection between rp and Ro. R, and 
Rx are some sort of radii of the a particle and daughter nucleus 


* Of course one may assume Q, to be nonspherical if one deals 
with a deformed nucleus. 
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ration space where the nuclear forces between the 
nucleons play an important role and therefore #o,™ 
should be a very close approximation to an exact wave 
function as derived for instance from considering the 
formation process of an alpha emitter. By means of 
these assumptions about &o,™ the matrix element can 
be simplified considerably. 


(Doy™ H - Eo Pyjere™) 


P N\ 7 
( ‘)( )| (Doy™ | H— Ho vag (Re) 
) 


xd C(LjJ; mM m)V 1" ;.™ “ 


f RAR | da f dead byy"* (H— Ho) 
Ro 


Kvavr( Re) | C(L iJ : m M— m)Y ,™(R/R) 


Z\ {N\ 1° 
XV ;.™ {( )( ). (1.15) 
2 2 


where £ and £ x are the internal coordinates of the 
alpha particle and the daughter nucleus. 

The first equality holds because of H—E being a 
symmetric operator and o,™“ an antisymmetric wave 
function and the fact that Ko=E™ is a very good 
approximation. The second equality holds because of 
the definition of @yp,”(1---A) (1.14). 

Ry is somewhat smaller than ro because of the finite 
size of the alpha particle. The relation between Ro and 
ro is schematically illustrated in Fig. 1. Because of the 
freedom in. choosing ro and consequently Ro, the 
distance ro and hence Ro is chosen so that for R> Ro: 


Hyagi(R,©) Sm C(LjJ;m M—m)V ."(R/R)¥j.4—™ 
(ExteatOxags(R,e) Sm C(LI7;m M—m) 
XV i"(R/R)Wj-"—™. (1.16) 


Using (1.15) and (1.16) and integrating by parts on 
R, the following expression is obtained for the matrix 
element in question 


f 


oy" |H-E 


(2) ) 1 Gar) Soe 


d¢1(R,e) 


PijclLe ‘ 


x {2 7° 


OR R= Ro 


OD, ,™* 
” ¢ Keo) | 


Ro 


Xxa dC 


LjJ;mM—m)¥,"V;."-". (1.17) 
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Introducing for gz(R,eo) the WKB approximation 


2M 
¢i(R,€) (. ) (— ) 
Rogi! 
x4 exp(- 
= (- Z—2)e? 
qi 
h? R 


where the outer turning point R, is defined by 
(R,.)=0, 


and defining a functicn Gy;.-1(R), 


Gy »L(R) R If déxdt Qrei 


xX (Dyy™*y, ¥ C(LjJ;m M—m)V,"(R/R) 


Z\ {N\}3 
XV jel “| ( )( )}. (1.19) 
) ) 


the expre ssion for the dec ay constant A is brought into 
the following form: 


1 Ru h? 
A ( ) Z. exp( of dR )( ) 
h/ ile k 2MR°* 


\ R qi Ry 
x rtjet( Ro) 4 
— Rogr 


2R qi 
1 
) > P1(€0)by;017, 
jLe 


OG Jie 
OR |Rr=k 


(1.20) 


wher: 


Prle } exp(- 
(si 


Ry Yl 


Gyjel 


fe 
) 


2R, qf! 
R, OG Jje1 


. Rog OR \r=R; 
P, is the well-known barrier penetrability as already 
derived by Gamow in 1928 and 4);,7? is the reduced 
width that accounts for the influence of the nuclear 
structure on alpha decay. 

As far as the connection of our treatment with the 
treatment of other authors is concerned we refer to 
reference 1. 

We should also mention that 


there is no difficulty 


HANS J. 


MANG 


in using more sophisticated potentials V(R) than the 
simple Coulomb potential. One has to replace the 
Coulomb potential -2)e/R in (1.17) by V(R) to 
calculate now the somewhat different function ¢1(R,eo). 
If necessary this replacement has been made in the 
application of the theory, although all formulas are 


given for the pure Coulomb potential. 


II. GROUND-STATE TRANSITIONS IN 
THE REGION OF Pb** 


To apply the theory developed in the preceding 
chapter we shall approximate the nuclear wave func- 
tions by some sort of shell-model wave functions. 

The following assumptions determine completely all 
the wave functions. 

(1) The alpha-particle wave function is a Gaussian 
type wave function. 

Xa(1,2,3,4) =x0°(1,2)x0°(3,4) 
Xexp[— (8 ~— §?+ £,*) ](2,3 
&,=(1/v2)(r,— E,= (1/v2)( 
§3= aban r;- 


414 La 

~* gan 
(f3—F4), 
I4), 


where here and in the following a! means !'(a+1) and 
xo°(i,k) is a singlet spin function of particles i and k. 
For the constant 8 we are going to use the value 


B=0.625X 10*7* cm 


This value of 6 was chosen so that the rms radius of 
the charge density is equal to the measured value.’ 

The wave functions of the parent and daughter 
nucleus are shell-model wave functions with seniority 
0 (even-even nuclei) or 1 (even-odd odd-even 
nuclei). That means an even number of particles is 
coupled pairwise to angular momentum zero. In an 
odd-mass nucleus the last odd particle is therefore 
responsible for the total angular momentum and the 
parity. 

Furthermore, we assume no configurational mixing 
and the single-particle states involved are taken from 
the spectra of nuclei which have one particle more or 
less than Pb”***® (TI’, Pb®?, Bi, Pb). 

For the radial part of the single-particle wave func- 
used. 


and 


tions, harmonic oscillator functions are 
radial part of the single-particle 
harmonic oscillator functions are used. 


wave functions, 


2Xn! 
a al 
{ n-+/ +3 


Xexp —! 
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CALCULATION OF a 


TRANSITION 


PROBABILITIES 


TaBLe I. Shell-model configurations for nuclei in the region of Pb™* 


Element Proton config Neutron config 


(pra )o( fuia™ o (Para *)o 
(pra ® ol fara )o 
(puto fee 2\ 

(pire 2)5 

Closed shell 

(2ge2? 


Pe yu 
Po™ 
Pom 
Po™ 


(lhe? do 
hy)? 
hy)? 
1hty)3?) 
Po Lhg:2* Jo 
Po 1hy)3?) 
Po Lig 2 (2ge/2")o 
Po lity, ?# (239 2 0 
Po*'8 lity 2? 2g9/2")o 
At™ ‘ prt *)ol(f 
Ar (pur of 
Ar? (Pur *)o(f 
Ar™ (prt *)o 
Atm Closed shell 

A ¢213 (2 ge/2")o 

Arts (2gors*) 

Ata? (2ge/2*)o 

A t219 (2ge/2")o 
Po™ (Spi )ol fora *) ara (Para *)o 
Po™ (3pri2* )o( fora sve 
Po®? (3 pra )o( fara Dave 
= Cn 2") 

o 2 
Pots (peas 2 
Pots (2go2" ore 
Po"? (2ge/27 ore 


5/2 


where 


n fn+l1+}\(—1)* 
LiH=¥ ( ) (ar?) 


ko \ n—k l 

For the constant a we shall use a=0.175X 10°* cm™, 
a value which gives rms radii of the nuclei that are 
consistent with the measured values.’ 

For Ro we shall use Ro=9.0X10-" cm. But only the 
product aR? enters into the reduced width and further- 
more we shall only calculate relative transition proba- 
bilities. Therefore, the choice of a or Ro alone is not 
too critical. 

With the above assumptions (1) and (2) we get 
the reduced widths 6y;z2, where J is the angular 
momentum of the parent nucleus, 7 the angular mo- 
mentum of the daughter nucleus, and J the angular 
momentum of the outgoing alpha particle. 

Even-even nuclei: 


. 9 
On00" 


(1/16) Nx(2 j:+-3—NDNa(2js+3—Ns) 


XR ml nen nd; Ro F. (11.3) 


N, is the number of protons in the unfilled subshell 
with quantum numbers Jj; in the parent nucleus. 
N; is the number of neutrons in the unfilled subshell 
with quantum numbers m3j; in the parent nucleus. 
® involves the radial parts of the wave functions and 
is given below. 

Even-odd nuclei: 


. ” 
071710 


Js (Ny—1) (27: +2—Ni)N3(2j3+3—N3) 


LR nl n4l nl nals; Ry) P, 


Element Proton config Neutron config. 
Pb 
Pb™ 
Ph 


Closed shell v2 *)o(fera® )o (Para do 
Closed shell Prat? )o( fart o (Parr do 
Closed shell 2 Jo Jase ‘)o 

Pb™ Closed shell Prt )o(fsr2* do 

Pb™* Closed shell Pir *)y 

Pty» Closed shell losed shell 

Pb*™ Closed shell 2g0/2" do 

Ph Closed shell (2gera*)o 

Pb™* Closed shell (2g 2*)o 

Bi'* lity: (Pra *) (ford o (Para do 

Bi™' Litas (Pir do Sere *)o( Para )o 

bi™ ligi2 Prt )o( fara do 

Bi™* lige Prt )o( ferro 

Bi®” litg/2 ia *)o 

Bim™ lhe: Closed shell 

Bi*! lites (2g9/2")o 

Bit lies 2g0/2" o 

Bi™s lhers 2g0/2")o 

Pb losed shell (3 pra )o(2 fara ® ara (Para * do 

Pb”! losed shell (3prra* o(2 fara oa (Para * do 

Pb™ ‘losed shell (3prya*)o(2 fora ara 

Pb™* losed shell (Spry )o(2 fara ore 

Pb™? ‘losed shell { 3p, tive 

Pb™ ‘losed shell 2gere 

Pb™ ‘losed shell 2g9/2" ora 


Ph™ losed shell 2¢0/2" ore 


A(N, (27: +2—N)) 


2ji+1 P 
- C(fifil; 4 | V3(2j3+3—N;3) 


(IT.4) 


x . 
241-1 
XC R( ny! il al tas; Ro) FP L#¥0, 
INC*(jijol; 4 —4 


x [R( nl nlm J tds; Ro) F. 


V3(2j3+3 —N;) 


N, is again the number of nucleons in the subshell 

mi, li, jr. In the first two cases (j1/:07,6j14127)N1 is odd. 

In the third case (5joj:22)N; is even and there is one 

more particle in the state ma2j2 in the parent nucleus. 
(nl nang nds; Ro) has the following form: 


R( nl Hol ma nds; Ro) 


Foy !(my Aly +4) !9t9!(met+Let+-4) 3 !(ma+1,4+4)! 


2a N+L/2 
K ng! (ng tly+4) 1) ( ) 
a+, 
vf h? (Rog: —1)? 
(aaNan) 
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(a'R,)* 
Reger 


‘ 
* [2(a8)*/ (a+) }*(4! | exp(— 2aR,’) 


e(—1)%p! 


B—a\* 
Xd B, (nd mdm nds ( ) 


2a 


N! 


x4" 2(a+B) Re }?K,'*4(2(a+8)Re), (11.5) 
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Reduced width, 8° (Mev) 








Mass number A 


Fic. 2. Reduced widths of the even-even polonium isotopes as a 
function of the mass number. The open circles are the experimental 
values, while the closed circles are the calculated values. 


where 
2N =2(myt+not+ngtng)ththth4h—L 


taRy?—L 
1+ L,**3(2(a+8)Ro) 
Rug 
tat+B)R°? 


L,”** (2(a+B)Ro?), 
Rogi—1 


The prime means differentiation with respect to the 
argument 2(a+8)R,. 
The coefficients 


B, (nl nol onal gral) 


are defined by the following equation: 


’ 


ny !no lg lng !Lny +4 (x) Lng!?t 4 (x) Lng!*+4 (x) 


Tng'*4(x) =>", B,(nylinolongl gna) 


ret (l-l-leta-l)/2, (TT. 6) 





Reduced width, 3° (Mev) 





aSOC~*~SS 
Mass number A 
Fic. 3. Reduced widths of the odd-even astatine isotopes as a 


function of the mass number. The open circles are the experimental 
values, while the closed circles are the calculated values 
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B, (nl nalengl nal) =, !no!n 
ny+1,+4 
ee > 


ny 


where the summation is restricted by 


2e+ L=2( thi tlotlstl,. 
With the help of these formulas and using the con- 
figurations listed in Table I, we have calculated the 
reduced widths that are compared to the experimental 
data? in Figs. 2, 3, and 4. In these diagrams the experi- 
mental and calculated reduced widths are plotted 
versus the mass number for the even-even polonium 
isotopes, the odd-even astatine isotopes 
odd polonium isotopes 


Vit vet vst M4) 


and the even- 
separately. 


Reduced width, 3° (Mev) 
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Fic. 4. Reduced widths of 
function of the mass number. Th 
values, while the closed circles ; 


the even-odd polonium isotopes as a 
es are the 


ulated 


e open cir experimental 


are the ca values 

The reduced width of Po#® is taken as a standard 
and set equal to the experimental reduced width. We 
hope that in doing this, we minimize the ambiguities 
introduced by the choice of the radial wave functions 
and the parameters a and Ro 

It may be shown that varying the parameters within 
reasonable limits affects only the absolute 
of the radia! part of the reduced width ®& 
nearly unaffected the relative 
mainly interested in. This result 


magnitude 
, but leaves 
magnitudes we are 
indicates also that it 


is sometimes allowed to use a very handy approximation 
for the radial part 
if one sets 8>>a. Then 


R (yl Nolen yng; Ro) which arises 


R (yl Nolongl sngly; Ro)~exp(—2aR 
x - 
(23 +1: +4) !(me4 


X Lay (aRo*) Ly 
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a very useful expression if one wants results quickly. 

The expression so obtained is identical with what 
one would get using the formula proposed by Brussaard 
and Tolhoek.'® But one has to be very careful in using 
this expression because it favors the formation of 
alpha particles from single-particle states with high 
angular momenta. 


III. DISCUSSION 


The comparison of experimental and calculated 
reduced widths in Figs. 2, 3, and 4 shows clearly that 
taking into account the nuclear structure, even in a 
very crude approximation, gives results that agree 
well with the general features of the experimental data. 
Especially the behavior of the reduced width when 
crossing the neutron number 126 is well reproduced. 
It seems to us that one no longer needs to introduce a 
sudden jump of the nuclear radius at the double magic 
nucleus Pb? to explain the difference in the reduced 
widths of Po*!° and Po**. The increase of the reduced 
width when going from N=126 to N=128 is quite 
naturally brought by the change in the single-particle 
states involved in the alpha decay. Particles in the 
2g0/2 subshell are favored over particles in the 31/2 
and 2/52 subshell in forming an alpha particle, first 
because of the higher angular momentum (compare 
(II.3)] and second, because the 2g9/2 level belongs to 


a higher major shell and therefore the radial part of the 
wave function is larger too at the edge of the nucleus. 
This effects the quantity (minded; Ro) [com- 
pare (II.5) ]. 

The remaining discrepancies may have several 


reasons. First, we have neglected configurational 
mixing. Configurational mixing under the influence of 
a short-range attractive force however tends to bring 
the particles closer together which would increase the 
overlap with the alpha-particle wave function. This 
increase would be, roughly speaking, proportional to 
the number of states which are available. The number 
of states however increases with an increasing number 
of particles outside or holes in closed shells. To give a 
more quantitative background to these considerations 
the reduced widths for the decays Po*! —*—> Pb?” and 
Po#° —*— Pb?” have been computed with the wave 
functions given by True and Ford" and Newby.” The 
main difference between the two decays is that there 
is no configurational mixing in the Pb?” wave function 
(one hole in a closed shell) if the shell model has any 
justification at all, but there is an appreciable amount 
of mixing in the Pb? wave function. The influence of 
the mixing in the Po#”° and Po*" wave function (protons) 
” P. J. Brussaard and H. A. Tolhoek, Physica 24, 238 (1958) 

 W. True and K. Ford, Phys. Rev. 109, 1675 (1958). 

2N. Newby, thesis, Indiana University, 1958 (unpublished); 
N. Newby and E. J. Konopinsky, Phys. Rev. 115, 343 (1959). 
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drops out in first approximation if one forms the ratio 
8 (Po*™)/#(Po"°). The result of the calculation is 
§(Po™)/#(Po**)=0.340, whereas the experimental 
value is &(Po*"')/&(Po™°) = 0.423 and the value without 
mixing 1.18. 

A second reason for some discrepancies could be that 
even by forming ratios of transition probabilities we 
have not eliminated the errors introduced by the 
harmonic oscillator wave functions which might differ 
considerably from more exact single-particle wave 
functions. 

A further reason for discrepancies could be that there 
is a sort of “clustering” of particles in the nuclear 
surface which is not even taken into account by the 
conventional configurational mixing. But we feel that 
this ‘clustering’ would mainly effect the absolute 
value of the reduced width, which comes out too small 
with the wave functions we have used, unless rather 
unreasonable values for the parameters a and # are 
chosen.! A reason for this “feeling” is that if the shell 
model gives an adequate description of the nucleus at 
all, the nuclear wave functions should be approximated 
reasonably by products of single-particle wave functions 
inside the nucleus. “Clustering” should be effective in 
the low density region of the nuclear surface. But the 
“cluster wave function” has to join smoothly to the 
shell-model wave function. Therefore, shell-model wave 
functions should give the relative amplitudes of different 
“clusters” (for instance, a particles with different 
angular momenta) to a good approximation. Together 
with the fact that using oscillator wave functions we 
have greatly underestimated the magnitude of the 
single-particle wave functions in the surface region, 
these considerations would explain why shell-model 
wave functions give good agreement between theoretical 
and experimental values for the relative transition 
probabilities but fail to do so for the absolute values. 

We may conclude with a remark about the alpha- 
particle wave function. Concerning this wave function 
we feel quite sure, that (II.1) provides a good approxi- 
mation to the actual wave function. There are experi- 
mental’ as well as some theoretical” reasons for this 
feeling. High-energy electron scattering experiments’ 
show clearly that a Gaussian-type charge density is a 
good approximation to the real charge density. 
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Angular distributions of the two most energetic alpha-particle groups resulting from deuteror 
ment of B" were measured at seven deuteron energies between 0.58 and 1.50 Mev 


bombard 
In addition to the usual 


pulse-height analysis of the detector output, pulse-decay analysis was also employed so that alpha particles 
could be distinguished from protons giving the same pulse size. The shapes of the angular distributions wer« 


somewhat energy dependent 
isot ropic . 


INTRODUCTION 


ECHANISMS by which nuclear reactions pro- 

ceed can often be inferred by observing the de- 
pendence of yield on bombarding energy or angle. In 
cases where the energy level density of the compound 
system is large, reactions which form a compound nuc- 
leus are expected to give an angular distribution sym- 
metric about 90°.! Non-compound-nucleus processes are 
frequently but not always peaked in the forward 
direction. ; 

Transitions to excited states of the residual nucleus 
are often observed with difficulty, because of experi- 
mental problems involved in separating different par- 
ticle groups. Development at this laboratory of a 
technique by which either protons or a particles can be 
identified and separately detected in the presence of 
the other particle,’ therefore, has proved helpful. This 
technique was employed in an investigation of the 
B'°(d,av) Be® and B'°(d,a)Be** reactions from 0.6 to 1.5 
Mev. 

Previous studies of the ground-state a particles in 
this range of bombarding energies’ * have shown maxima 
in the yield at 1.0 Mev and at higher energies. Marion 
and Weber‘ also found, by measuring excitation curves 
at three widely different angles, that the yield when 
averaged over the energy range from 1.0 to 2.5 Mev 
does not depend strongly on angle. A shift from forward 
to backward peaking was interpreted as caused by inter- 
ference of levels of opposite parity. 

In the present work, the suppression of proton counts 
allowed observation of the a group leaving Be‘ in its 
first excited state at 2.90 Mev, in addition to the ground- 
state group. Angular distributions were measured at 
seven bombarding energies below 1.50 Mev. 


APPARATUS 


A deuteron beam from an electrostatic accelerator en- 


ters a scattering chamber through a series of collimating 

* This research was supported in part by the U. S. Atomic 
Energy Commission 

+t Now at Boston College, Chestnut Hill, Massachusetts. 

1 L. Wolfenstein, Phys. Rev. 82, 690 (1951) 

?R. L. Becker and J. A. Biggerstaff, Bull. Am 
326 (1959) 

‘W. D. Whitehead, Phys. Rev. 82, 553 (1951). 

4]. B. Marion and G. Weber, Phys. Rev. 103, 1408 (1956) 
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Averaged over the range of energies studied, the angular d 


istributions were not 


the yield being slightly higher at back angles. 


slits, passes through a thin solid target, and is collected 
in a Faraday cage. A scintillation detector inside the 
chamber, preceded by additional collimating slits, can 
be rotated about the target to any position more than 
35° from the beam axis. 

Targets of 95% enriched B", evaporated onto Al leaf, 
were mounted in a vertical plane making a 45° angle 
with the deutron beam. 

The detector consists of a CsI(T1) phosphor mounted 
on a Dumont 6467 phototube. This small tube was chosen 
because of the limited space in the chamber (inside di- 
mensions 22 in. by 22 in. by 34 in. high). The detector 
output passes through a cathode follower and a short 
section of low-capacitance cable to a multi-pin con- 
nector in the base of the chamber, through which all 
electrical connections to the detector are made. Care 
was taken in designing the circuits so that the pulses, 


as they left the chamber, would have as nearly as pos- 
sible the same time dependence as the 


fluorescence in the phosphor 


intensity of 


PULSE ANALYSIS 


The arrangement of electronic circuits, shown in Fig. 
1, was planned to take advantage of a reported depend- 
ence of fluorescence decay in CsI on the mass of the 
incident particle.® Pulse-height analysis was performed 
in the usual way, except that a gating signal in coin- 
cidence was required, to show that the fluorescence de- 
cay was within preset limits 
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ANGULAR DISTRIBUTIONS 

Generation of a signal proportional to decay time is 
accomplished by the device labled ‘“‘mass discrimination 
circuit’’® in Fig. 1. A block diagram is shown in Fig. 2. 
In this circuit, the input is attenuated by a factor of 
two and lengthened, then subtracted from the initial 
pulse in the difference anplifier. This provides a signal 
which is positive for a duration equal to the fluorescence 
half-life. Standard time-to-pulse-height conversion then 
gives the required output, which, if within the window 
of the single-channel analyzer, allows the multichannel 
analyzer to be gated. 

With a narrow single-channel window, the amplitude 
spectrum of pulses from B'+d reaction products which 
were in coincidence with the single-channel output 
varied with single-channel base line as shown in Fig. 3. 
This diagram shows the dependence of the yield on pulse 
decay as well as pulse amplitude. To obtain these data, 
the detector was placed at 90° with respect to an 800- 
kev deuteron beam incident on a B"™ target. 

Alpha particles give rise to the ridge at the left. The 
groups in channels 28 and 23 along the pulse-height axis 
leave the residual nucleus Be® in its ground and first 
excited states, respectively. An unresolved continuum is 
seen at lower energies. 

Four proton groups, having longer decay times, are 


Fic. 3. Pulse-height 
spectrum of B”-+d re- 
action products, as a 
function of fluorescence 
decay time. The four 
peaks at the right are 
proton groups, while the 
ridge at the left is caused 
by a particles. 
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Fic. 2. Mass discrimination circuit. This circuit generates one 
signal (amplitude output) dependent upon the energy loss of the 
particle in the phosphor, and another (de ay output) proportional 
to the fluorescence decay time. 


also observed, corresponding to (d,p) reactions with B® 
and, at lower energies, with contaminants on the target. 

Protons and a particles can be separated in decay time 
by 3 to 4 times the resolution of the decay-analyzing 
circuit. That the lighter particle has a longer decay is 
consistent with the information in reference 5.’ The de- 
pendence of decay time on particle energy seen in Fig. 3 
implies that the energy loss per interval of path length 
of the detected particle determines the decay time. 





* J. A. Biggerstaff and R. L. Becker, University of Kentucky Technical Report UK-59-1 (unpublished) 


7 R. B. Owen, in Atomic Energy Research Establishment, Harwell Report EL/R 2712 


unpublished), shows pulse shapes for CsI 


phosphors, in which only the rise time and the shape of the pulse at its maximum height appear to vary with specific ionization 


It is not clear how the operation of our circuit, as characterized by 


Fig. 3, could be consistent with his measurements. 
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Fic. 4. Yield at 90°, 
as a function of energy, 
for B"(da)Be® and 
Bb” (d,a)Be** 
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EXPERIMENTAL PROCEDURE 


With the single-channel window set so that no proton 
counts could be recorded by channels in which the re- 
quired a-particle groups were observed, runs were made 
until a predetermined amount of charge, usually 16.7 
pcoul, was collected from the deuteron beam. Measure- 
ments were made at 10° intervals, from 90° to 140°, 
after which the position of the single-channel analyzer 
window was again checked. The angular distribution 
over this range of angles was repeated six times, to 
average out possible variations of current integrator 
sensitivity and of the position of the beam on the tar- 
get, as well as to check on the reproducibility of the 
results, 

Without moving the target, the detector was then 
rotated to the opposite side of the beam, where obser- 
vations were made from 40° to 90°. The two sets of 
data were normalized, if necessary, at the 90° value 
common to both measurements. 

Angular distributions were observed at deuteron ener- 
gies of 0.58, 0.70, 0.84, 0.97, 1.13, 1.29, and 1.48 Mev, 
and are normalized to each other by means of an ex- 
citation curve, Fig. 4, made at 90°. The ground state 
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excitation curve, in turn, is normalized at 1.0 Mev to the 
data of Marion and Weber.‘ 

The detector could be po itioned to an accurac y of 
+0.5° or less. In th 
cepted over a 1.0° spread in angle, 


is experiment, particies were ac- 
with the detector 
subtending a solid angle of about 10~ steradian. 

From the known cross section, the target thickness 
could be found. The average thickness of the targets 
was about 21 kev for 1.0-Mev deuterons. This gave an 
energy spread of 14 kev at the highest bombarding en- 
ergy and 35 kev at the lowest. The average energy was 
known to about +6 kev. 

Because of the high O value of the B'(d,a)Be® re- 
action, no background counts were observed in the part 
of the pulse-height spectrum being studied. 


RESULTS 


In Figs. 5 and 6 are shown the angular distributions 
for the ground and first excited states, 
Both cross sections 


respec tively. 


and angles are in c.m. coordinates. 
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Counting statistic ite 1 to 3% uncertainty 
in the relative cros for the first excited state 
group, and 3 to 10% for the ground 


section 
tate, depending 
upon the cross section. Over ap of the low-energy a- 
particle continuum with the first excited state group 
gave an additional 4% error for this group. No other 
sources of error art ignl so that 
relative cross sections for both groups should be ac- 
curate within about 4% at the highest yield. A 15% 
uncertainty has been assigned the absolute cross 
tions to which these curves are normal 


ae ] 
believed to be wnihk 


ant, 


sec- 
zed 
Both groups, when averaged over energy, are iso- 


tropic to within 10% in ory coordinates, indi 


cating a slight preference for back an; n the c.m. 
system. 

The yield of the ground-state group, integrated over 
angle, shows a maximum at 1.0 Mev, as previously re- 


ported,** but lacks sufficient detail to verify a maximum 





ANGULAR DISTRIBUTIONS, 
at 1.4 Mev reported by Marion and Weber.‘ The angu- 

lar distributions for this group, however, undergo no- 

ticeable fluctuations in shape both near 1.0 Mev and 

1.4 Mev. 

The first excited state group yield, integrated over 
angle, increases rapidly between 0.5 and 1.0 Mev, then 
remains nearly constant. In addition, each angular dis- 
tribution measurement for this group is more nearly 
isotropic, and has a less energy-dependent shape, than 
the ground-state group. The yield is about 10 times the 
yield of the ground-state a particles. 

Marion and Weber infer that the grcund-state (d,a) 
reaction proceeds through states of the compound nuc- 
leus, and explain the variation of angular distribution 
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with bombarding energy as arising from interference of 
levels of opposite parity. Such arguments could also be 
applied to the present results which show that, if such 
interference exists, its effects are less pronounced for 


the first excited state than for the ground-state particles. 


ACKNOWLEDGMENTS 


The author is indebted to Dr. M. T. McEllistrem for 
many valuable and stimulating comments, and to Mr. 
J. A. Biggerstaff for his important contributions to the 
electronics circuitry. The assistance of H. L. Baisya 
in target preparation, data taking, and computations 


is also apprec iated. 


NUMBER 3 AUGUST 1, 1960 
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Excitation curves for the highest energy neutron group in the reaction N“(d,n)O"* have been measured at 
Oia» =0°, 30°, 90°, and 164° for deuteron bombarding energies between 0.66 and 5.62 Mev. A pulse shape dis- 
crimination detector was used to eliminate the pulses due to 7 rays from the neutron spectra. There is con- 
siderable resonance structure in the excitation curves, with the anomalies appearing at different energies 
for the diferent angles. The angular distribution of this neutron group has also been measured at bombarding 
energies of 0.91, 1.17, 1.51, 1.88, 2.58, 3.13, 3.56, 4.36, 4.80, and 5.27 Mev. The shape of the angular distri- 
bution changes rapidly with energy at low bombarding energy, but above 3.5 Mev the shape becomes more 
stable. The maximum cross section at any angle was 5.5 millibarns per steradian. 


INTRODUCTION 


HE present investigation of the N'(d,n)O" re- 
action was undertaken for the following purposes : 
(1) to see if the exchange stripping theory of Owen and 
Madansky' can be applied to this reaction, (2) to see if 
information could be obtained about states in O'* above 
an excitation of 20 Mev, and (3) to investigate this 
reaction more thoroughly as a possible source of mono- 
energetic neutrons using a Van de Graaff accelerator. 
The recent development? of a neutron detection system 
which is insensitive to y rays and has a high efficiency 
for neutron detection made possible the more complete 
investigation of this low cross-section reaction in a 
reasonable amount of time. The performance of this 
experiment is a demonstration of the capabilities of this 
detection system, because of the high y-ray flux pro- 
duced in this reaction. 
There have been several earlier measurements on this 
reaction. Nonaka et al.? measured the angular distri- 


t Supported by the U. S. Atomic Energy Commission. 

1G. E. Owen and L. Madansky, Phys. Rev. 105, 1766 (1957 

? F. D. Brooks, Atomic Energy Research Establishment, Harwell 
Report NP/GEN 8 (unpublished). 

+I. Nonaka, S. Morita, N. Kawai, T. Ishimatsu, K. Takeshita, 
Y. Nakajima, and N. Takano, J. Phys. Soc. Japan 12, 841 (1957). 


bution and absolute cross section at 1.96 Mev. Morita‘ 
has measured relative cross sections at 0=0°, 90°, and 
165° from 1.0- to 2.15-Mev bombarding energy. Weil 
and Jones® have measured the 0° differential cross sec- 
tion from 1.0- to 5.4-Mev bombarding energy. Their 
results showed three strong peaks in this energy region, 
but poor energy resolution and bad statistics prevented 
the observation of any fine structure. All these meas- 
urements are in good agreement where they can be 
compared. 

A fairly good fit to Nonaka’s angular distribution was 
made by Weil and Jones® using the exchange stripping 
theory of Owen and Madansky.' Weil and Jones also 
made a good fit to eight angular distributions of the 
N'*(dn)O"* reaction using this same theory. It was 
hoped, before the present measurements were started, 
that the angular distributions for N“(d,n)O"* would be 
amenable to the same type of analysis. 

Photodisintegration experiments on O'* by several 
experimenters® have indicated that there are a number 


*S. Morita, J. Phys. Soc. Japan 13, 126 (1958). 

5 J. L. Weil and K. W. Jones, Phys. Rev. 112, 1975 (1958). 

* A. S. Penfold and B. M. Spicer, Phys. Rev. 100, 1377 (1955) ; 
L. Katz, R. N. H. Haslam, R. J. Horsley, A. G. W. Cameron, and 
R. Montalbetti, Phys. Rev. 95, 464 (1954); L. Cohen, A. K. Mann, 
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Fic. 1. Block diagram of electronics and schematic plot of PSD 
versus LS pulses. There is actually a vertical spread of about 
+ 30°; in these pulses, which is not shown in the figure 


of resolved excited states in O'* in the region of exci- 
tation between 20 and 25 Mev. In particular, Penfold 
and Spicer have found ten levels in this region whose 
widths are less than 40 kev. N"+d lies at an excitation 
energy of 20.73 Mev in the compound nucleus O'*. In 
none of the previous experiments on the N'(d,n)O" 
reaction mentioned above were the measurements good 
enough to determine whether or not such fine level 
structure could be seen. The high neutron detection 
efficiency in the present experiment made it possible to 
obtain data with much higher energy resolution and 
better statistics than was heretofore practical. It could 
therefore be expected that narrow levels in the com- 
pound nucleus might show up in this experiment. 

The only. other experiment which gives information 
on excited states in O'* in this region of excitation is 
that of Cohen, Fisher, and Warburton’ who have meas- 
ured the differential cross section at 90° of the reaction 
N'®(p,yo)O"®. Their results show resonances in the y-ray 
yield having widths of the order of several hundred kev 
to one Mev. There is fairly good agreement between the 
excitation energies observed in the capture experiment 
and those obtained from the positions of the peaks in 
the 0° yield curve observed by Weil and Jones.° 

This reaction has a high Q of 5.073 Mev and a spacing 
between ground and first excited states in the final nu- 
cleus of 5.20 Mev.® For these reasons this reaction can 
be used as a source of high-energy neutrons for doing 
neutron experiments, and a detector with only moderate 
energy resolution is needed. Measurement of the angular 
distributions determines the most favorable angular 
position for the transmission or scattering sample with 
respect to the N“ target. 


EXPERIMENTAL PROCEDURE 


The nitrogen gas was contained in a platinum thimble 
1.50 cm long. The beam entered the target through a 


B. J. Patton, K. Reibel, W. E. Stephens, and E. J. 
Phys. Rev. 104, 108 (1956); D. L. Livesey, Can. J 
1022 (1956); F. K. Goward and J. J. Wilkins, Pro 
(London) A65, 671 (1952 

7S. G. Cohen, P. S. Fisher, and I 
Letters 3, 433 (1959). 

§ F. Ajzenberg-Selove and T. Lauritsen, Nuclear Phys. 11, 195 
(1959). 


Winhold, 
Phys. 3, 
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K. Warburton, Phys. Rev. 
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0.7 mg/cm? nickel window. The beam was accelerated 
in the Rice Institute 5.5-Mev Van de Graaff accelerator 
and, after being magnetically analyzed (energy spread 
<0.1%), was collimated by two 3-mm tantalum aper- 
tures spaced 2 m apart. A 300 volt electrostatic second- 
ary electron suppressor was used to insure proper beam 
integration. The gas pressure was continuously moni- 
tored by a mercury manometer on the gas filling system 
and was varied so as to maintain the correct target 
thickness. The excitation curves were measured with 
target thicknesses between 20 and 120 kev, depending 
on the spacing of the data points. The current inte- 
gration was done with a circuit of the type designed by 
Bouricius and Shoemaker.’ 

A stilbene crystal 2.54 cm diam by 1.27 cm long was 
used as a proton recoil counter to detect the neutrons. 
Pulse shape discrimination? was used to eliminate all 
gamma- and beta-ray pulses from the spectra. Figure 1 
shows the block diagram of the electronics. The PSD 
pulse, upon which the discrimination depends, was gen- 
erated within the photomultiplier by decreasing the 
potential between the last dynode and the anode to 
about 1 volt, following the suggestion of the Chalk 
River group.” This method works very well with such 
high-energy neutrons as were observed in the present 
experiment. Figure 1 also shows the typical shape of the 
neutron and y-ray branches of the PSD pulses plotted 
against the energy of the respective radiations. The 
linear signal (LS), which was fed to the RCL 256 channel 
pulse-height analyzer after gating, was taken from the 
seventh dynode of the RCA 6903 photomultiplier. The 
energy resolution of this system is about 10% for 5-Mev 
neutrons. 

Figure 2 shows a typical spectrum observed from the 
reaction D(d,n)He’*. Part of the rising slope of the recoil 
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Fic. 2. Recoil proton spectra from the D(d,n)He? reaction, and 
from background reactions whicl n t n when the gas target 
is evacuated 
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spectrum is due to the nonlinearity of the energy re- 
sponse of the stilbene crystal, which was determined 
using neutrons between 1 and 11 Mev emitted in the 
reactions T(p,n)He’, D(d,n)He’, and N“(d,n)O". An- 
other part of the rising slope is caused by the detection 
of the neutrons coming from (d,n) reactions in the ma- 
terials of the target container itself. The spectrum of this 
“background” observed with an evacuated target is 
also shown in Fig. 2. Though the intensity is weak, the 
neutrons from the different reactions still appear as re- 
solved groups. Figure 3 shows the spectrum from the 
reaction N(d,n)O" with and without gating by the 
PSD pulses. The intensity of the y rays is approximately 
50 times greater than that of the neutrons which one 
wishes to observe. From the relative intensities of the 
two kinds of radiation and the shape of the gated neu- 
tron spectrum, it is apparent that more than 99.8% of 
the y-ray pulses have been eliminated from this spec- 
trum by pulse shape discrimination. 

Complete pulse-height spectra were measured at each 
bombarding energy in the N“(d,n)O"* experiment. The 
background was measured for 6=0°, 30°, 90°, and 164° 
with the target evacuated at intervals of 300 to 400 kev, 
as well as at all angles for each angular distri- 
bution. Two complete sets of data were taken, in ad- 
dition to several preliminary and check runs, and the 
agreement is good between different runs. 

The following method was used to determine the neu- 
tron yield from the pulse-height spectra. First, pulse- 
height spectra taken at 0° at intervals of 300 to 400 kev 
were plotted and from them a calibration curve of pulse 
height versus neutron energy was established. The mid- 
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Fic. 3. Pulse-height spectra from the reaction N'*(d,n)O''. The 
pulses in the ungated spectrum are mostly due to y rays coming 
from excited states in the final nucleus. In the gated spectrum, 
the y-ray pulses were eliminated by pulse shape discrimination. 
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dle of the steep slope at the high-energy end of the 
spectrum, the “mid-end point,” was taken as a measure 
of the pulse height. The low-energy portion of the curve 
was constructed by normalization to the energy re- 
sponse curve of the stilbene crystal. The plotted spectra 
were also used to determine an appropriate place to 
make a low-energy cutoff. The recoil proton energy, 
E., corresponding to the cutoff channel could then be 
determined from the calibration curve. The criteria for 
selecting the cutoff energy were (1) that the cutoff 
should be high enough that the number of background 
counts in the energy interval between the low-energy 
cutoff and the high-energy end point should be no 
greater than 30% of the total number of counts in the 
same interval, and (2) that the cutoff should be low 
enough that E,<0.75E,, where E, is the neutron energy 
for the particular angle of observation and bombarding 
energy at which the yield was being measured. In almost 
all cases there was no conflict in satisfying both these 
criteria, and in general the cutoff was placed low enough 
that 0.4£,<£,<0.7E, and still the background was no 
more than 10-20% of the total number of counts. The 
background, which comes from Ni(d,m)Cu, is strongly 
peaked forward so that for 6>30° the background was 
less than 10% of the total number of counts. With the 
aid of interpolation graphs of the background yield as a 
function of energy and cutoff channel, it was possible to 
make the background subtraction at all energies with 
a minimum amount of labor and an error of less than 
10% in the background, which leads to an error of less 
than 3% in the total yield. The neutron yield from the 
reaction under observation was taken to be the fraction 
E,/(E.—E,) multiplied by the difference between the 
total number of counts above the cutoff and the number 
of background counts above the cutoff. This calculated 
yield was insensitive to changes of the cutoff within the 
limits prescribed by the above two criteria. Calculations 
of the loss of counts due to wall effects showed that this 
effect was so small that it could be safely neglected. 

To check the performance of the detector, as well as 
the method of calculating the cross section, the yield of 
the reaction D(d,n)He* was measured at several energies 
between 1.0 and 5.5 Mev. The absolute cross section 
calculated from these measurements is shown in Fig. 4 
together with a curve taken from the review article of 
Fowler and Brolley,"' which summarizes the results of 
other experiments. None of our points disagrees with 
the curve by more than 5.5%. The error bars are asym- 
metric to account for the possible systematic errors in 
the measurement of (i) the target gas pressure due to 
heating of the gas by the beam and by contact with the 
beam stop, and (2) the solid angle. Both of these errors 
were such that they could only have decreased the 
measured yield. The good agreement leads us to believe 
that there is no large systematic error in the measure- 
ment of the N"*(d,n)O" cross section. 


J. L. Fowler and J. E. Brolley, Jr., Revs. Modern Phys. 28, 
103 (1956). 
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Fic. 4. Differential cross section at 0° for the D(d,n)He’ re 
action. The curve is taken from Fowler and Brolley (reference 
11), and the data points are absolute measurements made in the 
present experiment 


RESULTS 


The differential cross section at @=0°, 30°, 90°, and 
164° for the highest energy neutron group in the re- 
action N"(d,n)O" is shown in Fig. 5. At 0° the yield 
was measured in steps of 20 to 40 kev in an attempt to 
see fine structure that might not have been resolved in 
previous experiments on this reaction. Many weak, nar- 
row anomalies were discovered. The graph line is drawn 
so as to show only that structure which repeated on 
more than one run. At the other three angles the data 
were taken in steps of about 100 kev in an attempt to 
determine the gross features of the cross section at all 
angles and energies. 

The statistical errors (<2%) are no greater than the 
size of the data points and hence have not been indi- 
cated. Other possible random errors are: (1) error in 
reading the target pressure, <0.5%, (2) error in beam 
integration, <0.5%, (3) error in yield due to back- 
ground interpolation, <3%, and (4) error in the yield 
from the determination of the cutoff energy, <1%. The 
main systematic errors are (1) error due to target gas 
heating, <5%, and (2) error in the measurement of 
the solid angle, <2.5%. We estimate that our cross 
sections have total relative errors of less than +4% 
and a possible systematic error which tends to decrease 
them from the true value by no more than 5%. There 
is a possible systematic error in the scale of the bom- 
barding energy ranging from negligible at the lowest 
energy to 1% at the highest bombarding energy. 

There is some disagreement with an earlier experi- 
ment® in the value of the cross section for the 0° yield 
below 3-Mev bombarding ene rgy, the present results 
being up to 40% lower. However, the crudity of the 
earlier measurement, in which one of us (JW) partici- 
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pated, could easily account for this discrepancy. In 
particular, in the earlier experiment the subtraction of 
the neutron background was rather poor compared to 
the present method, and the only means of discrimi- 
nation against y rays was to use a very small piece of 
scintillator. There is good agreement between the two 
experiments at higher bombarding energies where the 
earlier data should be more reliable 
agreement with the absolute value 
measured by Nonaka et al.’ This measurement was at 
1.96 Mev and was made with a detector similar to that 
of Weil and Jones, so that it is possible that some of the 
same errors are present in both experiments. Also, 
Nonaka’s cross section was obtained by a comparison to 
a measurement of the D(d,n) He® made at the same time. 
The shapes of the yield curves of Morita‘ agree well with 
the present results, but the absolute cross sections do 
not agree because Morita has normalized to Nonaka’s 
measurement. It is felt that the lack of agreement at 
the lower energies is not significant, and that the present 
results are correct. 

The angular distribution of the ground-state neutrons 
was measured at ten energies distributed throughout the 
whole energy range, and the results are shown in Fig.6. 
The graph lines are only a “best eye” fit to the data 
points. The error bars show typical statistical errors 
only. There was very good agreement between angular 
distributions measured at the same bombarding energy 
on different runs. Our angular distribution at 1.88 Mev 
agrees fairly well in shape, but not in absolute magni- 
tude, with an angular distribution measured at 1.96 Mev 
by Nonaka et al.,? as would be expected from the yield 
curve measurements. 

It should be noted that there 
3.5 Mev in the present measurement of the cross section 


There is also dis- 
of the cross section 


may be an error above 


at 0°, both in the angular distributions and in the yield 
curve. This error is a result of the fact that the detector 
subtended an angle of +5°. Above 3.5 Mev the yield 
drops very rapidly from a maximum at about 20° to a 
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Fic. 6. Angular distributions ee 
from the N"*(d,n)O"* reaction. The 
typical errors shown are the sta- 
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minimum at 0°. The relatively poor angular resolution 
of the detector could easily lead to a measured cross 
section at 0° that is much larger than the true one in a 
case like this. Similarly, the peak at 20° may really be 
considerably higher and sharper than we have meas- 
ured. Since the detector in the experiment of Weil and 
Jones® subtended an even larger angle,” the above com- 
ment applies as well to their results. 

The angular distributions were integrated to give the 
total cross section which is shown in Fig. 7. The errors 
shown are compounded from the random errors men- 
tioned above and an estimated maximum error of 5% 
that may be caused by the poor angular resolution of 
the detector and the process of the numerical integra- 
tion. The total cross section rises smoothly with increas- 
ing energy, after which it is relatively constant. None 
of the strong energy dependence of the differential cross 
sections at the various angles is seen in the total cross 
section. 
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Fic. 7. The total cross section for the N™(d,#)O"* reaction ob 
tained by integrating the angular distributions shown in Fig. 6 
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here. 


2 J. L. Weil and K. W. Jones (private communication) 








r n 
rr 
@45° LAB 


DISCUSSION 


The angular distributions of the N"*(d,n)O" reactions 
shaw large changes in shape as the bombarding energy 
is increased from 0.9 to 3 Mev. Above this energy, the 
shape becomes fairly stable, the main change being that 
the maxima move slowly to smaller angles. It is not 
clear that exchange stripping theory will give a good 
fit to the experimental data over the whole energy range. 
In the cases of B"(dn)C®! and N'*(dn)O"*® it was 
possible to fit the data using interaction radii which were 
constant or else changed smoothly with increasing en- 
ergy, and a ratio of nuclear to deuteron stripping ampli- 
tude A:/A; which increased linearly with energy until 
the Coulomb barrier was reached and then remained 
constant. In order to fit the rapidly changing shape of 
the N"(d,n)O"* angular distributions below 3.5 Mev it 
willyprobably be necessary to allow large fluctuations 
in A,/A; and perhaps also in the interaction radii R, 
and R>. This would net be consistent with the previous 
experience with fits of this type. Above 3.5 Mev, the 
values of the parameters necessary to obtain a good fit 
to the data would probably change slowly, if at all. 

In the N"*(p,70)O"* experiment of Cohen et al.,” reso- 
nances are observed in the 90° yield curve at excitation 
energies of 21.8, 22.9, 24.3, and 25.0 Mev, as read from 
their published curve. The agreement with previous 
measurements on N"(d,n)O"* has already been men- 
tioned in the introduction. Even better agreement with 
the capture y-ray excitation energies is obtained from a 
comparison with the peak positions in the 30° yield 
curve observed in the present experiment. These peaks 
occur at 21.9, 23.0, 24.3, and 24.9 Mev. There are 
no other broad peaks in the N“*(d,n)O" yield curve, so 
the correspondence is one to one with the peaks in the 
N'*(p,70)0"* yield curve. Interference between stripping 
and compound nucleus formation amplitudes will prob- 
ably cause some shift in the position of the peaks in 





1084 


going from one angle to another. In spite of this shifting, 
the peaks show up at all angles except at 164°, where 
valleys occur at the same energy. Again, this is probably 
due to some interference effect. Selection of the 30° 
yield curve for obtaining the excitation energies is per- 
haps arbitrary, except that one might expect the com- 
pound nucleus effects to show up most strongly near 
the peak of the stripping angular distribution. In any 
event, the correspondence of the number of peaks and 
their excitation energies indicates that some compound 
nucleus formation is taking place in the N(d,n)O" 
reaction. 

The lack of any marked structure in the total cross 
section can be interpreted by saying that the main re- 
action mechanism is a direct interaction and that there 
is only a smal! amplitude for compound nucleus for- 
mation. The penetrability of the Coulomb barrier could 
account for the rise in the total cross section at low 
energy, and interference of a small compound nucleus 
formation amplitude with a large direct interaction am- 
plitude could give the fine structure in the differential 
cross sections. Another possibility is that there are very 
many levels formed in the compound nucleus. Inter- 
ference effects between them might then account for 
structure in the differential cross section, while the 
smooth total cross section could be explained by saying 
that the interference effects average out when integrated 
over angle. These two explanations are, in some sense, 
really the same. 

It is not possible to say whether or not the narrow 
anomalies in the 0° yield curve are associated with the 
same excited states in O'* which are responsible for the 
breaks in the O'*®(y,n)O" © yield curve. The poor pre- 
cision of the energy calibration in the photodisinte- 
gration experiment and the shifting of peak position 


with angle in the present work make it impossible to 


show a correspondence between excitation energies ob- 


cerved in the two reactions. 


RETZ-SCHMIDT 


AND J WEIL 
It would be interesting to measure the total cross 
section of the N"(d,n)O 


steps across a region In W 


reaction in 20-kev energy 

ome of the small anoma- 
lies occur. The appearance ol resonances in the total 
cross section would be good evidence for compound 
nucleus formation, and then perhaps it would be pos- 
sible to see a correspondence with the levels seen in 
the O'*(y,n)O" reaction. 

In conclusion, this reaction does not appear to take 
Effects 
which can be attributed to both compound nucleus for- 


place via any one pure reaction mechanism 


mation and to direct interaction are found in the meas- 
urement of the cross section as a function of angle and 
bombarding energy. Such a reaction makes it quite 
evident that it is really improper to speak about pure 
reaction mechanisms which are based on particular 
approximations. 

The only new piece of information obtained con- 
cerning the use of this reaction as a neutron source is 
that above 3-Mev bombarding energy the best place to 
put the object to be bombarded with neutrons is at 
15-20° to the direction of the incident deuteron beam. 
Below 3 Mev the best place is at 0°. Because of its low 
yield, this reaction will not be too useful as a neutron 
source. 
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The celestial arrival directions of over 100 000 showers with sizes greater than 10° particles have been 
determined by fast timing in observations at an altitude of 2034 m. The observations covered a band of 


declinations from —30° to +50 
earlier experiment that covered the northern sky 


with an angular resolution of 4 


, and they extended a survey begun in an 


As in the earlier experiment no significant deviation from 


isotropy was found. The atmospheric attenuation of the shower intensity was determined from the zenith 
angle distribution, and also from a comparison of the absolute shower intensity at 2034 m and at sea level. 
Within an experimental uncertainty of about 5%, both methods yield an exponential attenuation length 
consistent with the value of 107 g cm™ previously found at sea level. The absolute intensity of showers with 


more than 10 particles at 2034 m was found to be 


I. INTRODUCTION 


PREVIOUS survey of the arrival directions of 

2660 extensive cosmic-ray air showers from the 
northern sky (from declination +20° to +70°) has 
been reported in an earlier paper.’ In that survey the 
arrival direction of each detected shower was deter- 
mined from measurements of the differences in arrival 
times of the shower particles at four scintillation de- 
tectors located at the corners of a square. Showers in 
the size range from 10° to 10° particles at sea level were 
recorded. The observed distribution of the arrival di- 
rections was found to be consistent with the assumption 
that the flux of primary particles which generate 
showers in this size range is isotropic within the un- 
certainty due to the statistical fluctuations in the data. 
Similar conclusions have been drawn from the results 
of other surveys,’ carried out by different experimental 
methods. 

The detection of a deviation from isotropy of the 
flux of high-energy primaries would give important 
clues to the origin and propagation of ‘cosmic rays in the 
galaxy. Alternatively, a reduction in the observed 
upper limit to anisotropy serves the useful purpose of 
restricting the choice of models for the explanation of 
the origin of cosmic rays. The earlier survey was, 
therefore, extended to the equatorial sky (from declina- 

* This work was supported in part by funds provided by the 
U. S. Atomic Energy Commission, the Office of Naval Research, 
and the Air Force Office of Scientific Research; and in part, also, 
by a grant from the National Science Foundation, and the 
Department of Atomic Energy, Government of India 
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1.11+0.30) KX 160°* cm™ sec™' sr“ 


tion —30° to +50°) using the same experimental 
method that is described in detail in I, but with a large 
increase in the number of events recorded. This region 
of the sky is of particular interest because it contains 
the galactic center. As a byproduct, the new data 
make possible a comparison of the zenith angle dis- 
tribution of arrival directions and the absolute shower 
intensity at different altitudes, and this comparison 
gives information on the development of extensive air 
showers in the atmosphere. 

Since the present experiment is largely an extension 
of the earlier one, the results will be presented in essen- 
tially the same form as in I, but abbreviated to avoid 
repetition and with detailed descriptions of only those 
features of the analysis which are significantly different. 
Reference will be made to the earlier paper for details of 
the abbreviated descriptions. 


II. DESCRIPTION OF THE METHOD 


For each shower event we determined the relative 
arrival times (t;, ts, ts, 44) of the first shower particles to 
traverse each of four detectors at the corners of a 
square. From these data, together with the time and 
date of occurrence, we computed the zenith angle, 
azimuth, declination, and right ascension of the shower 
axis, and the quantity A=c(t;+44—t4:—t) which indi- 
cates the goodness of the least squares fit of the data 
to the calculated arrival directions. The formulas for 
these computations are given in I. 


Ill. EXPERIMENTAL ARRANGEMENT 


For the present survey a new and improved fast 
timing apparatus was constructed which is described 
in detail elsewhere.’ In this apparatus we used four 
plastic scintillation detectors with high-gain RCA 6810 
photomultipliers connected to a fast oscilloscope. The 
detectors were located at the corners of a square 35.5 m 


+G. Clark, Rev. Sci. Instr. 28, 907 (1957 
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on a side, at an altitude of 2034 m in Kodaikanal, 
South India, which is located at 10° N geographic 
latitude and 78° E longitude. Approximately 40 000 
showers were recorded during a “fast run” with scin- 
tillators that were cylindrical slabs 16 in. in diameter 
and 2} in. thick with a total surface area of 1300 cm’. 
About 70 000 more showers of four times larger average 
size were recorded during a “slow run” with smaller 
scintillators made by cutting a 16-in. scintillator into 
four equal segments. 


The photographic record of the timing pulses on the 
fast oscilloscope was projected and measured, and the 
data were transferred to IBM cards. The remainder of 
the data processing was carried out on the IBM 704 
computer in the MIT Computation Laboratory. Data 
were processed at the rate of about 5000 events per 
hour of computer time. 


IV. RESPONSE OF THE DETECTOR ARRAY 


In I we calculated the response of the detector array 
to showers of various sizes on the assumption that the 
lateral distribution can be represented by the function 


and that the integral size spectrum has the form 
K(N,@) K (10°,8)(N/10°) P(N). 


We repeated this calculation for the present experiment 
using for ro the value 101 m which is the Moliére unit 
at Kodaikanal. According to the results obtained by 
Greisen* from an analysis of the density spectrum at 


WO pay eee ne ae ae oe ee re es 








Fic. 1. 


Distributions in size of showers re orded 
during the fast and slow runs. 


*K. Greisen, Progress in Cosmic-Ray Physics, edited by J. G. 
Wilson (North Holland Publishing Company, Amsterdam, 1956), 
Vol. III, Chap. 1. 
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the value of I'(N) changes only 
slightly over the range of sizes of most of the showers 
detected in this experiment. We therefore used for 
I'(V) the constant value 1.50. The results are presented 
in Fig. 1, which shows the 
showers detected in the fast and slow runs. 


mountain altitudes, 


distributions in sizes of 


V. EXPERIMENTAL RESULTS 
A. Angular Resolution 


The angular resolution of the timing method for de- 
termining the arrival directions of extensive air showers 
is limited primarily by the lack of perfect coplanarity 
of the shower particles. The quantity A, defined above, 
differs from zero by an amount that depends on the 
degree of noncoplanarity of the shower particles which 
first traverse the four detectors. Following a procedure 
described in I, we can determine the uncertainty in a 
measurement of the arrival direction of a shower from 
the observed distribution of A. The distributions of A 
for large samples of events recorded during the fast 
and the slow runs are essentially identical to the dis- 
tribution observed at sea level. As in the previous 
experiment, the contribution of purely instrumental 
and reading errors to the breadth of the distribution is 
negligible, and essentially the entire breadth of the 
distributions is due to a lack of coplanarity of the shower 
particles. The standard deviations of the two distribu- 
tions are not significantly different from one another 
or from the value observed at sea level, and they indi- 
cate that the error in an arrival direction determination 
corresponds to a circle of confusion with a radius of 5°. 
As in the sea-level experiment, we increase the effective 
resolution of the instrument by rejecting events in which 
Aexceeds 6.4m so that the angular resolution for showers 
selected according to this criterion is about 4°. 


B. Zenith Angle Distribution 


The slant thickness 


x of atmosphere traversed by a 
shower whose axis is inclined at 


a zenith angle @ is 
given by the relation 


x 


where xo is the vertical thickness from the top of the 
atmosphere to the point of observat 
tive intensity of showers arriving fron 


Thus the rela- 
various zenith 
angles is related to the growth and absorption of 
showers in the atmosphere 

of the observed 
solid angle AR/AQ 
The slopes of these 
vo170 g cm™ corre- 


Figure 2 shows semilogarithmic plots 
rates of selected showers per unit 
versus the atmospheric thickness 
two plots are constant for a 
sponding to @<35°. It 
the effective sensitive area of the detector array pro- 
jected onto a plane perpel dicul: oO the 
tion is approximately constant 


was shown in I that at sea level 


arrival direc- 
indepe ndent of the 


arrival direction out to zenit] ; near 45°. Conse- 
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quently, the dependence of the observed counting rate 
on x is determined essentially only by the zenith angle 
dependence of the shower intensity K. The same con- 
clusion is valid in the present experiment. Therefore, 
the constant slopes of the two plots for values of x 
corresponding to zenith angles less than 35° indicate 
that K can be approximately represented by the 
formula 


K(N,@) = K(N,0) exp[ — (x—20)/ACN) J, 


where A(NV) may change slowly with N. 

For A we find the values 100+6 g cm~™ and 106+5 
g cm~*, respectively, for the fast and slow runs. These 
values are the reciprocal slopes reduced by 5% to take 
into account the broadening effect of timing errors on 
the observed zenith angle distribution. Within the 
limits of the experimental errors, both values are the 
same as the value found at sea level, namely 107+11 
g cm~?, 


C. The Absolute Intensity 


If the lateral distribution is independent of size and 
the size spectrum is a power law, then the counting 
rate of our apparatus for vertical showers is related to 
the area of the detectors by a power law with the same 
exponent as the size spectrum. This conclusion follows 
from a simple calculation well known in the analysis of 
measurements of the density spectrum. Thus the ratio 
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Fic. 2. Sernilogarithmic plots of shower intensity versus atmos 
pheric thickness as derived from the observed distributions in 
zenith angle for the fast (upper plot) and slow (lower plot) runs 
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of the counting rates for vertical showers in the fast 
and slow runs should be the ratio of the areas of the 
detectors raised to the exponent of the size spectrum, 
namely 4'*=8. The experimentally determined ratio 
of counting rates for vertical showers is 8.4+0.5. The 
indicated error arises in part from the uncertainties in 
the zenith angle distributions on which the evaluation 
of the vertical rates depends, and in part from the 
magnitudes of the fluctuations in rates observed during 
the best selected periods of observation. These fluctua- 
tions are due primarily to small variations in the effi- 
ciencies of the detectors. The agreement between the 
expected and observed ratios indicates a satisfactory 
degree of internal consistency in the data analysis. 

According to Greisen’s analysis, !'(N) changes only 
slightly between sea-level and mountain altitudes. 
Therefore, to a good approximation, we can attribute 
the change in the value of K(N,0) between sea level 
and Kodaikanal entirely to atmospheric absorption. 
At Kodaikanal we find K(10°,0)=(3.5+41.0)k10- 
cm sec! sr. At sea level we found K(10*,0) 

(3.0+1.0)10~-" cm~ sec sr“. In both cases the 
errors are intended to indicate the possible systematic 
errors in the calculations of the responses of the detector 
arrays. Since the calculations are essentially identical in 
the two cases, their fractional systematic errors should be 
nearly identical. Thus, if we assume that K is an exponen- 
tial function of the vertical depth in the atmosphere, we 
can find a value for the absorption length A’ whose uncer- 
tainty will not be seriously affected by these systematic 
errors. We find for A’ the value 


A’= 10345 g cm™ 


, 


which agrees with the values found from the zenith 
angle distributions. 

Assuming the above value of K(10°,0) and r'=1.5, 
we find the vertical intensity of showers with more 
than 10° particles at an altitude of 2034 m to be (1.11 
+0.30)K 10~* cm~ sec sr“. 


D. Distribution of Celestial Arrival Directions 


The principle problem in the analysis of the distribu- 
tion of the celestial arrival directions is to make proper 
allowance for the fact that the experiment was inter- 
rupted occasionally for maintenance and by power 
failures. As a result of these interruptions, some regions 
of the sky were under observation longer than others. 
Thus the number of showers observed to come from 
those regions would be expected to be greater even if 
the primary flux were isotropic. In order to keep track 
of the time during which various regions of the sky 
were under observation, we kept a running record of 
ON-TIME (Q(y) which we define to be the number of 
days on which the apparatus was functioning at the 
sidereal time . We then prepared a plot of Q versus 
y for a given group of events to be analyzed, and de- 
termined the average Q; of QO(y) for each of m equal 
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intervals of sidereal time for that group (for most of 
the analysis m= 36, and for the rest m= 24). Finally, 
for each interval of sidereal time we calculated a weight 
factor w,; according to the formula 


” 
mM Ni~l 

and assigned this weight to each event in the group 
which was recorded during the ith sidereal time inter- 
val. In practice, the groups into which we divided the 
data were large enough and covered enough days of obser- 
vation so that the values of w,; were always in the range 
from 0.85 to 1.15. Thus the effect of this procedure is to 
even out the effective exposure time for all portions of 
the sky without significantly changing the statistical 
significance of each event from what it would have 
been if it were given unit weight. The weights deter- 
mined in the above manner are called weights based 
on logged ON-TIME. We combined the data from the 
steadiest periods of operation during the fast and slow 
runs and tabulated the total weights of events in 
10° 10° areas of a Mercator projec tion of the celestial 
sphere, The results of this tabulation are shown in 
Fig. 3. 

In view of the difficulty of maintaining very uniform 
triggering efficiencies which is inherent in a detector 
system utilizing scintillation detectors, and also in view 
of the difficulty of maintaining an exact record of the 
operation of the apparatus, it seemed advisable to use, 
in addition to the weighting procedure outlined above, 
another one which would remove nearly all trace of 
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anisotropy due to sy errors in the evaluation 


of ON-TIME. Thi 


one which removes the 


tematlk 
other procedure is a conservative 
suspicion of instrumental cause 
from any observed anisotropy. It is made possibly by 
the fact that at any given moment the apparatus 
views a circular region of ky which is limited by 
absorption to a solid approxi- 
As the earth turns during a day, 
a band on the 


atmospheri angle of 


mately 30° in radius 


this broad circular region sweeps out 


celestial sphe re extending approximate ly 30° in declina- 


tion on either side of zenith. If, in the tabulation of 


directions, the same number of 
included from each of M(M>>360°/60°) 
equal sidereal time intervals, then the observed in- 
tensity from any part of the sky will be approximately 
normalized to the average intensity within the large 
field of view. Consequently, if the primary flux is 
isotropic, and if M is sufficiently large, this procedure 


the celestial arrival 


events are 


should give an observed distribution with statistical 
fluctuations less 
with weights based on an accurate ON-TIME calcula- 
tion. On the other hand, if the primary flux is aniso- 
tropic with a broad first variation in right 


ascension, this procedure would give an observed dis- 


than those expected in an analysis 


harmoni 


tribution with nearly isotropic characteristics, since 
the broad variation would not produce a large variation 
in intensity within any given field of view. Suppose, 
however, that an anisotropy of the primary flux existed 
in the form of a concentrated source, or of a ridge of 
high or low Such an anisotropy, highly 
would affect 


in a small por- 


intensity. 
tial coordinate the ob- 


served distribution of arrival di 
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Fic. 3. Total weights based on logged ON 
of the celestial sphere. The declination 


rIME for events recorded within 10° 10 
band averages are indicated on the right-hand 
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tion of the field of view during three or four sidereal 
hours. This weighting procedure would therefore only 
slightly reduce the magnitude of the observed anisot- 
ropy. It is clear, consequently, that this procedure is 
a conservative one which eliminates false effects due 
to nonuniform ON-TIME and which tends to suppress 
real anisotropies. However, if the observed distribution 
obtained in this way reveals evidence of anisotropy, 
then this evidence is specially significant. 

In practice, we carried out this procedure by first 
counting the numbers N;, of accepted events in each 
of M equal intervals of sidereal time in each of several 
large (~ 6000) groups of events (for most of the analysis 
M =36, and for the rest M=24). For each sidereal 
time interval we then calculated a weighting factor W, 
according to the formula 


v.-L(#m) /m 


We then assigned the weight W; to each accepted event 
which occurred during the ith sidereal time interval, 
and tabulated the total weight of the events in 10° 10° 
areas of a mercator projection of the celestial sphere. 
The results of this tabulation are shown in Fig. 4. 
More events are included in this tabulation than in 
the previous one (Fig. 3) because this more conserva- 
tive procedure for the calculation of the weights re- 
moves the requirement that only events recorded 
during steady periods of equipment operation be 
accepted. 


Once the distributions of total weights were tabu- 


Total weights based on numbers of events recorded during equal intervals 


idereal time 


lated on Mercator projections of the celestial sphere, 
a series of statistical tests were applied in order to 
determine whether the observed distributions were con- 
sistent with the hypothesis that the flux of primary 
particles is isotropic. These tests are all based on the 
observation that if the primary flux were, indeed, 
isotropic, then the observed intensity of events should 
be independent of right ascension. This conclusion 
follows from the fact that, as the earth revolves, all 
points on the celestial sphere with a given declination 
pass through the field of view in exactly the same way. 
Thus one can determine for a given band of declina- 
tions on a Mercator tabulation an average weight of 
events for a series of equal intervals of right ascension. 
One can then compare the fluctuations of the observed 
weights of events in the intervals with that to be 
expected on the hypothesis of isotropy. In addition, 
one can compare the total weight of events observed 
to lie in a certain pre-selected region, (e.g., near the 
plane of the galaxy) with the total weight expected on 
the basis of the averages calculated for each declination 
band. 

The fluctuations from the declination band averages 
are summarized in Fig. 5 where the sizes of the fluctu- 
ations are indicated by characteristic markings in each 
10° 10° interval. We recognize no significant pattern 
in these fluctuations. 

The following specific tests for isotropy were applied 
to the Mercator tabulations: 

(a) Chi-squared tests: We call C,, the total weight 
arrived the 
(j=1,- + -36) 


which from directions in 


1,- +18) 


of events 


ith (4 declination and jth 
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Fic. 5. Fluctuations from declination band averages of the tabulation (Fig. 3) based on logged ON-TIMI 


right ascension intervals. We call C,; the declination and for an entire tabulation i 
band average and define it by the equation 


’ 
> - 
‘in 


; 4 
> Ci. 
36 i 


a 


where a and b are chosen so that only declination bands 
with a significant weight of events are included. If n 
intervals are included i 


band is . 


Then the value of chi-squared for each declination s 
value of (2x?)'— (2n— 3)! should have an approximately 


in evaluation of x?, then the 


normal distribution, provided the primary flux is 
isotropic. 
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showing special regions 
(3) near the direction 
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(4) near the galactic 
center, (5) near the lo 
cation where Sekido 
found evidence of a 
point source, and (6) 
near the north galactic 
pole 
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The values of X7 and X/ for the two tabulations are 
listed in Figs. 3 and 4. The largest value of X? for either 
tabulation is 57.2, and the probability that X? should 
have exceeded this value for one or more of eleven 
independent bands is 0.09. The probability that x/ 
exceed the largest of the two values quoted is 0.54. 
Thus the chi-squared tests show no evidence of a 
“lumpy” anisotropy in the tabulated distributions. 

(b) We compared the expected and observed total 
weights within special regions including the 10° 10° 
areas whose centers (on a Mercator projection) lie: 


1. Within 10° of the galactic plane (Fig. 6). 

2. Within 10° of the plane normal to the spiral arm 
(Fig. 6). 

3. Within 20° of the direction in along the local 
spiral arm of the galaxy (a=20*, 5=35° N; Fig. 7). 


TABLE I. Expected and observed weights of showers 
from several special regions of the sky. 


Observed 
13 555.3 
17 949.9 
3583.2 
1267.3 


Expected 
13 528.6 
17 880.6 
3546.4 
1232.8 


1. Galactic equator 
2. Perpendicular to spiral arm 
3. Along the spiral arm (a = 20", 5=35°) 
4. Galactic center (a= 17* 20", 5=42° S) 
5. Sekido’s point source 

(a= ¥ 30", 5=0.5° N) 
6. North galactic pole 

(a= 124 40", §= 30° N) 
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4. Within 20° of the galactic center (a=17* 20", 
5= 42° S; Fig. 7). 

5. Within 10° of the location where Sekido® has 
found evidence of a point source of high-energy par- 
ticles (a=5* 30", 5=0.5° N; Fig. 7). 

6. Within 20° of the north galactic pole (a= 12* 40", 
5= 30° N;; Fig. 7). 


The results of these tests are summarized in Table I. 
They show no significant evidence of anisotropy. It 
should be emphasized in connection with region 5 that 
the results of this experiment are not directly com- 
parable to those of Sekido since the average energy of 
the primaries we observed is at least 100 times the 
average energy of those observed by Sekido. 

All of the above tests yield no evidence of anisotropy 
in the celestial arrival directions of over 100000 
showers with an average size of about 3X 105 at 2034 m 
as observed from a station at 10° N latitude. 
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The charge-exchange scattering of negative pions by hydrogen has been measured at a bombarding energy 
of 150 Mev. The energy distribution of gamma rays from the decay of the neutral pions was measured with 


a lead glass Cerenkov counter at laboratory angles of 45°, 75°, 105°, and 135”. If 
ential scattering cross section in the center-of-mass system is expanded as a series of Legendre polyn 


the result is: 


da/dQ= (1,00+0.03)[3.3940.11— (1.54+0.29) P; (cosé’ 


lhe total cross section for charge exchange, obtained by integration, is then ox: fz 


I. INTRODUCTION 


HE differential scattering cross section for the 
charge-exchange reaction 

x +p—r-+n (1) 
has been studied by the use of a lead glass gamma-ray 
spectrometer at incident pion energies of 128 Mev,! 
and of 61 and 95 Mev. In the present paper this work 
is extended to include an incident pion energy of 150 
Mev. 

The measurement reported here is a direct measure- 
ment of the angular distribution and the total cross 
section. Previous work of Ashkin et al. at this energy® 
consisted of a direct measurement of the angular dis- 
tribution of the gamma rays from the process of Eq. 
(1), but their reported value of this cross section is 
normalized to an indirect measurement of the total 
cross section for this process 

In addition, the technique of the present experiment, 
which combined a lead glass Cerenkov counter, utilized 
as a gamma-ray spectrometer,‘ with a counter telescope 
and a lead converter, is different from that of reference 
3 which used only a counter telescope and a lead con- 
verter. Therefore, the possible systematic errors of this 
experiment are different from those of reference 3. 


II. EXPERIMENTAL METHOD 


The angular distribution, in the center of mass, of 


(1) can be expressed as a series of Legendre poly- 


* Research supported by a joint program of the Office of Naval 
Research and the U. S. Atomic Energy ( 
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the charge exchange differ 


ymials, 


3.57+0.56) Ps(cos’ ]mb-sr 


-42.6+1.9 mb 


nomials ; namely, 


dq) 


angle of emission of tl 


where @ is the 1e neutral pion 
relative to the direction of the negative pion. Under 
the assumption that the two-gamma decay of the 
neutral pion is isotropic in the pion rest frame, then 
transformation of Eq. (2) into the laboratory system 
yields the following expression for the energy and angu- 
lar distribution of the gamma-ray intensity in the lab- 


oratory system: 


d’*a ka 
T(k)=B 
dQdk 


[N ,AQEs/], in 


target 


In this expression B is a constant, B 
which NV, is the average number of 
traversed by an incident pion, AQ is the 


the detec tor, | OP is a dete tion eff lency fac tor and I 


protons 


solid angle of 


s the 


is the number of pions traversing the target. 8 
velocity of the x in the 


vo= (1—8?)-*. Rk” is 
the rest frame of the neutral pion, 67.5 Mev. 8 i 


and 
the energy of the gamma ray in 


center-of-mass system 


; 


velocity of the center of mass and 1—g 
The summation over / in Eq. (3) is restrict 
values of / from 0 to 2 by the assumption that only 
s and p waves are required to describe the 
distribution of (1 
A lead glass Cerenkov 


angular 
spectrometer was used to 
four 
angles. The experimental data are fitted to Eq. (3) 
after the effects of the converter efficiency and the 
finite energy resolution of tl nter have been folded 
in. A least-squares fit is used to determine the 
{ — | ror 


measure the gamma-ray energy distribution at 


values 
with 


issociated 


of the appropriate 
these estimates 
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Ill. THE APPARATUS 
A. 150-Mev Pion Beam 


The pions are produced by the 450-Mev proton beam 
striking a 2-inch beryllium target inside the cyclotron. 
The negative pions emitted in the forward direction 
are bent outward by the cyclotron magnetic field and 
are also focused in the cyclotron fringe field. The 150- 
Mev negative pion beam enters a vacuum pipe which 
connects the cyclotron with the experimental area. It 
then is focused by a quadrupole focusing magnet and 
traverses the meson channel of the rotary shield to the 
experimental area. The beam emerges from the vacuum 
pipe through a thin Mylar window and is deflected and 
focused by a wedge magnet. Range curves of this beam 
were measured in aluminum and carbon and gave a 
pion energy, corrected to the center of the hydrogen 
target, of 150+1 Mev. The muon and electron con- 
tamination of this beam could be estimated from the 
range curves and was 5.8+2.0%. The beam distribu- 
tion at the target position was measured with the aid 
of a } in. cubic scintillation counter. From this it was 
determined that 99+1% of the beam traversed an 


average of 0.607 g/cm?* of hydrogen. The beam scan 
was repeated in the horizontal plane at the end of the 
experiment to determine whether any drifts in the 
magnet system had changed the beam distribution. No 
such change was observed. 

The hydrogen target was a cylinder of Mylar 0.003 


inch thick, 3.72 inches in diameter and 5 inches high, 
mounted in a vacuum chamber with an external alu- 
minum wall 0.010 inch thick.® 


B. Counters and Electronics 


All of the scintillation counters used were } inch 
thick and were viewed by 6810 photomultipliers. The 
incident pion beam was monitored by two of these 
scintillation counters, A and B in Fig. 1. Counter A 
was 3 inches square, and counter B was 23 inches 
square. The gamma rays were detected by a counter 
telescope 14+2+3 in front of the Cerenkov counter 
with a 2-inch diameter lead converter between counters 
2 and 3. The converter thickness was 0.317 cm. Counters 
No. 1, 2, and 3 were disks. The diameter of No. 3 was 
6 inches, while the others were 4 inches in diameter. 


4 Lead Converter 
3 
‘+ aa 


ead Gloss 


Cerenkov Counter 


Fic. 1. The experimental arrangement for the 
charge-exchange scattering experiment 


* The author wishes to thank Professor Kruse for the use of his 
hydrogen target. 
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i l EEE 
) Z 225 250 275 
Energy (in Mev) —> 
Fic. 2. The results of the pulse height to energy calibration. 
rhe points designated by dots were determined with incident 
electrons contaminating the 70-Mev pion beam and by the elec 
trons contaminating the 128-Mev and 61-Mev negative pion 
beams. The points designated by circles were estimated from the 
kinematic limits of the gamma-ray energy from several of the 
spectra observed in the charge-exchange reaction at bombarding 
energies of 61, 95, and 150 Mev. 


The geometrical arrangement is shown in Fig. 1. 
Counters 1, 2, and 3, and the Cerenkov counter were 
mounted in a bracket on a table which rotated about 
the geometrical center of the hydrogen target. 

The electronic circuits used in this experiment are 
completely new and have been described in detail else- 
where.’ A coincidence of (A+B+1+243) was used 
to trigger a linear gate of 20 musec duration. Time 
coincident pulses in the lead glass counter were passed 
through this gate into a 50-channel pulse-height 
analyzer. 

The efficiency of the counters was determined by 
placing all five counters in a row in the pion beam. The 
over-all efficiency of A+B+1+42 in this system was 
99%. The measured inefficiency of 3 was one part in 
five thousand. 


C. Calibration of the Lead Glass Counter 


The general method of calibrating the lead glass 
counter has been described earlier.' A negative pion 
beam with a large electron contamination was used. 


‘The energy of the electrons incident on the glass counter 


could be varied from 50 to 150 Mev by adjusting the 
current in a wedge magnet. The response of the system 
was linear from 50 to 130 Mev. At higher energies, 
there were significant deviations from a simple linear 
relation. Because the highest energy gamma ray that 
could be observed at the angles used in this experiment 
was 252 Mev for spectra observed at 45° in the labora- 
tory, it was necessary to know the behavior of the 
counter in this nonlinear region. There were two differ- 
ent methods of obtaining information about this region 
of the calibration curve. First, the electrons which 
contaminate the 128-Mev and the 61-Mev x~ beams 
could be separated from the pions by pulse-height 
analysis with the glass counter directly in the beam. 
This yielded two points on the calibration curve, shown 
in Fig. 2, one at 148 Mev and the other at 228 Mev. 
The second method of determining points at high 
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energy was to observe the maxima of the gamma-ray 
spectra at various angles in this experiment and in the 
charge-exchange reactions at 61 Mev and 95 Mev? 
The bombarding energy and angle of observation de- 
termine the kinematic limit of the gamma-ray energy 
which can be observed. This kinematic limit is inde- 
pendent of any assumption as to the angular distribu- 
tions involved. Care was taken to allow for the finite 
resolution of the counter and errors of reasonable size 
were assigned to the estimates. The results are shown 
in Fig. 2. The pulse height as a function of energy is 
shown for the incident electrons as well as the upper 
limits of the gamma-ray spectra. It is easily seen that 
where both types of estimate were available, the two 
are in fair agreement. The straight line portion of the 
curve is a least-squares fit to the experimental points 
in that region. The equation for the straight line is 


C= (0.236+0.004) E— (5.0+0.4), (4) 


where C is the channel number in the pulse-height 
analyzer and £ is the energy in Mev. 

The solid curve indicates the relation used to convert 
pulse height to energy over the entire energy region. 
The two dashed curves represent estimates of the 


extreme limits which can be placed on the pulse height 
to energy relation. Since these curves intersect near 
225 Mev, this was used as the cutoff point for the 
interpretation of the data. This is also necessary be- 


cause there is only one point at significantly higher 
energies so that the behavior of the curve in this region 
is not well defined. 

The errors on the spectra in the nonlinear region of 
this curve were set by grouping the data alternately 
using each of the three curves. The deviations of each 
energy bin using curves A and C in Fig. 2 from the 
same energy bin determined by using curve B, were 
combined incoherently with the statistical error of the 
point using curve B, and this combined total is assigned 
as the experimental error on that point. 

The nonlinear effects discussed above are thought to 
be the result of the operation of the electronics and are 
not to be associated with any shower losses from the 
glass counter. The most probable explanation is that 
the timing of the signal pulse in this rather short gate 
(20 mysec) was a function of pulse height and that this 
change in the timing of the gate introduced the ob- 
served nonlinearity. 

Figure 3 shows the width, ¢, of the Gaussian fitted 
to the pulse-height distributions obtained with incident 
electrons, plotted against the incident electron energy. 
These widths are consistent with a constant value 
within the experimental errors. It has been assumed 
that the width is independent of energy over the entire 
energy region of interest. In fact, the final cross sections 
are very insensitive to the resolution. This has been 
checked by fitting the experimental data with three 
different values of the resolution. The best value of the 
resolution, as determined from Fig. 3, was varied by 
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+10%, and the data were re analyzed with each of these 
values for the resolution. The coefficients, A;, of the 
angular distribution changed by less than 1% as a 
result of a 10% change in the resolution. The total 
cross section varied by about 1% with these variations 
of the resolution. 

A precision pulser was used to check on the stability 
of the e'ectronic system at frequent intervals during 
the course of the experiment. Each time the angle of 
observation of the spectrometer was changed, it was 
placed directly in the meson beam and a pulse-height 
spectrum recorded. This gave added assurance that 
within any given set of data, there was no change in the 
spectrometer performance. 

The gamma-ray detection efficiency of the system 
has been determined in exactly the manner described 
earlier.’ 


IV. THE EXPERIMENTAL DATA AND RESULTS 


Pulse-height spectra were taken with hydrogen in 
and out of target, and with the converter in and out 
of position. The four types of spectra were alternated 
throughout the experiment. The signal to background 
ratio was greater than 10 to 1 at all angles. From the 
net of this data, the counts due to the process 


x +p-— n, (5) 


were subtracted. This was accomplished by calculating 
the number of gamma rays per steradian due to the 
process in Eq. (5) by detailed balance from the inverse 
proc ess 


(6) 


The cross section for this 


reaction, 


process is re lated to the 


>ri+n, (7) 


by the ratio of negative to po itive 
tion on deuterium 


pion photoproduc- 
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The measured values for the processes Eq. (7)* and 
Eq. (8)? were used to determine the number of gamma 
rays due to the reaction of Eq. (5) at each laboratory 
angle. This number was multiplied by the calculated 
detection efficiency for gamma rays in each appropriate 
energy interval at each angle, and the resolution of the 
counter was folded in. The resulting distribution of 
gamma rays was then subtracted from the observed 
spectrum at each angle. These spectra are attributed 
to gamma rays from the charge exchange reaction of 
Eq. (1). 

A least-squares fit of the constants of Eq. (1) to the 
corrected data has been carried out. Under the assump- 
tion that only s and p wave scattering contribute to 
the cross section, the result is 


da/dQ (1.00+0.03)[3.39+0.11— (1.54+0.29) P;(cosé’) 
+ (3.57+0.57)P2(cos@’) Jmb-sr. (9) 


If, however, the possibility of d wave scattering is 
considered, the number of Legendre polynomials must 
be increased. For a complete analysis of d wave scatter- 


Taste I. A summary of the systematic correction 
factors and their uncertainties. 


Correction 


Type of correction Factor 


1. Contamination of pion beam. 
2. Fraction of the beam traversing the target. 
3. “Empty” target filled with hydrogen gas at 
liquid hydrogen temperature. 
Losses of gamma rays due to conversion in 
the target walls. 
Energy of the incident beam. 
Counter telescope inefficiency. 
7. Uncertainty in the absolute gamma-ray 
detection efficiency. 


0.94+0.02 
0.99+0.01 


0.98+0.00 


1.00+-0.00 
1.00+0.00 
0.99+0.00 


1.00+-0.02 
0.90+0.03 


Resultant 


ing, the analysis would have to be extended to include 
P,(cosé’). However, the effects of d wave scattering 
are not thought to be an important contribution at 
incident pion energies of less than 200 Mev. Therefore, 
if an effect is present at this energy, it is expected to be 
small and will be more evident in the cross terms than 
in the term in P,(cos@’). For this reason, the analysis 
was carried out again using the Legendre polynomials 
up to /=3, and the result is 
de /dQ= (1.00+0.03) 

<((3.4340.12)— (1.3540.32) P:(cos6’) 

+ (3.72+0.57) P2(cos6’) 

+ (1.36 1.00) P3(cos#’) Jmb-sr™. 


This is not a significantly better fit to the experi- 
mental data than the fit of Eq. (9), and so it may be 
concluded that, if any effects of d-wave scattering exist 
at this energy, they are smaller than the present experi- 
ment can detect. 


(10) 


*R. L. Walker, J. G. Teasdale, V. Z. Peterson, and J. I. Vette, 
Phys. Rev. 99, 210 (1955) 
*R. H. Land, Phys. Rev. 113, 1141 (1959) 
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TABLE II. Error matrix for the angular distribution 
in units of (millibarns per steradian}. 


Ag Ay A; 
0.02619 
0.03481 

+ 0.31119 
Degrees of freedom = 25. 


0.00283 


0.01306 
wee 0.08183 


= 16.8 
Level of confidence ~88°%, 


In these equations, the coefficient outside of the 
bracket has been written to indicate the uncertainties 
which are independent of angle, while the errors 
attached to the coefficients inside the bracket result 
from the least-squares fit and are statistical in origin. 

The integrated value of the cross section in Eq. (9) 
gives: 
> w°) = 4 Ay=42.641.9 mb. 


Cror(® 


(11) 


Table I provides a summary of the uncertainties in 
the absolute value of the cross section. Table IT gives 
the elements of the error matrix for the least-squares 
fit, together with the confidence level of the fit as de- 
termined from the “chi-squared” test. 

Figure 4 shows the energy distribution of the charge 
exchange gamma rays at each of the four angles of 
observation. The experimental values with their at- 
tached errors are shown together with the histograms 
which indicate the numbers predicted for each energy 
interval by the parameters obtained in the fitting 
procedure. 


400 
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Fic. 4 
rays at each of the four angles of observation. The histograms 
indicate the numbers predicted by the parameters obtained in the 
fitting procedure. The points are the corresponding observed 
numbers, with the assigned errors attached. The errors shown are 
the combination of the statistical errors and the error arising 
from uncertainties in the calibration 


Energy distributions of the charge “ae gamma 
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Taste III. Comparison of the results of this paper with those find a higher value for the total transmission measure- 
of reference 3 (Ashkin et al.). The coefficients are for the expansion or , 
do /d2= a+b cosb-+-c cos’ ment. There is good agreement between the present 
results and the results of Ashkin et al., if the angular 
Coefficient P b ‘ distribution they report is renormalized to agree with 
: - the total cross section reported here. This amounts to 
Present paper 1610.26 1.544050 5.354088 an increase of 23% for their total cross section and all 
Reference 3 norma! 2 —- . , , 
ized to present of their coefficients. The results of this comparison are 
; total —_ _ 1.894-0.15 1.65+0.13  446+0.31 contained in Table III. The present result agrees well 
Xeference 3 without Z a oat , ate P 59 = 
amin iiedion 154-40.09 13440.09 3.634021 With the re sult of Kruse and Arnold at 152 Mev. Their 
result is otor(#~ x") = 40.4 mb. 


* The quoted errors on these include a contribution from the uncertainty VI. ACKNOWLEDGMENTS 


in the normalization factor. 

V. DISCUSSION The author wishes to express his gratitude to Pro- 
fessor C. M. York, who suggested this problem, and 
whose encouragement and advice throughout the course 
of this experiment were of invaluable assistance. Thanks 
are also due to Dr. E. L. Garwin, R. Gabriel, and W. 
Stanula for their assistance in taking the data. The 
cooperation of Mrs. Cynthia Chamot of the Applied 
Mathematics Division of the Argonne National Lab- 
oratory is gratefully acknowledged for her help in 
writing the “Fortran” program which permitted the 
calculations to be made on an IBM 704 computer. 

The author is also indebted to Professor V. L. 
Telegdi and Professer S. C. Wright for their interest 
and advice 


A direct comparison of the measurement reported in 
this paper can be made with the earlier results of 
Ashkin et al.,2 which is oto(#~ — 2°) =34.641.2 mb. 
The difference is mainly due to the method of calcu- 
lating otor(#~ — 2”). Ashkin et al., as was stated pre- 
viously, normalized their value of the coefficients de- 
scribing the angular distribution for charge exchange 
to the difference between their total transmission mea- 
surement and the integrated value of their elastic 
scattering measurement. Kruse and Arnold® have re- 
cently remeasured both of these cross sections and 

*U. E. Kruse and R. C. Arnold, Phys. Rev. 116, 1008 (1959 
The value quoted for their result has been calculated by the 


present author from the angular distribution for elastically. in their paper. No attempt has been made to calculate the error 
scattered pions and the total transmission measurement reported on their values 
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Charge-Exchange Scattering of Negative Pions at 61 Mev and 95 Mev* 


C. M. Yorx,f W. J. Kernan,f anv E. L. Garwrn§ 
The Enrico Fermi Institute for Nuclear Studies and The Physics Depariment, The University of Chicago, Chicago, Illinois 
(Received March 31, 1960) 


The charge-exchange scattering of negative pions by liquid hydrogen has been measured at 61+1 Mev 
and 95+2 Mev bombarding energy. The measurements were made with a gamma-ray spectrometer which 
employs a lead glass Cerenkov counter. If the charge exchange scattering cross section is expanded as a 
series of Legendre polynomials in the center-of-mass system of the collision, we find that at 61 Mev, 

da /dQ= (1.00+-0.05) [0.613 +0.030— (0.830+0.068) P; (cosé’) + (0.183+0.150) P2(cosé’) ] 
and at 95 Mev, 
da /dQ= (1.00+0.03 [1 05+0.05 — (1.15+0.12) P; (cosé’) + (0.3340.25) P2(cos#’ J 
he total cross section for charge exchange, obtained by integration, is: oto1(* > 7) = 
Mev and otor(e~ — #°®) = 13.2+0.8 mb at 95 Mev. 


A table summarizing the measurements performed by this group at 61 Mev, 95 Mev, 128 Mev, and 150 
Mev is given 


‘id 


+0.6 mb at 61 


I. INTRODUCTION which has been carried out for incident pions of 128 


‘| ‘HE study of the charge exchange reaction, Mev with the aid of a lead glass, gamma-ray spec- 
trometer,’ is extended in the present work to pions of 
rt+p—r+n ly +n, (1) 95 Mev and 61 Mev incident energy. Although some 
* Research supported by a joint program of the Office of Naval modifications of the apparatus and its mode of opera- 
Research and the U. S. Atomic Energy Commission tion were made in this work, the technique is essen- 
t Present address: CERN, Geneva, Switzerland 
¢{ Present address: Argonne National Laboratory, Lemont, 
Illinois 
§ Present address: Department of Physics, University of Illinois, 1E. L. Garwin, W. J. Kernar im, and C. M. York, 
Urbana, Illinois Phys. Rev. 115, 1295 


tially the same as that used earlier. A similar measure- 
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ment at 150 Mev is described in an accompanying 
paper.’ 


Il. EXPERIMENTAL METHOD 


The reaction in Eq. (1) can be studied by assuming 
that the neutral pions are emitted in the center-of-mass 
system of the collision with an angular distribution 
expressed in terms of Legendre polynomials. The ex- 
pansion is limited to three terms, corresponding to s 
and p wave emission of the neutral pions. The differ- 
ential cross section can then be written: 


da(6') 2 
3 AP (cos), 


dQ’ b= 


where @’ is the angle of emission of the neutral pion, 
measured relative to the direction of the negative pion. 
The spectral intensity of the gamma rays produced by 
the neutral pion decay and detected in the laboratory, 
can be shown to be: 


B 2 cosa — 8 
eve Ce 
Buyok y(1—B cosa) 1—£ cosa 


1 k”’ 
xP (1- )| ; 
8 kyoy(1—8 cosa) 


where & is the gamma-ray energy in the laboratory in 
Mev; B is a constant, B=(N,AQEo/), with N, the 
average number of target protons traversed by an 
incident pion, AQ the solid angle of the detector, / the 
number of pions traversing the target, and Ep» a de- 
tection efficiency factor. 8» is the velocity of the x” in 
the center-of-mass system and yo= (1—8¢)~*. k” is 
the energy of the gamma ray in the rest frame of the 
neutral pion (=67.5 Mev). 8 is the velocity of the 
center-of-mass system and y= (1—{*)~+. @ is the angle 
of observation in the laboratory system. 

The method consists of measuring the absolute 
number of gamma rays and their energy distribution 
for several angles of observation, a. The results are 
used to determine the parameters A; which in turn 
specify the angular distribution of the emitted neutral 
pions in Eq. (2). However, before the A; can be de- 
termined, the spectra in Eq. (3) must have the spec- 
trometer resolution and detection efficiency folded into 
them. This folding operation has been carried out 
numerically. The gamma-ray spectra measured in this 
experiment receive a small contribution from the 
reaction 


a +p— +7. 4) 


2 W. J. Kernan, preceding paper [Phys. Rev. 119, 1092 (1960) ]. 
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TABLE I. The number of counts in each 25-Mev interval of the 
experimental data and the expected number in that interval, 
calculated from the result of the least-squares fit. 


Pion Gamma 
energy 
Mev 


Laborat< Number of counts 


Experimental Calculated 


61 5 98+18 
00+13 
34+10 

7+ 8 
0+15 


118+18 
100415 
86+ 20 
24415 
O+12 


166+ 44 
130+17 
118+ 27 
21418 
0+10 


133440 
151+19 
122+32 
404-20 
27418 


225+ 50 
195+ 20 
145433 
45417 

9+12 


145+48 
109+32 
100425 
1064-25 
73426 
46427 
O+18 


157443 
152435 
157429 
12645 
96+ 58 
73416 
27434 


189+ 38 
217435 
182+ 31 
248+ 58 
172433 
89+ 30 
50+ 32 


218438 
214435 
216435 
259+ 65 
210+41 
126+61 
41433 


This contribution can be calculated,? and a suitable 
correction applied to the data. The A; were then de- 
termined from the corrected data by the method of 
least squares. 
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TABLE II. A summary of the systematic correction 
factors and their uncertainties. 


Type of correction 


1. Contamination of pion beam. 


Fraction of the beam 


Correction factor 


95 Mev 


0.864+-0.015 
0.845+0.016 


61 Mev 


0.48340.020 
0.982+0.002 


traversing the target 

. “Empty” target filled with 
hydrogen gas at liquid 
hydrogen temperature. 

. Losses of gamma rays due to 
conversion in the target 
walls. 

Energy of the incident beam 
6. Counter telescope 
inefficiency 
7. Uncertainty in the absolute 
gamma-ray detection 
efficiency. 


0.98 +0.00 0.98 +0.00 


1.00 +0.00 1.00 +0.00 


1.00 
0.99 


+0.00 
+0.00 


1.00 
0.99 


+0.00 
+0.00 


1.00 +0.02 1.00 +0.02 


Resultant 0.708+0.023 0.460+0.021 


Ill. APPARATUS 
A. Pion Beams 


The pion beams were monitored by two scintillation 
counters, A and B, indicated in Fig. 1 of the accompany- 
ing paper. The energy of each beam was determined by 
measuring the range of the pions in carbon. The energies 
so determined were: 6141 Mev and 9542 Mev. From 
the range curves it was possible to determine the con- 
tamination of the beam by mu-mesons and electrons. 
This contamination was 51.742.0% in the 61-Mev 
beam and 13.6+1.5% in the 95-Mev beam. The in- 
tensity distributions of both beams were measured with 
the aid of a }-in. cubic scintillation counter. From this 
it was determined that 98.2+1.0% of the 61-Mev 
beam traversed an average of 0.597 g/cm? of liquid 
hydrogen and that 84.5+1.6% of the 95-Mev beam 
traversed 0.580 g/cm? of hydrogen. 

The target was a cylinder of Mylar 0.003 inch thick 
mounted in a vacuum chamber with an external alu- 
minum wall 0.010 inch thick.* 


B. Electronics 


The electronic circuits used in the present work are 
entirely new and have been described in detail else- 
where.‘ A coincidence of (A+B+1+2+3) was used 
to trigger a linear gate of 20 myusec duration. Time 
coincident pulses in the lead glass counter were passed 
through this gate into a 50-channel pulse-height ana- 
lyzer. An over-all counter efficiency of 99% was de- 
termined with all five counters placed directly in the 
pion beam. The anticoincidence counter had a measured 
thousand in this 


inefficiency of one part in five 


arrangement. 


* The authors wish to express their gratitude to Professor Kruse 
for the loan of his hydrogen target and the associated equipment. 

*R. Gabriel, E. L. Garwin, and C. M. York, Nuclear Instrs 
Methods 5, 1 (1959) 
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C. Calibration of the Lead Glass Counter 


The lead glass counter was calibrated in the same 
way that it had been done earlier. A detailed descrip- 
tion of the procedure is given in the accompanying 
paper.” 


IV. THE EXPERIMENTAL DATA AND RESULTS 


The each 25-Mev 
interval of the spectra obtained at various angles of 
observation are summarized in Table I. It is to be noted 
that the data of the two energies were taken for different 
numbers of monitor counts. The errors assigned to the 
experimental points include both the statistical un- 
certainty of the number of counts combined with the 
uncertainty of the size of a 25-Mev interval as deter- 
mined from the calibration Fig. 2 of the 
accompanying paper.” 

A least-squares fit of the data to the expression of 
Eq. (3) gives: 


number of counts observed in 


curve in 


at 61 Mev, 


da /dQ= (1.00+0.05) 
X[_(0.613+0.030) 


+ (0.183+0.150) Pol 


0.830+0.068) P; (cos6’) 


cos@’) | (6) 


at 95 Mev, 
(1.00+0.03) 
[(1.05+0.05 


da/dQ 
1.15+0 12) P;(cosé’) 


+ (0.3340.25)P2(cos6’) |. (7) 


In these equations we have written the coefficient out- 
side of the bracket to indicate the systematic error 
which is independent of angle, while the errors attached 
to the coefficients inside the bracket result from the 
least squares fit and are statistical in origin. The inte- 
grated values of the cross sections given in Eq. (6) and 
Eq. (7) are: 


at 61 Mev, 
dor A 


Ctot(t 7.7+0.6 mb, (8) 


TABLE III. Error matrices for the angular distributions in 
units of 10°X 


idian ? 


millibarns per ster: 
r OS M 
{ { 
2.312 4.185 
14.181 2.684 
62.080 


Degrees of freedom =25 


of confidence~55 

(B) For 61 Mev 
Ay 
1.332 


4 564 





SCATTERING OF NEGATIVE 


PIONS AT 61 AND 95 MEV 1099 


TasLe IV. Summary of the data on charge exchange scattering by this group. Cross sections expressed as 
da /dQ= Ao+A;P;(cosé)+A2P2(cos6), in the center-of-mass system. 


Ao 
(mb-sr~') 


61 0.613+0.043 
95 1.05 +0.06 
128 2.00 +0.10 
150 3.39 +0.19 


Energy 
Reference (Mev) 


* Present paper. 
> Garwin et al., reference 1. 


*A 2% systematic correction has been applied to the previously reported v 


of the lead converter used. 
4¢W. J. Kernan, reference 2 (accompanying paper). 


and at 95 Mev, 


Cwr(e — 2°) = 497A o= 13.2+0.8 mb. (9) 


Table II provides a summary of the uncertainties in 
the absolute value of the cross sections. Table III gives 
the elements of the error matrices for the least-squares 
fit at the two energies, together with the confidence 
level of the fit as determined from the ‘“‘chi-squared” 
test. 

Table IV presents a summary of the four sets of 
measurements carried out at 61, 95, 128, and 150 Mev 
with the aid of the lead glass spectrometer described 
above. 


V. DISCUSSION 


A direct comparison of the measurements reported 
in this paper can be made with the earlier results of 
Bodansky et al.,° who worked at 65 Mev, and with those 
of Edwards et al. at 98 Mev. The former report 
Tror(w — w”)=12.141.5 mb. If one subtracts approxi- 
mately 0.5 mb from this to compensate for the differ- 
ence in energy, a comparison with the result of Eq. (8) 
can be made. It is seen that the two results do not agree 
within the quoted errors, the value of Bodansky et al. 
being somewhat larger than that of the present work. 
Considerably better agreement is obtained with the 
98-Mev data of Edwards et al. One can compute from 
their work that oto.= 15.54+0.5 mb. Again a subtraction 
must be made to compensate for the energy difference. 
If this is taken as approximately 0.8 mb, the result 
agrees well with the value of Eq. (9) above. To facilitate 
these comparisons and make it possible to compare our 
results at higher energies with those of other workers, 
Fig. 1 has been prepared. At 128 Mev and 150 Mev the 
comparison is made with the results of Kruse and 


*D. Bodansky, A. M. Sachs, and J. Steinberger, Phys. Rev 
93, 1367 (1954). 

*D. N. Edwards, S. G. F. Frank, and J. R. Holt, Proc. Phys. 
Soc. (London) 73, 856 (1959). 


(mb-sr™*) 


~0.830+0.080 
—1.15 +0.13 
—1.58 +0.14 
—1.54 +0.30 


alues given 


A, 1; 


mb-sr*) 


0.183+40.152 
0.33 +0.25 
1.40 +0.24 
3.57 +0.59 


in reference 1. This was due to a re-evaluation of the efficiency 
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Fic. 1. A summary of the available data on the experimental 
values of ou(*~ —* x). Those points indicated with a diamond 
were calculated from inelastic scattering and transmission mea- 
surements, while those with circles were determined from direct 
gamma-ray measurements. 1. Tinlot and Roberts, see reference 8; 
2. Bodansky et al., see reference 5; 3. Edwards ct al., see reference 
6; 4. Kruse and Arnold, see reference 7; 5. Garwin et al., see 
reference 1; and 6. Present work (including the accompanying 
paper). 


Arnold.’ For completeness, the work of Tinlot and 
Roberts® at 40 Mev is included. The various results 
show a very satisfactory selfconsistency, 
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-Deuteron Scattering and the K--Nucleon Scattering Lengths* 
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Maryland 


(Received March 16, 1960) 


Cross sections for K 


d reactions have been calculated in the low-momentum regior 


values of the elementary R-nucleon scatte ring amplitudes. Multiple-scattering effects } 


in an approximate way 


ALITZ and Tuan have recently' re-analyzed K 
proton scattering in the light of the data presented 
at the 1959 Kiev Conference.? They have incorporated 
the effects of the K~-—K° mass difference, and find that 
within the zero effective range approximations,’ the 
data, for momenta less than 300 Mev/c,‘ can be fitted 


approximately with four solutions: 


Ao(fermi) A, (fermi) 


+0.4 

+-0.184 
+0.22% (1) 
—0.33+0.5 7. 


(a+) 0.2+-0.8 i 1.6 
(a—) 0.34-1.6 4 —1.0 
(b+) 1.6+-1.6 i 0.7 
(6—) 1.8+-0.6 i 


The complex scattering lengths . 1, for the K 
0 and J/=1, 


respec tively, are related to the complex phase shifts by 


1o and . 
nucleon scattering in isotopic spin states J 


k« td, 1 Ay. (2) 


< 


The evidence from the Coulomb interference in the 
K--p elastic 175 Mev/c favors the (+) 
solutions.? Dalitz and Tuan point out that the pre- 
liminary low-energy data’ on the =~/Z+ 
ratio seems to favor the 

We would like to point out in this paper that a 
calculation of the nonabsorptive scattering of K- 
mesons from deuterons, using the new solutions of 
Eq. (1), when compared to the preliminary deuterium 
data at K~ laboratory momentum ~200 Mev 
at Kiev? seems to favor solution (6+). 

Since the complex scattering lengths, Eq. (1), are 
large, an impulse approximation calculation of K~-d 
scattering reactions is expected to give quite unreliable 
results.© We have made approximate calculations, 


scattering at 


production 
(a+) solution. 


¢ given 


* This research was supported in part by the S. Atomic 
Energy Commission, and in part by the U. S. Air con through 
the Air Force Office of Scientific Research 

1R. H. Dalitz and S. F. Tuan, Ann. Phys. (to be published). 

* Reported by L. Alvarez, Proceedings of the Ninth Annual 
International Conference on High-Energy Physics, Kiev, 1959 
(unpublished ) r 

*J. D. Jackson, D. G 
cimento 9, 834 (1958 

*At K~ laboratory momenta of 300-400 Mev/c, 
evidence for large p-wave scattering (see reference 2) 

* Reported by M. F. Kaplon, Proceedings of the 1958 
International ( High-Energy Physics, at 
edited by B CERN Scientific Information 
Geneva, 1958). 

*T. B. Day, G and J 
637 (1959) 


Ravenhall, and H. W. Wyld, Nuovo 


there is 
Annual 


CERN, 


Service, 


onference on 
Ferretti 
A. Snow 


Sucher, Nuovo cimento 14, 


A comparison of the results for the sum of the elast 
with the preliminary measurements available is presented. 


Pp 


including multiple scattering correction 
nonabsorptive scatterin; 


7 of the K--d 
tions, and of the 
total cross sections 

Since it is difficult experimental) 
between elastic scatterings of the K~ from deuterons, 
and those scatterings which are inelastic and accom- 
panied by breakup of the deuteron, we have computed 
the sum of the differential cross sections for 
processes. Using the closure approxima 
write for this sum of differential cro 


K--d center-of-mass 


to distinguish 


these 
tion, we can 
ections® (in the 
system 


doixe* 
(k’/k)« far Ud 
10) : 


Gas 


V(R)/D(R 

In Eq. (3), k 
K~-d center-of-mass sy 
momentum’® of the K 


incident A~ momentum in the 
tem; &,,’ is an final 

depends on the 
details of the on nteraction in the 
breakup taken here as 4k; wa(R) is the 
Hulthén deuteron wave functior 


is the 
average 
meson whi 
final two-nu 
process an d is 
V(R) = neid R/2 +9 gia Ri 

+2n.n; (QO-R 
D(R) sin’kR/R 


Here, 


1+ anps 


q=k—k’, 
where |k’ k 


(a p,m) are 


Q=k+k’, (5) 


ittering.* The ne 

relat icleon scattering 
7K. A. Brueckner, Ph -k.A 

Phys. Rev. 90, 715 (1953 ; y and Sucher, | 

of Maryland Technical Repo 

G. A. Snow, and J. Suct 

Report No. 169 l 
§ Using the closure apy 


dois. dQ pt 


where 7’, is the matrix 
operator taken between | 
is very similar to the equ 


deeiant /AQ= 


If the adiabatic approxin 
Eq. (b), Brueckner’s point-s 
7). If the same appr 
is made in Fe a), tl 
Drell and L Verlet 
various propagat 

*T. B. Day, G. 
614 (1959) 
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K DEUTERON AND K NUC 
amplitudes f. by 

Na (u Kd, ‘UKa) fay (6) 
with wea and wea the respective reduced masses. The 
amplitudes f, may be expressed in terms of the S-wave 
complex scattering lengths A; of Eq. (2) by 


fp=4[A1/(1—itko’As) 440A 0/ (1—iko’Ao) J, 
fn=Aj/(1—tko’A)). (7) 
[In Eq. (7), ko’ is the K~ momentum in the K~-nucleon 
center-of-mass system, the nucleons being considered 
at rest in the laboratory. } 

Total cross sections may be obtained from the forward 
elastic scattering amplitude, by use of the optical 
theorem, and are given by 


Orotal? = (49r/k) Im| fa !ug(R)\2D(R)“ 


X[nnt+npt+2inany(sin’kR/RR*)}}. (8) 


The deuteron charge-exchange cross section has also 
been calculated. In the impulse approximation it is 
small. Multiple scattering corrections may be estimated 
in a similar way” as for the nonexchange cross section. 
These corrections do not change the order of magnitude 
of the impulse approximation estimates. 

To facilitate numerical evaluation of Eqs. (3), (8), 
and the charge-exchange cross section, the multiple 
scattering denominators (or their absolute squares, 
as the case may be) were replaced by their average 
values [averaged over | ua(R)|?]. This approximation, 
which allows the remaining integrals to be done 
analytically, is expected to underestimate the cross 
section. The results of the calculations for a K 
laboratory momentum of ~200 Mev/c are given in 
Table I." Also included in Table I are the cross sections 
for absorption of A~ mesons by deuterons o4,4, 
derived from the computed values of o4,.%, o-2* and 
Ctotal’. For comparison, the sum of the absorption cross 
sections for K~ mesons on free protons and neutrons, 
derived from the curves of Dalitz and Tuan,! are also 
given. 

It is clear from Table I that the multiple-scattering 


corrections to o;,-¢ are appreciable. The corrections to 

* Sec the last reference cited in footnote 7 above for the formula 
In a similar manner, one can consider the charge-exchange cor- 
rections in the multiple-scattering model for the elastic or breakup 
reactions; here, however, the corrections themselves are of the 
same order as the ratio of charge-exchange. cross section to total 
elastic cross section, ~10°%. 

1 The impulse approximation results if only the first two terms 
in N(R), Eq. (4) are included when using Eq. (3) for do;,,/dQ 
Similarly for the charge-exchange process, only the single scat 
tering from the proton is considered, and the only effect of the 
neutron’s presence is to make the cross section go to zero in the 
forward direction, due to the restriction of the Pauli principle on 
the two neutrons. [See E. M. Ferreira, Phys. Rev. 115, 1727 
(1959) for the corresponding impulse and closure approximations 
formula for K*-d scattering. } 
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Taste I. Results of the calculations, including multiple- 
scattering corrections, of the K~-d cross sections for the or 
Dalitz and Tuan pairs of K~-nucleon scattering lengths, (¢:+), 
(6+). Given are the cross sections for elastic plus breakup 
scattering, o:,.4; for charge-exchange scattering, o-.4; the total 
cross sections, oior,1*; and the cross sections for absorption of the 
K~ by deuterons derived from the previous three. The impulse 
approximation results are given for comparison, where appro- 
priate, as is the sum of the cross sections for absorption by free 
protons and neutrons, ¢abe’+oabe". The initial K~ laboratory 
momentum is 200 Mev/c, and all cross sections are in units of 
millibarns 


(a—) (b+) 
117 
166 
5.5 
5.7 
58 
61 
181 


(b—) 


95 
132 
5.9 
5.9 
89 
82 
190 


Fire 139 
oi+e4(impulse 206 
Tex" ‘s 6.4 
¢ ez (impulse) 6.0 
F abe* 50 
abe” +7 abe” 54 
TF rotal 195 


o-2* and the derived o,p.* are not nearly so great, except 
for solution (a+). 

Preliminary Berkeley data presented at Kiev,’ for 
this momentum range gives a value o;,.4~ 100425 mb. 
If the evidence' from Coulomb interference in K~-p 
elastic scattering at 175 Mev/c is accepted, then the 
K~-proton force is attractive, and the (a—) and (b—) 
solutions of Eq. (1) are ruled out (although they would 
be consistent with the K~-d data alone). Thus, our 
results, when compared with the data on o;,,.4, would 
favor the (b+) solution. The (a+) solution gives a 
result too large by a factor of two, well outside the 
errors quoted." For the (a+-) solution to be compatible 
with the data, the corrections to the impulse approxi- 
mation would have to be about twice as large as the 
multiple scattering corrections calculated here. 

The only evidence cited by Dalitz and Tuan? in 
favor of the (a+) solution is the apparent upward 
trend of the 2~/Z* production ratio from K~-p re- 
actions, as a function of increasing energy, in the energy 
interval below the K® production threshold (90 Mev/c). 
The experiments are quite difficult to do in this energy 
region, and the existing data is quite meager.’ Hence 
it would appear that the curve given by Dalitz and 
Tuan for the 2~/Z* ratio for solution (6+-) cannot be 
ruled out. The energy region around 200 Mev/c is 
more amenable to experiment, and since the predicted 
difference between o;,.4 for (a+) and (6+) is so large, 
we feel that the stronger experimental evidence favors 
solution (b+). 


® For the impulse approximation, the (a+-) solution is expected 
to give a considerably larger cross section than the (b+) solution, 
since the difference comes mainly from K~-m scattering. [The 
four solutions Eq. (1) are all such that they agree with the K~-p 
scattering at 175 Mev/c. ] This is a pure /=1 state, and Eq. (1) 
shows that for A,;, the (a+) solution is much larger than the 
(6+-) solution. It should be emphasized that the conclusion that 
the (b) type of solution is favored over the (a) is not very sensitive 
to the exact values of the Dalitz amplitudes. 
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It would be desirable to have more accurate measure- 
ments of the low-momentum (~100 Mev/c) =~/2+ 
production ratio from K~-p reactions, as well as of the 
K~-d nonabsorptive scattering at higher momenta 
(~200 Mev/c). More refined data would require, in 
turn, a more detailed and careful analysis of the cor- 
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rections to the impulse approximation for K-~-d 
reactions. 

We would like to thank Dr. R. H. Dalitz and Dr. 
S. F. Tuan for sending us the results of their analysis 
before publication. We would also like to thank Dr. 


L. S. Rodberg for several stimulating discussions. 
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In this paper it is shown that if one introduces into the Wey! theory of gauge invariance the two additional 
conditions that gauge (and therefore length), except for an arbitrary phase factor, be integrable along the 
path of a particle, and that the change in dimensions of a particle be a minimum, one immediately obtains 


the Lorentz pondermotive force for a charged particle in an electromagnetic field an: 


quantum integral. 


INTRODUCTION 

” a previous paper' an attempt was made to obtain 

the Maxwell-Lorentz equations for an electron by 
starting out from a generalized Lagrangian which was 
derived from the contracted Riemann-Christoffel tensor 
G,, by imposing the condition that the Lagrangian be 
gauge invariant in Weyl’s sense of the term. This led 
to the second rank in-tensor as defined by Eddington? 
"Ga, \Puv— 2K Ky 


+ (Ky otK> yw) —2F ur, 


Gy» (Ka? — 2k ak" 
(1) 


where the fy, are the components of the metric tensor, 
and ky.»= 0x,/0X,, and 


OK, On, 


OX, dx, 


We shall see later that the 4-vector x, may be chosen 
proportional to the electromagnetic 4-vector potential 
A, so that the &,, are essentially the electromagnetic 
field strengths. 

In this note we shall show first that we can derive 
the Lorentz expression for the pondermotive force on 
a charge in an electromagnetic field if we impose upon 
the Weyl theory the condition that the charge must 
move in such a way that the change in its dimensions 
along a given path (resulting from the change of gauge 
along this path) must be a minimum. Secondly, we 
shall show that the Bohr-Sommerfeld quantum integral 
follows directly if we impose the condition that the 
dimensions of a charged particle, except for a possible 
change of phase, must return to their initial values 
when the partic le moves around a closed orbit. We shall 

'L. Motz, Phys. Rev. 89, 60 (1953) 


2A. S. Eddington, The Mathematical Theory of Relativity 
(Cambridge University Press, Cambridge, 1923), p. 204 


1 the Bohr-Sommerfeld 


see that this condition will eliminate one of the most 
serious objec tions to the Weyl theory arising from the 
nonintegrability of length that is a consequence of the 
theory. 

LORENTZ PONDERMOTIVE FORCE 


The Weyl theory of gauge invariance arose out of 
the concept that lengths at different places cannot be 
compared because of the change of gauge that takes 
place as one moves from point to point in a space-time 
continuum. Since the gauge was assumed to be deter- 
mined by a vector field «x,, comparison of lengths at 
different places would be ambiguous because the result 
of the comparison would depend on the path taken in 
going from one point to the other. Although this theory 
introduced a four vector (to be identified with the 
electromagnetic vector potential) into the desc ription 
of the world quite naturally, the nonintegrability of 
length which it brought with it led to apparently 
insurmountable difficulties concerning the structure of 
atoms. 

Thus the objection was raised that according to the 
Weyl theory the natural frequency of an atom at a 
point in space-time should depend on the path the atom 
took to reach that point. This objection was met by 
introducing the assumption that although lengths and 
frequencies depend on the path taken, the effect is 
much too small to be measurable in actual physical 
phenomena. This, however, is not a satisfactory way 
out of the difficulty since the ambiguity is still present 
in the theory. It is possible to eliminate this ambiguity 
without destroying the content of the Weyl theory by 
imposing the condition that the measurable physical 
dimensions of a particle shall be integrable along the 
path of its motion. We must note that this is not the 
same thing as imposing the condition that the gauge 
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be integrable along a path. This latter condition is much 
too restrictive and would result in the vanishing of the 
curl of the four-vector x, and hence to the vanishing 
of the electromagnetic field so that our theory would 
be empty. 

The possibility of imposing integrability on the 
physically meaningful dimensions and yet not on the 
gauge arises from the fact that the dimensions must be 
treated as complex quantities so that they have arbi- 
trary phase factors associated with them. Since these 
phases need not be integrable, the gauge will not be 
integrable either, with the result that the content of 
the theory will remain while the ambiguity is eliminated. 
We shall come back to this point in our discussion of 
the Bohr-Sommerfeld quantum condition, but now we 
shall consider what constraints may be imposed on the 
motion of a particle without modifying the noninte- 
grability of gauge at all. 

To see what we must do we shall start from Weyl’s 
fundamental assumption that if a length A is displaced 
from a point x, to a nearby point x,+dx,, then it 
suffers a change in length determined by the equation 


d |lnA=x,dx,, (3) 


where «x, is a vector field. Let us suppose, now, that 
we have a particle which moves from some point, P;, 
in our space-time continuum to some other point, P», 
along a physically permissible path. What constraint 
can we impose upon this motion that will be physically 
significant and yet which will not violate the basic 
assumptions of the Weyl theory? It is reasonable to 
assume that a particle will tend to retain its dimensions 
in so far as possible as it moves along its path. We shall 
therefore impose the condition that the particle will 
move along that particular path connecting the end 
points P; and P, which results in the smallest change in 
its dimensions. In other words we shall assume that 


Pa P2 dA Ps 
f d\nA -f f x,dx,=a minimum. (4) 
Py Pp, A P; 


We have, then, as an additional constraint on the 
motion of the particle the condition that 


P2 
sf xdx,=0, 
Pi 


for all variations of the permissible path in which the 
end points are kept fixed. 

If ds is the element of path length along a geodesic 
between two fixed points, it must satisfy the stationary 


condition 
Po 


f 5(ds)=0. (6) 
Py 


However, the variation in the integrand of (6) may no 
longer be taken as arbitrary since only those variations 
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are permissible which are governed by Eq. (5). We may 
treat this situation in the usual way by varying (5) 
and incorporating this variation into (6) by means of 
Lagrangian multipliers. 

If we vary (5) we obtain 


P: Ox, dX, Pa 
f - —d SbX, +f xy (6X ,)=0. (7) 
p, OX, dS Pi 


If we integrate the second term by parts and take 
account of the fact that the variation must vanish at 
the end points of the path, we finally obtain 


Ps Ox, dX, Ps 
f | 7. f dx bX, 
Pp, OX, aS Pi 


Pit Ox, Ox, 1dX, 
f a ~F "4ssX, 
Pp, LOX, dX,3 dS 


Po 
f $,.V d56X,=0, (8) 


Pi 


where we have introduced the velocity four-vector V, 
and the antisymmetric tensor $,, defined by (2). 
The variation (6) gives rise to the result 


f [: dX, (= Of ur =) 
p, 12 dS dS \@0X, aX, aX, 
ax, 
— Zev ]isox,-0. (9) 
dS? 


If we now introduce the Lagrangian multiplier, L, we 
can combine (8) and (9) to give, 


f F dX, (= OLu» 2) 
P 2@ @3 \04, @2, O64; 
ax, 


— Kev + LFV, |aS6X,=0. (10) 
dS? 


In this equation the variations are arbitrary so that 
we obtain the equations of motion of a particle by 
setting the square bracket in (10) equal to zero: 


ger 
dS* 2 


_ - =LF,V,. (11) 
OZ, @he Oks 


aX, 1 foe OE ur = dX, 


dS dS 


If we multiply through by g*’, we obtain the Lorentz 
force equation in the for 


PX, dX, dX, 


dS dS 


| Su*V (12) 


— + 
d$? 


Since x, will later be related to the vector potential 
A, by the equation «,= (i/h)(e/c)A,, the Lagrangian 
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multiplier, Z, must be chosen equal to —i(#/mc) in 
order to make Eq. (12) dimensionally correct. The 
letters ¢, #, m, and c have their usual meanings. 


BOHR-SOMMERFELD QUANTUM INTEGRAL 


We have already noted that the nonintegrability of 
length which follows from the Weyl theory brings 
certain objectionable features with it which cast doubt 
on the entire theory. We must therefore try, in so far 
as is possible, to eliminate these features but not at the 
expense of the physical content of the theory. We may 
do this if we note that the quantity In is, in general, 
not real so that we may write A= @e"*, where ¢ is a 
real number. The arbitrary phase factor will have no 
effect on the physically meaningful lengths in nature 
since these are to be obtained from the mathematical 
quantities A by taking absolute values. We now have 
from Eq. (3) the result 


d In@ } ido KydXy, 
(13) 


d In@=x,dx,— idd. 


We shall now impose the condition that In@ shall be 
integrable along any permissible path of a particle 
but that InA need not be. If we now consider a particle 
moving in a closed orbit in the field x,, we see that we 
must have 


gi Ina $ vas, if ue 0, 


P vat, if as. 


We have complete freedom in terms of our theory 
as to the change that @ must suffer when our particle 
moves once around in its orbit, but it is most natural 
to assume the change will be such as to have as small 
an effect as possible on A, and this will obviously be 
the case if @ changes exactly by an integral multiple of 
2r. We therefore have from (14) the additional con- 
straint on the motion of the particle given by 


§ <uts, 


2rin, 


where # is any integer. 

definition in terms of the 
vector potential A, as given in the last paragraph of 
the previous section, we have 


(e O§ Ade, nh. 


We may see what the meaning of this condition is if 


If we now replace x, by its 


(16) 


we consider a charged particle moving in a static central 
force field. In that case only the fourth component of 


MOTZ 


A, will be different from zero, and (16) reduces to 


(e 0) $ ed of (4 v)ds=nh, 


where ® is the scalar potential of the central field, » is 
the speed of the particle in its orbit, and ds is an element 
of path length. 

As the simplest case we shall take a Coulomb force 
field and suppose that our charged particle is moving 
in a circular orbit with constant speed »v. If r is the 
radius of the orbit, the potential equals e/r, and 
ds=rd6, where d@ is the element of angular displace- 
ment. Equation (17) now becomes 


(17) 


. 


e?/1 pa nh, 


(2xe*) 


(nh). (18) 


This is just the Bohr condition for the velocity of an 
electron in a circular orbit and leads to the Bohr 
energy levels for circular orbits. This means that (15) 
is equivalent to the Bohr-Sommerfeld quantum integral, 
and we shall now give a general proof of this. 

If we start from (16) and introduce the proper time 
dr=cdt(1—v*/c?)4, we have 


le O$ AV nh, 


where V, is the relativistic four-velocity of the particle 
in its orbit defined by 


Vs 


(19) 


dx,/dr=(p,—eA,/c)/moc, 


” 


(20) 


where p, is the momentum-energy four-vector and mo 
is the rest mass of the particle. We shall now transform 
(19) by adding and subtracting p,¢x, under the integral 
sign so that we obtain 


$l c)Ay— Py lV ,dr=nh P bs 


If we now use the definition (20) and note that 


—Lp.— (e/ 


we obtain from (21) 


gn cdr=nh dat 


We shall split the four-vector p, into its space and 
time parts and transpose the time part, which is just 
the Hamiltonian of the that is the sum of 
kinetic (including rest energy) and potential 
energies of the particle, [ps=(i/c)(T+U), where T 
is the kinetic energy ]. If we now keep in mind that 


> 


Fi, 


system, 
mass 





GAUGE INVARIANCE AND 


dx,4=icdl, we obtain from (22) the equation 


P (mc — (v/c)? }}—T—U)dt 


= nh— (23) 


> piddxi, 


i=l 


where we have replaced dr by its definition in terms of 
dt. Since T is equal to moc*/[1—(v/c)*}', the left-hand 
side of (23) becomes 


$ me’ [1—(v/c)? }#4+-U}de 


3 
[SX pi(dx;/dt)+U jdt. (24) 


=l 
If we now integrate the first term on the right-hand 
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side by parts and use the relationship dp,/dt 
=— dU /dx;, we finally obtain for the left-hand side 


of (23) the integral 


3 au 
gz X; +u ju 
i~l Ox; 


We see that the integrand will vanish by Euler’s 
theorem on homogeneous functions if U is a homo- 
geneous function of degree —1 in the coordinates 2;. 
We see, then, that for systems in which the potential 
energy is a homogeneous function of degree —1, the 
left-hand side of (23) vanishes and we obtain the Bohr- 
Sommerfeld quantum condition. It appears from this 
that the existence of discrete orbits arises from the 
fact that it is only for such orbits governed by the 
Bohr-Sommerfeld conditions that the dimensions of a 
particle are sing!e-valued. 


(25) 
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The physical interpretation of the electromagnetic form factors 
is discussed with special reference to the gauge invariance of 
particular theories. A distinction is made between the condition 
that the one nucleon matrix element satisfy the equation of 
continuity (‘“‘weak gauge invariance”) and the stronger condition 
imposed by the generalized Ward identity (‘strong gauge invari- 
ance”). The former is shown to be a consequence of covariance 
under the improper Lorentz transformations, and hence it has no 
new content concerning the functional behavior of the form 
factors. The latter implies restrictions on the current operator 
which may have an important effect on the results of calculations 
of form factors. 

In connection with the physical interpretation, it is noted that 
the moments of the charge and current distribution are deter 
mined by Fa=Fi—(g?/2M)F: and Fmeg=(1/2M)Fi+-F:2. Spe- 
cifically the second moment of the charge distribution, —6F «’(0), 


1. INTRODUCTION 


HE electromagnetic interactions of the nucleon 
provide, in principle, a direct source of infor- 
mation concerning the structure of the nucleon. Al- 
* Work supported in part by the University of Wisconsni 
Research Committee with funds granted by the Wisconsin 
Alumni Research Foundation, in part by the U. S. Atomic Energy 
Commission, and in part by the U. S. Air Force, through the 
Research Contracts Division and through the European Office, 
Air Research and Development Command. 
t Guggenheim Fellow, 1959-60. 


is found, in the case of the neutron, to be directly measured by 
the neutron-electron interaction without the intervening sub- 
traction of the Foldy term. 

These matters are investigated in detail by means of a specific 
model of the nucleon which is a covariant generalization of the 
fixed source static model having the property that it gives results 
identical with the static model in the limit M— ©. It is found 
that strong gauge invariance requires the addition of line currents 
which make significant contributions to the form factors in general 
and, in particular, to the proton charge radius even in the static 
approximation. This suggests that as a consequence of strong 
gauge invariance, important contributions to the charge radius 
must arise in any theory from intermediate states of large mass. 
The model also provides a means of consistently calculating recoil 
corrections to the static model. They are found to be large. 


though a prodigious amount of experimental infor- 
mation concerning the electromagnetic interactions is 
available,’ a satisfactory interpretation of all of the 
data has not been possible.? The failure of any theo- 
retical treatment of the electromagnetic form factors 


E Hofstadter, 


‘For a summary of experimental data see R. 
F. Bumiller, and M. R. Yearian, Revs. Modern Phys. 30, 482 
(1958). 

? A summary of the theoretical interpretations predating the 
use of ae relations is provided by D. R. Yennie, 


Lévy, and D. G. Ravenhall, Revs. Modern Phys. 29, 144 (1957). 
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to give quantitative agreement with the data has been 
interpreted as an indication of a serious difficulty with 
the theory. However, there are several general questions 
concerning the nature of the approximations used and 
their interpretation which seem to warrant careful 
investigation before drawing any such conclusion. The 
purpose of this work is to study in some detail two such 
questions, one being the problem of gauge invariance 
and the other the physical interpretation of the form 
factors. 

The requirement of gauge invariance is usually 
limited to the condition that the one-nucleon matrix 
element of the current should satisfy the equation of 
continuity. However, it is found that this condition is 
automatically satisfied for any matrix element which 
is covariant under the improper Lorentz transforma- 
tions. Hence, this condition, which will be referred to 
as “‘weak gauge invariance,” does not, in fact, guarantee 
the conservation of charge. We suggest here that the 
minimum requirement is the generalized Ward identity, 
which is a statement of the equation of continuity for 
the photon vertex off the nucleon mass shell. This will 
be called the condition of “strong gauge invariance.” 
It will be shown, by making use of a specific model, 
that strong gauge invariance requires additions to the 
current operators which make important contributions 
to the form factors. 

The model used here is a covariant generalization of 
the fixed source static model, designed in such a way 
as to give the same results as the static model in the 
limit of large nucleon mass. Strong gauge invariance is 
established by introducing “line currents” which can 
be used to estimate the effect of charge conservation 
on the form factors. A particularly surprising result is 
that there is a large line-current contribution to the 
isoscalar second moment of the charge distribution even 
in the static limit. This is of particular interest since 
the large value of the experimental isoscalar second 
moment has been a major source of difficulty in earlier 
work.? 

The model also provides a consistent procedure for 
calculating recoil corrections to the static model. The 
fact that recoil effects are included means that another 
question of some interest can be investigated. In 1951, 
Foldy*® showed that the neutron-electron interaction 
could be described as the sum of two terms, one of them 
being given exactly in terms of the known anomalous 
magnetic moment of the nucleon. He interpreted the 
other term as the second moment of the pion charge 
cloud distribution. The contribution of the magnetic 
moment, called the ‘“Foldy term” is inversely pro- 
portional to the nucleon mass. Therefore it was argued, 
in particular by Salzman,‘ that it is not taken into 
account by the static model, which corresponds to the 


limit M — o. Hence, the neutron-electron interaction 


*L. L. Foldy, Phys. Rev. 83, 688 (1951); 87, 688 
693 (1952). 
*G. Salzman, Phys. Kev. 99, 973 (1955) 


1952); 87, 
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as calculated by the stati 
compared to the difference between 
interaction and the Foldy term. The 
measured in that way is enormous. 

The interpretation of Foldy’s result is re-examined 
below, by making use of the fact that the limit M— 
can be handled systematically. We find that in a con- 
sistent treatment of the stati 


model has usually been 
the observed 
disagreement 


model, the result of the 
static model is to be compared directly with the ob- 
served neutron-electron interaction, without making 
the subtraction Therefore the dis- 
crepancy between the static model and observation is 
not nearly so great 


de x ribed above. 
as had been thought, nor is the 
experimental result as mysterious as it seemed. 

As an illustration of the possibility of calculating 
recoil corrections, we shall obtain the terms of order 
M~ in the magnetic moments. These will turn out to 
be large, of the same order as the static contributions, 
so that any success of the 
fortuitous. Of particular interest is the isoscalar mag- 
netic moment, which is strictly a recoil effect. Its 
evaluation to order M 


static model is probably 


‘ by means of the present model 
gives an expression in close agreement with that 
obtained from the the basis of the 
mirror theorem.’ Perhaps this agreement is not so 


surprising since the early result is just 


static model on 
a consequence 
of the conservation of angular momentum. As is well 
known, the result disagrees seriously with the observed 
value of the isoscalar magneti 


moment. 


2. ELECTROMAGNETIC FORM FACTORS 


The interactions under discussion involve the 
emission and single and 
may be described in terms of the element 
(P’,s’| j,(0)|P,s) of the current density operator 
between nucleon states of 4-momentum P and P’ and 
spin s and s’. The operator is evaluated at the space- 
time point x,=0. It is well known‘ that 


element may be written in the form 


absorption of a photon 


matrix 


this matrix 


M 
(P’,s’| j4(0)| P,s —thy (P” 


Yu— F2(G?)ourgrju.(P), (1) 
where g,=P,'—P,, o4-= (1/2i)[y,,7-], and u,(P) is 
the positive energy Dirac spinor of a free nucleon of 
mass M, momentum P and spin s. 

The matrix element is restricted to the form Eq. (1) 
by the requirement of covariance under the improper 
Lorentz group. In particular, it is shown in the Appendix 
that the additional term of the form F3(¢*)g, is excluded 
by the requirements imposed on the current density 
under the time-reversal transformation. The condition 


imposed on the matrix element by the equation of 


®R. G. Sachs, Phys. Rev. 87, 1100 (1952 
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continuity, namely, 
gui P’,s’| j4(0)| P,s)=0 (2) 


is satisfied by Eq. (1). Thus the condition of weak 
gauge invariance, Eq. (2), is a direct consequence of 
the covariance® and does not, in fact, contain any 
information concerning the consequences of charge 
conservation. Therein lies its weakness. It is satisfied 
for any choice of the functions F;(g*) and F2(g*). On 
the other hand, it is clear that the form of the functions, 
as calculated in any given model, is affected by the 
condition of charge conservation. This results from the 
restriction on the form of the current operator imposed 
by the equation of continuity, 


0j,(x)/dx,=0. (3) 


Not only does Eq. (3) imply the condition Eq. (2) on 
the one-nucleon matrix element, but it also implies an 
extension of the condition off the nucleon mass shell, 
namely, the generalized Ward identity.’ This condition 
of strong gauge invariance would appear to be a mini- 
mum requirement on any calculation of electromagnetic 
properties of the nucleon. 

It is of interest to discuss the physical meaning of 
the form factors F;(g*) and F2(q*) which describe, in 
some sense, the distribution of charge and magneti- 
zation in the nucleon. The various moments of these 
distributions are often used to give an insight into the 
form of the distribution; examples are the magnetic 
moment, second moment of the charge distribution, 
and so on. The simplest moment is the zero-order 
moment of F;, namely, 


F,(0)=4(1+73) (4) 


is just the charge of the nucleon in units of e. 

To obtain the magnetic moment, for example, we 
wish to calculate the expectation value of the operator 
4 { d*r rXj(x) in a state in which the nucleon is at rest. 
This expectation value is most easily determined for a 
wave packet {dP a(P)| P,s). Since 

(P’| j,.(x)|P)=e-*?’-P)-*(P"| 7,0) | P), 


we find for the magnetic moment 


1 
(M)=- fer ar(P’) fap a(P) { are (P'—P)-sg 
? 


x (P",s’|j(0) 
1 

= — (29) %- fer a*(P’) f @P o(P)va(P- 
? 


Po)t 


x (P’,s’|5(C)| P,s)ePo’— 


We now substitute for the matrix element from Eq. 
(1), integrate by parts, and finally take as the wave 
® Note that this result would not obtain if the initial and final 


states described particles of different mass. 
7 Y. Takahashi, Nuovo cimento 6, 370 (1957). 


FORM 
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packet 
|a(P)|*=5(P), 


with the result 
(M) = cL F1(0)/2M+F,(0) i, (0) eu, (0). (6) 


Since eF,(0)/2M is, according to Eq. (4), the Dirac 
moment, we see that e/,(0) is the anomalous moment 
of the nucleon. 

The second moment of the charge distribution may 
be calculated in a similar manner; the expectation 
value of the quantity {dr r°j,(x) is required. Pro- 
ceeding in just the manner described above, we find 
for the second moment 


F,(0) 3 
j; ro) -- — 
2M 4M? 


Po 
+ fer va(P)-vea(P)}, (7) 


(R?)= — 6 F:'0 


where the prime denotes differentiation with respect to 
g. The ambiguous term proportional to F,(0), which 
vanishes for the neutron, is just the uninteresting effect 
of distributing the charge of the proton in a wave 
packet. It will be dropped henceforth.® 

The results Eq. (6) and Eq. (7) suggest that we 
introduce new form factors, the charge form factor 


Fa(¢) = Fi(g)— (¢/2M)Fi(¢), (8) 


and the magnetic form factor 
(1/2M)F(¢°)+F2(¢). (9) 


Note that this usage differs from the usual, but the 
difference has an important physical significance. Fy, 
measures the charge distribution, not F; as is so often 
assumed. Also, Fmag rather than F, measures the dis- 
tribution of magnetization. This point was surmised 
by Yennie, Lévy, and Ravenhall,? and a clear demon- 
stration that it is a reasonable interpretation has been 
given by Walecka,? who shows that Fa, and Fins 
measure the interaction with static electric and mag- 
netic fields, respectively. 
We now have from Eqs. (7) and (8) 


} J) 


(R*) = —6F 4,' (0), (10) 


after dropping the uninteresting term, and from Eqs. 
(6) and (9), 


M = CF mag (00. (11) 


We are now in a position to comment on the Foldy 
term. Foldy* showed that the neutron-electron inter- 
action is proportional to F,'(0)—F,(0)/2M, which we 
now see is just Fa,/(0). Thus a measurement of the 


* Yennie, Lévy, and Ravenhall, reference 2, include part of 
this term in their expression for the second moment but its con- 
tribution is too small to have a significant effect on their 
discussion. 

* J. P. Walecka, Nuovo cimento I1, 821 (1959). 
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neutron-electron interaction is simply a measurement 
of F4,'(0), which is also seen to be directly proportional 
to the second moment of the total charge distribution. 
A calculation of the second moment should then be 
directly comparable to the measurement, without 
subtracting the Foldy term. In particular, it will be 
shown in Sec. 7 that the limit as M— @ of —6F4,'(0) 
is identical with the second moment of the pion charge 
distribution as calculated in the static model. Hence, 
a consistent interpretation of the static model would 
associate the entire neutron-electron interaction with 
the second moment of the pion charge distribution. 


3. DESCRIPTION OF THE MODEL 


The model to be considered is a covariant generali- 
zation of the fixed-source static model in its most 
primitive form. No effort will be made here to determine 
rescattering corrections. Thus our starting point is the 
lowest-order covariant perturbation theory. The modi- 
fication is simply to insert at the pion-nucleon vertices 
a general vertex function, as indicated in Fig. 1, and 
to calculate the form factors in terms of the vertex 
function. The vertex function will be found to play 
the same role as the source function in the static model. 

There are several terms in the general vertex function 
corresponding to the several possible vertex form 
factors. For the sake of simplicity, only the pseudo- 
vector term is included; it is the one having the closest 
correspondence to the static model. This has the form 
s(P2—P;) multiplied by a form factor, where P=y,P,. 
The vertex form factor is, in general, an invariant 
function of P; and Pz, (see Fig. 1), thus any three 
combinations of the three invariant variables P;’, P;’, 
(P:-P:2) may appear in it. On the other hand, in the 
static model the source function depends on only one 
variable. In order to study the approach to the static 
limit, the vertex function is also taken to be a function 
of a single invariant variable §(P1,P2) the variable 
being chosen to be such a combination of P?, P,? and 
P,-P. as to make the correspondence with the static 
This choice will be specified 
Fig. 1 is therefore taken to be 


model as close as possible. 
below. The vertex part, 
of the form 

4( Sar) 4/ 


v(t)ys(P2—P;), (12a) 
for a charged pion and 

i (4)! fo(t)ys(P2—P:) (12b) 
for a neutral pion. We shall normalize v in such a way 


Fut 


P 


Dancap 


Fic. 1. Diagram of the pion-nucleon vertex. 
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/ 
‘ 


2 


ol 


(e) 
Fic. 2. Diagrams representing the electromagnetic 
interaction of the proton 


that f corresponds to the usual renormalized, 
rationalized coupling constant, f?~0.08. 

The calculation of the electromagnetic form factor 
consists of substituting the vertex part Eq. (12a) or 
Eq. (12b) in the matrix element obtained from the 
diagrams Fig. 2 for the proton and Fig. 3 for the 
neutron. For a given function »(£), these diagrams 
could be evaluated directly without further assumptions 
or approximations. However, in order to avoid intro- 
ducing a specific function and to study the expansion 
in powers of M~, we proceed in the following manner. 
Consider for example the term corresponding to Fig. 
2(c): The contribution to (P’,s’| 7,(0)|P,s) is 


— i, (P’) foe, yskv(£:)Sp(P’—k) 
(2m)™ (PoPs')! 


XY F 


un- 


P—k)yskv(t:)Ar(k)u.(P), 
where 
§ = 2 £(P’, p’- 


Sr(p)= i -M) 


- §(P—k, P), 
(p?-+ M?—ie), 


and 
Ar(k) 


(R?+-p?— ie). 

Our purpose is to reduce this to an integral in the 
3-dimensional k space, similar to the type of integral 
occurring in the static model. Therefore we assume 
that v(&;) and (2) are analytic in the upper half of 
the ko plane, vanishing on the infinite semicircle, and 
integrate ko over a contour closed in the upper half 
plane.” Contributions from the three poles on the 
negative ko axis are thereby obtained. 

When the variable ¢(P:,P:) is chosen to be 


(P2+P; | uw? 
4Mp 


4M*+-y?+ 


P,— P,) 
§(P;,P2)= saci 


’ 


(13) 


bi 
very simple results are obtained for the contributions 
of these three poles and the — appearing from the 


other diagrams. In fact, this choice leads directly to the 
static model in the no-recoil limit. 


® It is not implied that this simple behavior is to be expected 
for the vertex function arising from any realistic, relativistic 
theory. These assumptions are introduced only as a prescription 
for reproducing the results of the static model. 
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An expansion in powers of |k|/M and |q|/M is now 
possible if it is assumed that at each pole 


v(t) =0, (14) 
except for 


|k|2?/M™%<1, 


This rather unrealistic assumption is in the spirit of 
the static model and will be the basis for our discussion. 
Evaluation of the diagrams of Figs. 2 and 3 to any 
order in M~ is now a straightforward but tedious 
matter. The results to lowest order are presented in 
Sec. 7 and some of the first order corrections in Sec. 8. 


4. CONSEQUENCES OF GAUGE INVARIANCE 


It is immediately recognized that the diagrams in 
Figs. 2 and 3 do not present a gauge invariant result. 
As long as the black boxes represent anything other 
than a local pseudoscalar interaction, diagrams of the 
type shown in Fig. 4 are expected to contribute ap- 
preciably to the electromagnetic interactions. For 
example, if the black box represents vertex parts con- 
tributed by higher order diagrams, each of the internal 
lines carrying charge must, in turn, be permitted to 
produce the photon. 

Nevertheless, the gauge invariance condition Eq. (2) 
is satisfied by the matrix elements obtained from Figs. 
2 and 3. Indeed, it is easily shown that each of the 
lerms indicated by Figs. 2(a), 2(b), 2(c) and 3 
satisfies this condition, as does the sum of diagrams 
Figs. 2(d) and 2(e), as long as the function »(€) is 
symmetric under interchange of P; and P:. Note that 
for a local pseudovector vertex, not even the usual 
catastrophic terms arising from the momentum de- 
pendence are required to satisfy the condition Eq. (2). 
The reason for this is simply that Eq. (2) follows from 
covariance under a Lorentz transformation, as remarked 
in Sec. 2, and each of these terms satisfies separately 
the covariance condition. These remarks serve to 
illustrate the weakness of Eq. (2). 

To satisfy the requirements of strong gauge in- 
variance, the behavior of the photon vertex off the 
nucleon mass shell must be considered. Then it is found 
that the diagrams indicated in Fig. 4 are required. We 
shall give a prescription for writing down terms of the 
type indicated in Fig. 4 for an arbitrary vertex function 
v(t). However, there is no unique prescription for 
determining these terms, there are always many ways 
to satisfy the condition of gauge invariance. That given 


i 
-- “s 
s ~ 
s ‘ 
‘ 


4 


/ ‘ / ‘ 
—-——_4— 4-— po 


Fic. 3. Diagrams representing the electromagnetic 
interaction of the neutron. 
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Fic. 4. Vertex current contributions to the nucleon form factors. 


here seems to be the simplest, it makes use of line cur- 
rents which are a natural generalization" of the usual 
substitution of P,— (e/c)A, for P,. 

The currents to be introduced may be described in 
configuration space as currents flowing along a line 
connecting two points in space-time which are coupled 
by the nonlocal pion-nucleon vertex function. In this 
way it is seen that they serve to transfer the electric 
charge across the noniocal vertex. We shall not go into 
this representation in configuration space here, but 
merely remark that the form of the line is arbitrary. 
It will be taken to be a straight line for the sake of 
simplicity. The corresponding matrix element is given 
below in momentum representation and we shall 
simply demonstrate that the term used does indeed 
satisfy the condition of strong gauge invariance. 

If we write 
4rief? M 

i, (P’)J u.(P), 


(29)" (PoPo')' 


(P’ 3’ ju(9) P.s (15) 


the contributions to J, from the diagrams in Fig. 4 are 
as follows: For the proton with intermediate r°, 


} 0 0 
J (3°) - farlrd f da( + -) 
0 OP,’ OP, 


Xgl P’ ~aq, P—k+(1- «| 


XSr(P—k)ysg(P—k, P) 


+75g' ,. P’ - k)Sp(P’-— k)ys 


i 0 0 
Af (ee2) 
0 OP, OP , 


Xg(P’—k—ag, P+(1 -a)a)|| arte) (16a) 


for the proton with intermediate x*, 


. a) 
J" (xt) = 2i for| f da g(P’—aq, r—1)| 
0 OP, 


x Sp(P—k)yse(P—k, P) 
+sg(P", P’—k Spl p’- k)ys 


. 0 
| f da g(P’—k, P+(1-—a 0) Jara (16b) 
0 OP, 


WR. G. Sachs, Phys. Rev. 74, 433 (1948); 75, 1605 (1949). 
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and, finally, for the neutron with intermediate x, 


; a) 
J "(x ) 2 f arly f da 
| OP, 


Xg(P’, P—k+(1—a)q) |Sr(P—) 


x vse(P—k, P)+ysg(P’, P’—k)Se(P’—k)ys 


l 0 
x f da g | P’—k—aq, P) 
OP,’ 


Ar(k). (16c) 


The definition of the function g is 


£(p2,p1) = (Pa—pi)2(&), 


so that the indicated differentiations of the 
(p2—p:) lead to the usual “catastrophic”’ 
ciated with 


(17) 


factor 
terms asso- 
the pseudovector coupling, while the 
derivatives of »(£) provide the pure line currents. 
The test of strong gauge invariance may be taken 
to be 
dust p= 9, (18) 


where J, includes all contributions other than that of 
Fig. 2(a). The point is that Eq. (18) applies off the 
mass shell for the nucleons. It will be found to be 
equivalent to the generalized Ward identity. Before 
applying this test, it is helpful to take account of mass 
renormalization, which effect on the 


also has an 


electromagnetic interactions. 


5. MASS RENORMALIZATION 


Since our procedure is analogous to the lowest order 
perturbation diagram in meson theory, the mass re- 
normalization consists merely of the subtraction of a 
term having the form suggested by the diagram Fig. 5. 
We may make the usual Dyson expansion of this 
diagram 


= (p)=A+ (ip+M) B+ (ip+M)*2,;(p), 


where A and B are constants. Insertion of 2(p) between 
external lines leaves only the constant A 


(19) 


to be sub- 
tracted. However, we wish to perform the renormali- 
zation without reference to the external lines, that is, 
in J,. Hence, we introduce the renormalization diagram 
Fig. 6, where the X denotes the momentum-dependent 
mass correction 


6M [A+ (ip+M)B). (20) 


The introduction of the 


electromagnetic interaction 


Fic. 5. Self-energy con- 
bution to the nucleon mass. 
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now must be made in such a way as to maintain the 
gauge invariance of this momentum-dependent mass 
correction. Since 6M is in effect a nonlocal operator, 
this can again be accomplished by means of line cur- 
rents. Hence, in the one-photon matrix element for the 
proton, we must introduce terms corresponding to the 
diagrams of Fig. 7, 
Fig. 7(c) is just 


where the contribution to J, of 


21) 


k, P)Ar(k) (22) 


may be expanded in the form of Eq. (19). The term in 
~, does not contribute to the matrix element, Eq. (15), 
but it is required in Eq. (21) for strong gauge invari- 
ance. There is no contribution of the type J,°™ for the 
neutron. 

It is immediately 
and Fig. 7(b) cancel those of Figs. 2(d) and 
respectively. Hence, the sum of all proton diagrams 
except Fig. 2(a) is given by inserting into Eq. (15), the 


Fig. 7(a) 
) 


evident diagrams 


€) 


’ 


Fic. 6 Mass correction 


expression 
J,(proton) 
J iM 


Ju ; 


23a) 


where the last three terms are 


given by Eqs 
21) while the nucleonic contribution [ Fig. 2(c) ] is 


16) and 


JN (x°) if ae ve he k Os sad 


g(P 


Kw P , ‘ Y5 


and the pionic contribution [ 


J,*(x+)= -2 fap rag P’, 


Ar P’- p 


For the neutron, th 
and 4 is 
J ,(neutron) (23b) 
where J,"(x~—) is given by Eq. (16 
(24c) 
24d) 


gauge invariance, Eq. (18) 
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(e) (b) (c) 


Fic. 7. Contributions of the mass renormalization to the 
electromagnetic interaction of the proton. 


can now be easily verified by noting that 


(ip+M)Sr(p)=—1, 


whence 
Sp(P’—k)igS r(P—k)=Spr(P’—k)—Sr(P—k). 
Similarly 
qudr(P’— p)(P,'+P.—2p,)Ar(P—p) 
=Ar(P—p)—Ar(P’— ). 


The following relationships are also used: 


. 0 ) 
f da af - —-+— era, P+(1 —a)q) 
, ap,’ aP, 


. d& 
= -f da —=(P’,P’)—(P,P), 
0 d 
1 7] 
f da qy——®( P’ —aq, P)=*(P’,P)—*(P,P), 
0 oP,’ 


_ 


and 


: 0 
f da qy——®(P’, P+ (1—a)q)=0(P’,P’)—(P’,P), 
0 OP, 


where #(x,v) is an arbitrary function of the two 4- 
dimensional variables x, y. 

Since 
1 


a 
gp] fb! = —¢,- f da &(P’—aq)=2(P)—=(P’), 
or. 9 

we see that strong gauge invariance for the proton is 

equivalent to the generalized Ward identity 
(P,’—P,)A,(P’,P)==(P)— Z(P), (25) 

where A,(P’,P) is the photon vertex function 

A,(P’,P)=J¥ (e) +S ,7 (et) 4S (9) +S," (x). 


According to Eqs. (21) and (19) 


(26) 


ai, (P’)J,°“u,(P) = —iBa, (P’)y,u,(P). (27) 


Comparison of Eq. (15) with Eq. (1) therefore yields 
thy (PCP (GP) ye— F2(G)ourgr jus (P) 
=4r f2a, (PP) {y,[1— (24) “iB | 
+(2r)“*A,(/",P)}u.(P). (28) 
But the Ward identity 


A, (P,P) =02/0P, 


FORM 


FACTORS OF NUCLEON 


combined with Eq. (19) shows that 
a, (PA, (P,P)u,(P) =iBa, (P’)y,u,(P), 


whence it follows from Eq. (28) that F,(0)=1, in 
accordance with the required normalization for the 
proton, Eq. (4). To circumvent the calculation of B, 
we may first obtain an unrenormalized “F,(¢*) defined 
by 

be (PCF (GY ours Fog") Ju, (P) 


= 49° (29) 4/28, (PA, (P’,P)u.(P), (29) 


and then determine F,(¢) from 


Fi(¢) = “Fi (¢) — “Fi (0) +1. (30) 


For the neutron, the condition of strong gauge 
invariance is satisfied by Eq. (23b) without the intro- 
duction of a mass normalization term. Hence, Eq. (25) 
is replaced by 


(P,’—P,)A,(P’,P)=90, (31) 


and Eq. (4) follows directly by noting that Eq. (31) is 
equivalent to setting B=0, although B does not vanish, 
of course, for the mass renormalization of the neutron. 


6. CHOICE OF REFERENCE FRAME 


It is convenient to perform the computations in the 
Breit frame defined by the condition 


P= —P. (32) 


In this case the left-hand side of Eq. (29) can be simpli- 
fied by making use of the Dirac equation to give 


i “Fy (q?) = 44(20)*f2a(—P)A(P’,P)u(P), (33a) 


and 


i(@Xq) “Fag (¢’) 


4 (2x) f?a(—P)A(P”,P)u(P), (33b) 


where a 2X2 spin matrix notation has been substituted 
for the labeling of the spin states. Here 


“Pa (q’) = “Fi (¢*)— (¢ 2M )F2(¢), 
and 


“F mag (Q") (1 2M )“F ,(q") + F3(¢) 


are the unrenormalized charge and magnetic form 
factors defined in accordance with Eqs. (8) and (9). 
The renormalized form factors are then found from 
Eq. (30) to be 


Fun (q’) “Fon (q’) _ “Fi (0) +1, (34a) 
and 
F mag(¢’) 


“P mag(G?) + (1/2M)[1—“Fe,(0)]. (34d) 


7. THE STATIC LIMIT 


The calculation of P(g) and Fmag(¢) on the basis 
of Eqs. (33), (26), (24), and (16) may now be carried 
out by the method outlined in Sec. 3, which produces 
an expansion in powers of M~". In this section, attention 
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is limited to the lowest order, or static terms. The 
1 as well as h=c=1): 


results are as follows (we set u 


f’ q 
Tr’ 4 


For the neutron, 


[ Fen (q) Jnewtron 


where 


(37) 


Note that ¢=q@ in the Breit frame. It is found im- 


mediately that for ?=0 
[ Fa.°(0) a 0, 


in accordance with Eq. (4) [note that Eq. (8) gives 


F.4,(0) = F (0), in general |. Also 


l" 
2x’ | 


(q-k)? 
[FF ues \g°) | we st 
(38a) 


For the proton, 
| 


[*Fex (g*) }proton 


f ie { ik": 4 


+L k®+a(q-k) }p,’} (35b) 


where 
ta=0(1+[k+aq P), 
t ty v (1-4 [k | aq P), 
and 


v’ (£) dt dé, 


The quantity required by Eqs. (34) for renormalization 


3 f° dk k? 
[“Fen (0) Jproton f 09° — Sk? vv" |. (40) 
t r° Ww w 4 


The second term can be integrated by parts to yield 


3 f? Do? k? 
fee 6— ; (41) 
Lr w w? 


(34b) that the renormali- 


18S 


[ uf . 


It can be seen from Eq. 


zation of Fimag is of order M~', hence it is not to be 


included in the static limit. Then, for the proton, 


(¢ } Le ton — _™ r (¢°) | wn (38b) 


rr 
LP mag 
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where the expression on hand side may be 
obtained from Eq. (38a 


In Eqs. 


v,v_ are the contributions of the pion current J,*. They 


35) and (38), the terms proportional to 
are identical with the Born terms obtained by Walecka® 
in his calculation of the form factors in the static model. 
The terms proportional to [in Eq 
from the nucleon current Pe and they are inde pen lent 
of q. Hence, their role is | 
conservation. The line-current contributions are easily 


uch term 


of the 


Ic 1 ° 
(395) only irise 


just to maintain charge 
recognized by their a de pende nce. The on y 
in the static approximation occurs for Fy 
proton.” 
From F'4,“ 
of the charge 
in the static 
the result for the neutron is 


in the static model by Salzman,‘ for « 


econd moment 
distribution (® 6 (dF an /dq) gtm 
Since the form factor is the same, 


we may now ¢ ilculate the 


limit. 


identical with that obtained 


kample 


12a 


This is the anticipated result which shows that the 
second moment of the pion charge distribution calcu- 
lated in the static to be compared to the 
complete neutron-electron sub- 
tracting the Foldy turn. The stat 
gives much closer 
had previously been thought 
cutoff close to the nucleon mass, the 


model 
interaction without 
model therefore 
agreement with experiment than 
For the usual choice of a 
calculated value 
is about twice the experimental value.” However, it is 
to be noted that, with this high a cutoff, the neglect of 
recoil terms is clearly not justified for our procedure. 
The second moment of the proton charge distribution 
is made up of two terms, one is the pionic contribution 
which is the negative of the 
and the other is the line-current contribution: 


A 


neutron second moment 


It is clear that the second term, du ot line 
currents, is somewhat larger than the first 

It has been remarked by Yenr 
hall? that application of the mirror 


that the isos 


and Raven- 


lic, Lévy, 
theorem® to (&? 


indicates 
2 To demonstrate that tI 

vanish, an integratior 

performed. The fact th 

to the fact that the li: 

and therefore do not giv ise to any magnetic multipole mon 

See R. H. Capps and olladay, Phys. Rev. 99, 931 
3S. Treiman and R. G I 103, 435 (1956 
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+R) neutron depends only on contributions from the 
nucleon (core) charge distribution. Hence, the line- 
current contribution is presumably nucleonic in origin. 
For a usual value of the cutoff, its order of magnitude 
agrees with the experimental value? 


[ KR?) proton T R?) neutron |? = 0.75 10 is ( m, 


which is, of course, a surprisingly large number. Evi 
dently, in the process of introducing a cutoff, the 
requirements of charge conservation are such as to 
cause a large shift in the electric charge, even if the 
cutoff is limited to a small spatial region. In this 
connection, it should be remarked that the line-current 
contribution is obtained in the form given in Eq. (42b) 
only after several integrations by parts. As can be 
seen from Eq. (35b), the contribution originally in- 
volves at least one derivative of the source function, 
hence for a constant », the line-current term would 
vanish. 

From Eq. (38b) it is evident that only pionic con- 
tributions to the magnetic form factor occur in the 
static limit. The neutron and proton magnetic moments 
are oppositely equal in this approximation and they 
agree exactly with the values obtained in the usual 
static model. Hence, the magnetic moments are iden- 
tical with those obtained from the static model. As 
Miyazawa has shown,” these may be brought into 
reasonable agreement with the isotopic vector part of 
the observed nucleon moment by including rescattering 
corrections. 


8. RECOIL CORRECTIONS TO THE 
MAGNETIC MOMENT 


Although it is actually a recoil effect, it is customary 
in applications of the static model to include a nucleon 
(core) spin contribution to the magnetic moment. This 
has been a constant source of failure for the static 
model since it leads to much too large a value of the 
isoscalar moment.’ However, it has often been sug- 
gested that a consistent treatment of recoil effects 
would overcome this difficulty. We have now made a 
consistent calculation on the basis of the proc edure 
outlined above with the following results: 


For the neutron, the contribution of the pion current 


1 k? 
fe 
6 VU | ad Ww 


2 


Vo? — vot ‘| (43a) 


w' 


that of the nucleon (core) current is 


0) ], 


wutron 


“ H. Miyazawa, Phys. Rev. 101, 1564 (1936) 


FORM 
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and that of the line current is 
TF f &k 
OM wr w 
k? 
x| (s t re-take’ | (45a) 
The total 1/M effect on the neutron moment is therefore 
. f dk 
2M r w 
1 k? 
x| ( } )eo aad | (46a) 
) w* 


For the proton, the pion contribution and the nucleon 
contributions to the unrenormalized form factors are 
related to those of the neutron as follows: 


(A, “FP mnag(0) Teenten _ (A, a (0) Jneutron, 


[Ay F wee” (Q) - stron 


[ F msc" (0) & ie 


(43b) 
and 

[Aw “F mag (0) proton = 4[An*F mag (0) Jecuteon: 
The line-current contribution is 


1f dk 
[Ax uf ae (QO) Lenten f guy 


6M xr w 


k? 
x (3 +- . ) + 8htea’ | 
w 


Also for the proton, there are the additional terms 
produced by renormalization in accordance with Eq. 
(34b) : 


(44b) 


(45b) 


F mag (0) 2’ (0)4+ 


1 

[1—*F.,(0)], (47) 
2M 
where “F,(0) is given by Eq. (40) or Eq. (41). In 
this way, we find for the total recoil correction to the 
magnetic moment of the proton: 


1 1 ff ¢@k 
CF mag (0) * ao 4 f “" 


2M 2M x w 


1k’ 1k? 14 
x| ( Jor bina (46b) 
a, 


| 
2 3 

The order of magnitude of the recoil correction to 
the neutron or proton moment is a sensitive (quadratic) 
function of the cutoff in 1. For the usual choice of a 
cutoff close to the nucleon mass, the correction is very 
large, of the order of several nuclear magnetons. This 
is not very surprising since the expansion in powers of 
1/M is based on the assumption that the cutoff is 
much smaller than M. Hence we come to the same 
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conclusion as Walecka’ and others, that the static 
model is a very poor approximation in view of the 
probable importance of the recoil corrections. The 
apparent agreement with experiment (of the isovector 
magnetic moment, for example) is evidently fortuitous. 

Despite this conclusion, it is of some interest to 
consider the sum of neutron and proton moments. 
From Eqs. (38b), (46a), and (46b), we find to order 


1/M, 


(F, ag (0) a” ton T [ F mag (0) = 


(1/2M)[1—4 “Fan(O) ], (48) 


where “F',(0) is given by Eq. (40). This is evidently 
the same result obtained from the mirror theorem in 
the static ince “F’,,(0) may be interpreted as 
the probability for finding the nucleon accompanied 
by a pion field. The success of the static model in this 
respect is not very surprising since the derivation of 
the result relied mainly on the conservation of angular 


model,® 


momentum. 
Because of its general nature, Eq. (48) poses a serious 

problem for any theory of the electromagnetic form 

factors. From the observed magnetic moments it is 

found by means of Eq. (48) that 

“Fo (0) | 


0.09. (49) 


If one calculates “F° from Eq. (41) using the accepted 
value of f?=0.08 and a cutoff corresponding to the 
nucleon mass, a much larger value than that given by 
Eq. (49) is obtained. Hence, this is a clear point of 
failure of the first-order recoil corrections to the static 
mode I. 

9. CONCLUSION 


The importance of taking into account the condition 
of strong gauge invariance in this work suggests that 
it must be kept in mind in any attempt to calculate 


electromagnetic form factors. We have found, for 
example, that the se paration of the contribution to the 
matrix element of the pion current from that of the 
nucleon current is not really gauge invariant although 
it satisfies the condition of weak gauge invariance. The 
latter condition was noted by Federbush, Goldberger, 
and Treiman in connection with the corresponding 
separation of the integral equations arising from dis- 
persion relations. Therefore, the gauge invariance of 
their approximate form of the integral equations is 
subj ct to serious doubt. 

Furthermore, any other mutilation of the exact 
equations is subject to doubt on the same grounds. 
Such approximations provide integral equations in- 

1 P. Federbush, M. I 
Rev. 112, 642 (1958 


Goldberger, and S, B, Treiman, Phys. 
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volving strong (pion-nucleon, etc.) vertex functions 
and we have seen how the condition of charge con- 
servation requires that a means must be provided for 
transferring the charge across such a nonlocal vertex. 
The importance of this consideration is illustrated by 
the result that the charge radius of the proton turns 
out to be very large through the influence of line 
currents. The line currents are just a manifestation of 
the condition of charge conservation. They represent 
the electromagnetic effects of higher order diagrams. 
In this connection, it is interesting that even for a 
cutoff near the nucleon mass, the line-current contri- 
bution to the charge form factor of the proton is most 
significant. This indicates that the electromagnetic 
contributions of intermediate particles of large mass 
may, through conditions imposed by gauge invariance, 
be comparable to the pion contribution, in spite of the 
large denominators appearing with such terms. 


APPENDIX 
We wish to 


time reversal 
properties of j,(x) the matrix element 
(P’,s’| 7,(0)| P,s) cannot a term of the form 
ti, (P’)g,F'3(q*)u,(P). Under the Wigner time inversion 
operator K, the transformation of the current density is 


Kj(0)K 
Kp(O)K 


that the 
that 


contain 


demonstrate 
are such 


(A-1) 


where p(x) = —ij4(x) vectors are 
chosen so that 


K P\s (A-2) 


PP Since K is an 
Hermitian 


where P_=(—P, P,) if P 
antiunitary operator, and j(0), 
operators, we may write 
(K (P",s’)| Kj3(0) | P,s 
K(P’,s’)| Kp(0)| P,s)=(/,5| pO 


p(U) are 


P,s|j(0 


But also 
(K (P’,s’)| Kj(O) | P,s K (P’,s’)| Kj(0)K-K | P,s) 

—(K (P",s’)|3(0)K | P,s), 
by Eq. (A-1) 
P,s (0 


Then from Eqs. (A-2) and (A-3) we have 
P's’ P ,/ j 0 P ; (4-4) 
The corresponding result for p(0) is 


P.s p(0) P's’ P ! - 5’ p(O0 P " 4.5) 


It is now easily seen by means of a straightforward 
substitution that @,-(P’)g,u.(P) does not satisfy the 


conditions (A-4 and ( 4.5 while Eq. l does do so. 
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The effects of final state pion-pion interactions on the spectrum of K* — 3 decay is studied by dispersion 
relation methods. In the approximations adopted we are led to a set of linear integral equations for the 
amplitudes of the K* — 3 decay. The kernels in these equations depend on the pion-pion S-wave scattering 
amplitudes. An approximate solution for these equations is obtained by iteration and the departures from a 
purely statistical spectrum for the decay are related to pion-pion S-wave scattering. The latter in turn is 
assumed to be well represented with a scattering length structure. The K* — 3 spectrum then is para- 
metrized by two quantities, the 7=0 and T =2 pion-pion S-wave scattering lengths, ao and a2. Such experi- 


mental results as presently exist indicate that a2— dp» is positive and that roughly a_— do 


pion Compton wavelength. 


I. INTRODUCTION 


barrier considerations, that the amplitude for 
—»+ 3m decay should be essentially constant, the de- 
cay spectrum being governed therefore mainly by phase 
volume. In roughest approximation this expectation is 
borne out experimentally and implies that the pions 
come out predominantly in S waves in a state which is 
totally symmetric in isotopic spin space. Of the two such 
states, corresponding, respectively, to isotopic spin T= 1 
and T=3, it is the former which dominates as one de- 
duces from the excess of r-events (K+ — 2~+2++ 2") 
over 7’-events (K+ — 2x++72°+7"). This is one of the 
well-known pieces of evidence for the conjectured 
| AT | =4 selection rule for weak interactions (more pre- 
cisely, it is evidence for | AT| <}). 

Despite these rough indications, a closer examination 
of the spectrum of the + mode reveals a noticeable de- 
parture from the purely statistical? Relative to the 
latter, the x~ distribution appears to be a growing func- 
tion of energy; the x* distribution, a decreasing func- 
tion. In fact the x~ variation from the lowest to the 
highest energies seems to be of order 50% and the x* 
variation about half of this. These are only rough esti- 
mates. The experimental errors are still quite large and 
it is not impossible that these effects are largely spurious. 
If confirmed, however, they would reflect either an 
“intrinsic” property of K — 3” decay or, what is our 
concern here, an effect of pion-pion “final state” inter- 
actions. Of course, this distinction between intrinsic and 


ie is a reasonable expectation, based on centrifugal 
K 


+ 


* Supported in part by the Air Force Office of Scientific Re 
search, Air Research and Development Command 

t On leave of absence from the American University of Beirut, 
Beirut, Lebanon 

t Alfred P. Sloan Foundation Fellow. 

?R. Dalitz, Phys. Rev. 94, 1046 (1954); see also E. Fabri, Nuovo 
cimento 11, 479 (1954). 

2S. McKenna, S. Natali, M. O’Connell, J. Tietge, and N. C 
Varshneya, Nuovo cimento 10, 763 (1958). For a compilation of 
earlier data see R. H. Dalitz, Reports on Progress in Physics (The 
Physica! Society, London, 1957), Vol. 20, p. 163. 


0.7, in units of the 


final state effects cannot be made precise in general 
terms. Nevertheless, in the dispersion treatment to be 
discussed here, we shall adopt a set of approximations 
which are well-defined, whether or not they are ade- 
quate, and the variations in the decay amplitude will be 
clearly related to pion-pion scattering effects.* 

Our procedure is as follows. Concerning the weak 
interaction itself, we assume the validity of time-reversal 
invariance and of the |A7|=} selection rule. For 
charged K-meson decay, the latter implies that the final 
three-pion system has isotopic spin T=1. The decay 
process is then characterized by three amplitudes, corre- 
sponding to the three possible T7=1 states. Next, on the 
basis of familiar heuristic arguments, we conjecture that 
these amplitudes satisfy certain dispersion representa- 
tions. In the approximation where we retain only the 
lowest mass intermediate states, the absorptive parts in 
these representations involve products of the decay 
amplitudes themselves with the amplitudes for pion- 
pion scattering. Our dispersion relations are of the sub- 
tracted variety, a circumstance which one hopes will 
insure the rapid convergence of the dispersion integrals. 
We therefore suppose that only low-energy pion-pion 
scattering contributes significantly and we take into 
account S-wave effects only. A possible P-wave reso- 
nance at a relatively high-energy on our scale has been 
conjectured in another connection.‘ We are taking the 
view, however, that these and other high mass contribu- 
tions m ayappreciably affect the “subtraction” con- 
stant, i.e. ,the absolute decay rate, but not the spectrum 
shape which concerns us here. 

At this stage we have a set of coupled linear integral 
equations for the decay amplitudes, involving in their 
kernels the T=0 and T=2 S-wave pion-pion scattering 

* A phenomenological analysis of pion-pion scattering effects on 
r-decay has been carried out independently by B. S. Thomas and 
W. G. Holladay, Phys. Rev. 115, 1329 (1959). They make use of the 
final state theorem of K. M. Watson, Phys. Rev. 88, 1163 (1952); 


and assume only an attractive x* —x* force 


‘W.R. Frazer and J. R. Fulco, Phys. Rev. Letters 2, 365 (1959). 
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amplitudes. The scattering amplitudes themselves, in 
the absence of other indications, we parametrize in a 
scattering length representation; so that the whole prob- 
lem is parametrized with two quantities, a) and a2, the 
T=0 and T=2 scattering lengths. This scattering 
length structure accords reasonably well with the so- 
called S-wave dominant solution of the pion-pion prob- 
lem obtained by Chew et al.° 

We have not succeeded in finding a rigorous solution to 
our integral equation. Instead, in order to survey the 
situation we adopt the lowest order iterative solution, 
regarding the departures from a statistical decay spec- 
trum as being small, a not unreasonable approach in 
view of the actual experimental indications. Our results 
reproduce the experimental situation well enough, with 
a2—a 90.7 (in units of the pion Compton wavelength). 


Il. KINEMATICS 


Denote the three pions emerging from K-meson decay 
by the letters a, 3, ¢: let Ra, kp, k. be their respec tive 
4-momenta (k,?=k?=k?2=—y?, where yu is the pion 
mass) ; and let a, 8, y denote the respective charge states. 
Denote by K the 4-momentum of the A-meson 
(K? shall be considering only K+ 
dex ay, and since we uppose the pions come out in T= 1 


m’*). Since we 
states, we can as a matter of convenience pretend that 
the K meson has isotopic spin unity and that isotopic 
spin is conserved in the decay. This merely simplifies 
some of the writing and involves no error. Using this 
artifice, we denote by p the charge state of the K meson. 
The invariant matrix element M for K — 3 decay can 
then be written 


M 9. aby = A5 0584+ Bb ,364a+C5,45a8, (1) 


where the amplitudes A, B, C are functions of the scalar 
variables 
(K 
(A 
~(K 


Only two of these are indepe 
conservation implying 


Sat Sets, 


It is nevertheless convenient to display all three varia- 
bles, so that we write A 
B and C. 
From the 
have the symmetries 


A (Sa,Sb,S-) and similarly for 


Bose statistics of the three pion system we 


(Ss 


(Se 


5. F. Chew, 
published) 


lelstam, H. P. Noyes, UCRL-9001 (to be 


Notice that A 
=§,=4m?+ 2’. 

Consider now the r-m 
and s» refer to the positiy itive pion. 


The squared matrix’ ele 
M, , 1 (5 iD § (4) 


Similarly, for the r’ mode, + let s; and 
S» again refer to the like pior to the unlike (#*) pion. 
The squared element i 


VM, 


For either mode, tl ctrum is given by 


2K°-2w 
where K®, w}, we, w3 are, resp 
K meson and of the 
rest system the 
given by 


of the 
K-meson 
energy is 


le energie 


three } 1 ns ne 


maximum 


50 Mey 


Let l; T; T be the energy ol the ith pion, in 
units of T. In a nonrelativistic treatment of the decay 
spectrum it is probably 10st convenient! to take as the 
two independent variabl the qu intities 


(8) 


Owing to energy-momentum conservation these 


bles satisfy 


varia- 


(9) 


that is, K 


the x-y plane. 


> 3r events 
Aside tor, the decay 
spectrum, in the nonrelativistic limit, is given by 


unit circle in 
fron 


dw(x,' lxd (10) 


Notice that, in tl 
S-waves in the totall 
T=1, we have 

4 M, 2 const 
these 
interactions. 

One final remark needs to be made. We ar 
the validity of charge ind 


; are emitted in 


spin state with 


looking for departures from 
conditions induce y fina] tale plon-pion 

uming 
the strong inter- 
actions. In computing the decay plitudes we there- 
fore neglect, for example, the difference in mass between 
charged and neutral pions. T] o reason to think 
that this is a bad in any careful 
analysis of experimental data tl mass differences 
should be taken into unt in the | hase volume 
effects. The question d ; 
It does arise, h 
also in any careful compar 


he r decay mode. 
owever, for tl r’ mode, and the refore 


two modes. We are 
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neglecting Coulomb effects which can presumably be 
handled by the standard penetration barrier corrections 


to the data. 


III. DISPERSION REPRESENTATION 


There exists as yet no entirely satisfactory formalism 
for treating decay processes in quantum field theory. 
However, in so far as we treat such processes only to 
lowest order in the weak interaction, there is little doubt 
as to the correct procedure.* The decay amplitude is 
presumably given by the matrix element of the weak 
interaction Hamiltonian density H, taken between the 
initial and final physical states determined by the strong 
interactions. For our process the matrix element in 
question is 


(kakvk. out | H(0)|K), 


where the index “‘out”’ refers to the strong interactions 
only and H (0) is a local operator. As a matter of minor 
convenience we shall prefer to work with the complex 
conjugate matrix element and it is this latter which we 
denote by M [Eq. (1) |. Nothing is lost thereby, since 
the decay spectrum is anyhow determined by the square 
of the absolute value of the matrix element. Since we are 
assuming invariance under time reversal, we can write 


M=(K | H(0)| Rakvk, out). (11) 


The isotopic labels are momentarily suppressed. 
Following the standard reduction procedures, we now 
reduce this to the form 


Ml fa xy Ee tat 


X(K | A(ja(%a),ja(xo); H(0))|k-), (12) 
where the symbol A denotes the advanced multiple 
commutator product’; and j, and jg are the currents for 
mesons of isotopic spin a and §, respectively. Even 
though the matrix element in (12) vanishes when either 
Xq or x» lies outside the future light cone, we do not 
know how to proceed and obtain, even heuristically, a 
dispersion relation for M. To get around this difficulty 
we shall use the definition of the R and A products and 
write M as the sum of two terms. For the first of these 
terms we shall heuristically obtain a dispersion relation. 
The second term turns out to be equal to the absorptive 
part (multiplied by — 27) that appears in the dispersion 
relation for the first term. It can thus be absorbed into 
the integral to give a dispersion type representation for 
M. This trick not only enables us to obtain an integral 


*A detailed discussion of this point has been given by K. 
Symanzik, see the mimeographed notes on a seminar given during 
the course on Elementary particles at Oberwolfach, Black Forest, 
Germany, 1958 (unpublished 

7 For a definition of the R 
Symanzik, and W. Zimmermann, Nuovo cimento 6, 319 (1957); 
also K. Nishijima, Progr. Theor. Phys. (Kyoto) 17, 765 (1957 
The advanced or A products are obtained from the R products by 
changing the sign of the arguments of the 6-functions and putting 
—i for each i. 


Lehmann, K 


products see H 
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representation for M, but as we shall see below also leads 
LO ¢ onsiderable simplific at ion of the problem of handling 
a three-body final state interaction. 

It is an elementary matter to recast (12) into the form 


M=M + f avai, etka: tat ikp- 21 


«(K| [[ ja(xe),21(0) ], js(x4)J0(x%0)|ke), (13) 


where 


om = faraizy tat ikea 


K(K| RCja(%a); ja(%v),H(0))| Re). (14) 
The symbol R denotes a retarded multiple commutator.’ 
The identity (13) is an immediate consequence of the 
definition of the retarded and advanced products. 

The matrix element 9M has the same retarded operator 
product that one would obtain if he considers the 
amplitude for the scattering type reaction, a+ K — b+c. 
In fact, 9 is a continuation to unphysical energy 
(wa <0) of the amplitude for this reaction. Using transla- 
tion invariance, we may write 


Mm fexay eer 


X(K | R(ja(x/2); ja(—x/2), H(y))| ke). (15) 
The retarded product here vanishes when « is outside 
the future light cone. This is the standard circumstance 
which affords a heuristic basis for the conjecture of dis- 
persion relations—for the time-like component of the 
vector (ka—k»)/2, in the “brick wall” system K+k,=0. 
Generalizing to an arbitrary reference frame, we are lead 
'to conjecture analyticity in the variable s.= — (K—k,)?, 
for fixed s, (K —k,)*. Leaving aside for the moment 
the question of subtractions, and restoring the isotopic 
spin labels in order to bring out the symmetries implied 
by (3), we have 


l [2 aBy 
us 4 . Sa 
, 


1 ”® Do: Bay! Sb Se) 
f 451/+Gpeby(s-), (16) 
T : 5» Sit le 


4m 


where G(s,) is at this stage an arbitrary function of the 
variable s,. Notice the reversal of order of the labels a 
and 8 in the second term, a consequence of the sym- 
metries (3). The dispersion relation (16) can be con- 
sidered to be obtained from that for the scattering like 
reaction a+K — b+c by analytic continuation in the 
variable s, from negative to positive values. 

The absorptive parts ¢ are obtained in the standard 
way by taking the difference between R(j.(x/2); 
ja(—x/2), H(y)) and R(js(—x/2); ja(x/2), H(y)). Ex- 
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panding in a sum over intermediate states |m), we have 


XK (n| RCjg(x); H(0)) (17) 


3 n—k,—k 


remark now is that the function which 
appears on the right-hand side of (13), when expressed 
as an expansion over the set of states |), is just pre- 


Sa,5-).” Thus we have 


M ,.aty=M, 


The crucial 


cisely equal to —2idy. aa, 


afy —2id, ay: (18) 


Substituting (16) into (18 
entation for M 


we obtain the following 
repre 


VM, 


19) 


Notice that the only difference between (19) and the 
dispersion relation (16) 1 
term. 

Che intermediate state 


the sign of the ze in the first 


with lowest mass which con- 
tributes to the first term on the right side of (17) 
two pion State, 


is the 
with threshold at 4y?. The lowest mass 
state which contributes to the second term is the K—r 
state, with threshold at (m+y)*. It will be our approxi- 
mation to retain contributions only from the lowest 
mass states. Thus we neglect entirely the second term in 
(17); and in the first term we insert only the two pion 
contributions (the of four 
The physical values of 
lie in the range 4y?<s 
maximum physical value of 
thresholds 16u? and (m+ )?. 


state would be that 
with threshold at 16y 


next 
pions, 
the variables sq, 55, and s, all 
(m—p)*; and thus the 
any s is much below the 
The neglect of higher mass contributions is even less 
serious because we shall u timately adopt a subtracted 
form of the di persion representation, The higher mass 
states can be regarded as contributing mostly to the sub- 
traction constant, which we in any case do not attempt 
to compute. We are only neglecting their contributions 
to the variations of M with pion energies, at low energies. 
In other words we are attempting to deal with the 
shape, not the absolute level, of the decay spectrum. 
We note here that in (17) no intermediate states of 
three pions appear. One might have thought that in 
studying a problem with a three pion final state, it would 
8 Note added in proof Li ment is of course only true 
for sa<16y?. At this stage Eq. (18) is used only for physical M 
In the unphysical region M is detined by continuation from (19). 
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be necessary to deal with matrix elements of the form 


(3x | 3x). However, in resorting to the splitting given in 
(13) we have avoided this d 
only with (22/2) an matrix elements. The 
latter one can pre ably neglect since they start 
contributing to @ at a much larger threshold. 

The absorptive part then involves a product of the 
decay amplitude M itself with the amplitude for pion- 
pion scattering. The sum over intermediate states is 
equivalent to an integration over the direction of the 
intermediate mesons, in the reference frame where 
k,+k.=0. To effect this integration, it is convenient to 
regard M(k,,k»,k-) as a function of s, and of the angle 
6,. between k, and k, k k in this reference frame. 
Thus & is the wave number of the scattering mesons in 


their center of momentum frame, and 
(20) 


reasons discussed above in 
higher mass states, 


For the same kinds of 
relation to neglecting the we shall 
now suppose that only low-energy pion-pion scattering 
contributes shape of the decay 
spectrum. We therefore take into account only S-wave 


scattering 


significantly to the 


As we have mentioned earlier the maximum 
physical value of s, is (m—y)?+6.25y?, on the other 
hand the P-wave resonance conjectured by Frazer and 
f s i> 10y?. 

Reflec ting the isotropy which the assumption of pure 
S-wave scattering implies, we then find that the absorp- 
tive part @ depends only on S$, and is independent of S.. 
On carrying out the integrations, we have 


Fulco! is located at some value 


21) 


T 


} 


where f is related to the 


tude by 


pion-p! 


Ig y’; 84 


with 


Here 6) and 5, 
S-wave phase shifts 


0 and T 


pion scattering. 


are, resp¢ 
lor pion 
choose the as yet un- 
appears in (19). The 
nust have the same 


It is now evident how we mi 
specified function G(s.) wl 
Bose statistics dictate that 
form as the other two terms juation, v 
isotopic labels appropriately chosen to ref t 


1 


metries (3). Namely, we hav 


vith the 
he sym- 


M, aBy\Sa,5b,Se) 


1 7” Pp; 0 
rT 4 2 5 ; 


* 3 
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We now make a subtraction in each term, at the sym- 


metric point Se=5i=5-=50. At this point A=B 


C= Dy where Dy is a complex constant. We can now 
use (1), (21), and (22) to obtain from (24) three separate 
dispersion representations for each of the amplitudes A, 
B, and C. We obtain 

A (Sa,5b,5-) = Dot U (Sa) + V (58) + V (Se), 

B(Sa,5b)5c) = Dot V (Sa) +U (51) + V (Se), 

C(Sa,8b,5e) = Dot V (Sa) +V (5,)+U (s,); 
where 


© 


(S— So) 
J ds’ 
T iy? 


A (s’) fo(s’)+4(B(s’)+C(s’) IL fo(s’ 


; . P 2 
§ Sot te) (S —S-1€) 


fT B(s’) + C(s’) 1 fos’ 


- \ , 
7éE)(S 


A (Sa, 


cosh), 


B( sq, COSA, 


r dQ. 
sf f C (Sa, COSA, 
4dr 


In (27) as in (21) the angles refer to those in the refer- 
ence frame where k,+k,=0. We note here that because 
of the symmetries (3), A obtained from the angular 
integration in the frame k,+k,=0 is identical with the 
B obtained from the corresponding angular integration 
in the frame k,+k,=0. This is why only three functions 
A, B, and C appear in (25) and we can define them all in 
the same reference frame as in (27). 

It is evident now that we can, by integrating the 
equations (25) over cos@,,, obtain a set of coupled linear 
integral equations for the functions A(s), B(s), and 
C(s). These functions are themselves analytic in the 
s plane, except for cuts along the real axis. We have 
seen no way to obtain a rigorous solution of this system 
of equations. Should the situation warrant it, one could 
resort to numerical methods. For the present, in order 
to obtain some indication of the effects involved we 
shall treat the pion-pion effects as a small perturbation 
and adopt a lowest order iterative solution of (25); i.e., 
we set A= B=C=D, in (27) and (26). In the physical 
region, in view of the actual experimental indications, 
this is a good trial solution since the departures from a 
statistical decay spectrum are small. 

We are not concerned with the magnitude of Do, and 
we can factor it out from the iterated solution of (25). 
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From (4), (5), and (25) we can now write the squared 
matrix elements for the r and r’ modes of K-meson 
decay. We have, aside from an over-all factor common 
to both, 


+4[U (s2)+ V (52) |4+-V (ss) |’, 
M,-|? 1+ V (s;)+-V (se) +U (53) 


(28) 
* (29) 


where U(s) and V(s) are given by (26) with unity sub- 
stituted for A, B, and C. In each of the above expres- 
sions, s; and s2 refer to the like mesons, s; to the unlike 


meson; and in the X-meson rest system 


s;= (m—p)*—2mT,, (30) 


where 7’; is the kinetic energy of the ith meson. 


IV. SCATTERING LENGTH PARAMETRIZATION 


In the lowest order iterative solution the basic ampli- 
tudes U and | reduced to well-defined 
integrals over the pion-pion scattering functions fo and 

These are, of course, not yet known experimentally; 
it was in fact in order to get some indication about them 
that we have undertaken the present analysis. We can- 
not expect to make much progress, however, unless we 
can parametrize these functions in a relatively simple 
way; either this, or else try one at a time specific and 
perhaps more complicated expressions which may be 
suggested from other sources. At present it seems most 
reasonable to adopt a scattering length characterization 
of the phase shifts; or rather, a relativistic generalization 
thereof. We take 


(k w) cotér 1 aT, 


have been 


(31) 


where & and w are the center-of-mass momentum and 
energy, and ar is the dimensionless scattering length 
roughly, the conventional scattering length in units of 
the pion Compton wavelength). This structure accords 
reasonably well, up to moderate energies, with the so- 
called S-wave dominant solutions which Chew et al.® 
have obtained for the pion-pion scattering integral 
equations. With this form we then have 


fr e''7 sindr = kar/(w tkar), (32) 


and the integrals (26) are readily carried out. 

For practical purposes it is most convenient to take 
as variables not the invariant quantities s;, but rather 
the kinetic energies of the pi mesons in the K-meson 
rest frame. Measured in units of 7, the maximum 


kinetic energy, these are denoted by 4;, and we have 


(m— 3) T 3lo; 
where f corresponds to the symmetric point kinetic 
energy, t9~4. Notice that the kinetic energy ¢ of one of 
the pions, and the momentum & (measured in units of 
the pion mass) of each of the other two in their mutual 
center of momentum system are related by 


P=p(1-0); pg =mT/2y?~0.64. (33) 
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With ¢ and k, likewise é) and ko, so related, our basic 
integral is 


2 


Tr(t) (k? 


k'dk’. (34) 


+t t¢ 


This can be readily evaluated. However, inasmuch as we 
are presently treating the pion-pion effects as a small 
perturbation, we are in effect computing to lowest order 
in ar. For consistency we must therefore take 

frokay WwW. (32’) 
This quantity is bounded in magnitude by a7, assumed 
small. This is in fact why we adopted the relativistic 
form (31) rather than the conventional expression 
(w— 1), where | fyi lask— @. This latter behavior 
would be inconsistent with our perturbative approach. 
We now find 


T7(t) J7(t) T7(to), 


with 
2 
Jr(t) kar/w){ —i+— In(w—) 
7 


(35) 


The basic amplitudes U and V, in terms of which the 
decay matrix elements are formed [see (28) and (29) ], 
are given by 
U (t)=4L STo(t 
Vii T,(t). 


2I.(t) } 


(36) 


To lowest order we can drop the square of these 
quantities in evaluating (28) and (29), so that only the 
real part of /r(t) comes into play. For this, in good 
enough approximation we can set In(w—k) = —k, hence 


Real Jr(t) — — (2/2) (R?/w)ar. (35’) 


We now have 
4| M,(ti,l2,t3) ~ 1 7 (2 m)a2p*{2h(t3)+ h(t) +4h(ts)} 
— (10/3m)aop?{h(ti)+A(te)}; (37) 


w)aop*{ 2h(t:)+2h (te) — $h(ts)} 
(38) 


| M +(ty,t2,f3) |2~1— (2 
— (20/3) aop*h (ts) ; 
with 


1 l 
[1+p%(1 


h(t) 


For rough purposes it is a good enough approxima- 
fo in the denominator of (39); this 
at the end of the 


tion, finally, to set 
involves an error at most 15% 


AND 
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spectrum. We then find 


One sees that to lowest order in the scattering lengths 
the correction terms both for r and r’ decay depend, 
essentially linearly, only on the energy of the unlike 
partic le. In each case the coefficient is determined by the 
difference of the scattering lengths, and the 7’ coefficient 
has twice the magnitude as that for r, but with the 
opposite sign. 

Gell-Mann and Rosenfeld® showed that a good fit to 
the r-decay data, obtained from a plot compiled by 


Dalitz,? is obtained with 


(41) 


hen e 
(42) 


If this is a difference of much larger numbers then, of 
course, our perturbation approach is not valid. How- 
ever, if the scattering lengths are comparable to unity 
then our first order approximation may not be mis- 
leading. If one iterates twice and looks at the terms of 
order a?, one finds that for scattering lengths of order 
unity the second order terms are at the worst points only 
25% of the first order terms 

Let us introduce the functions W,-, W,*, and W,-*, 
which describe, respectively, the uncorrelated energy 
distributions of the »~ and x* mesons in + decay and of 
the x*+ meson in the 7’ decay. In order to bring out most 
clearly the effects under consideration we measure these 
relative to the purely statistical distributions. We then 
find 


The three slopes stand in the ratio r(—): 


r’(+)=1: —}: —22 


Ti+): 
On the experimental side it 
f Nuclear 


oT) Wal 


1957), Vo 


*M. Gell-Mann and A. H. Rosenfeld, Annual Revieu 


Annual Reviews, Inc., Palo, A 


La rnia 
7, p. 407 
”S. Weinberg, Phys 


Rev. Letters 4, 87 (1960). 
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happens that the best least squares fit to the data on 
r decay given by McKenna et al.* gives just about the 
ratio implied above, though the errors are large and this 
agreement must not be taken too seriously. The experi- 
mental indication is that the #~ spectrum (relative to 
statistical) is an increasing function of the energy the 
variation amounting to 50% from one end of the spec- 
trum to the other. With a.—a9~0.8, Eq. (43) would re- 
produce the least squares fit to the data of Mc- 
Kenna et al. 

Most of the S-wave dominant solutions of the pion- 
pion integral equations obtained by Chew, Mandelstam, 
and Noyes® have the following general properties: 
(i) a2 and dp have the same sign; (ii) the ratio ao/daz is 
of the order §. If one accepts these properties, then our 
results will lead to the conclusion that both a» and a, 
are negative, hence a repulsive S-wave pion-pion inter- 
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action. The values a,~—0.3 and ao~—1 will give 
agreement with the data and correspond to A=0.15, 
where \ is the Chew-Mandelstam pion-pion coupling 
constant. 

Finally, we point out that a very useful test of the 
results of this paper would be provided by looking at 
the x* spectrum in the r’-decay mode.” 
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The problem of unstable particles in quantum field theory is treated as one of the interpretation of complex 
singularities appearing in the analytic continuation of scattering amplitudes into unphysical sheets of their 
Lorentz invariant variables. Suitable continuations are shown to hold under certain restrictive assumptions 
in a general field theory, making use of unitarity and causality of the § matrix. The extra singularities 
appearing in the continuation are fixed isolated poles, in accordance with a conjecture of Peierls. 


1. INTRODUCTION 


HE problem of the definition of unstable particles 
in quantum field theory has received much 
attention recently.' The difficulty met with in framing 
such a definition lies in the fact that the asymptotic 
“in” and “out” states containing such particles do not 
exist and so the usual methods of field theory based on 
these asymptotic states do not apply. Two main 
methods of approach to this problem have appeared. 
One of these? is to define the mass and lifetime of an 
unstable particle in terms of the average mass and mass 
spread of a certain mass distribution appearing in the 
spectral representation of the propagator. A limitation 
is imposed on the high-energy behavior of the vertex 
function in order that the mass and lifetime defined 
in this manner exist. This limitation is not satisfied 
by the Lee model with a certain cutoff' and may not be 
* This work is supported in part by the Air Research and 
Development Command, United States Air Force. 
1M. Lévy, Nuovo cimento 13, 115 (1959). This paper contains 
further references. 
2P. T. Matthews and A. Salam, 1958 Annual International 
Conference on High-Energy Physics, Cern, edited by B. Ferretti 


(CERN Scientific Information Service, Geneva, 1958). Also Phys. 
Rev. 112, 283 (1958). 


satisfied in a realistic field theory. For this reason we 
follow here the suggestion of Peierls* that unstable 
particles may be associated with poles appearing in 
the unphysical sheets of the analytic continuation of 
the particle propagator in momentum space. The work 
of Lévy’ and others shows that the Lee model provides 
a satisfactory demonstration of this suggestion. In this 
paper, we attempt to extend the methods developed 
by Lévy to a more general field theory. However, it is 
not yet possible to give a satisfactory definition of the 
local field to be associated with an unstable particle in a 
general field theory satisfying the usual axioms of 
causality, Lorentz invariance, and an asymptotic 
condition. In consequence, we consider mainly the 
interpretation of poles appearing in the scattering 
amplitudes and then show that the same poles should 
occur in the propagator if it exists. We do not consider 
here the decay properties of unstable particles as a 
function of time but only how they manifest themselves 
as resonances in scattering or production processes. 

In Sec. 2, we discuss the continuation of the two- 
particle scattering amplitude into the first unphysical 


*R. E. Peierls, Proceedings of the Glasgow Conference on Nuclear 
and Meson Physics (Pergamon Press, New York, 1954), p. 296. 
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sheet, making use of the unitarity condition expressed in 
the angular From an 
assumed analyticity of the partial wave amplitude in the 
cut energy plane, we show 
analytic also in the first 


momentum representation. 
that these amplitudes are 
except for 
isolated pole: The contributions that they make to 
cro ections are of the usual resonance type. In Sec. 3 

representation, if 


heet, implies analyticity in both 


unphy sical shee t, 


we show that a Mandelstam type 
true on the physical 
variables inside a certain domain on the first unphysical 
heet with additional terms arising from the complex 
poles. These poles are shown to occur also in the vertex 
function and propagator for the corre sponding unstable 
particles in Sec. 4. The general problem of continuing 
many particle amplitudes into higher unphysical sheets 
5. We conclude 


is discussed in Sec with a brief discus- 


sion of our results 


2. TWO-PARTICLE SCATTERING AMPLITUDES 
ON THE FIRST UNPHYSICAL SHEET 


For convenience, we consider the scattering amplitude 
for two neutral scalar bosons of masses m and uy, called 
and eson.”” We a other 


ur in the theory and that production 


1 


“nucleon” ume that no 


table partic le om 


of an arbitrary numb f mesons can occur at suffi 


ciently high energy. In order to facilitate 


the appli 
cation of the unitarity conditions we expand the total 
amplitude M(W?,A irtial wave 


into Pp components: 


M(W?,A 


2.1) 


where ol the 


coordinate sy 


energy, ind A the 
transfer, given by 


nucleon scattering angle 
tem, W is the total 
momentum 


cos is the cosine 
in the center-of-ma 


invariant invariant 


i | +. 9p) 
A? 2K?(1—cos8), 
We must 


analytic properties in W? for the 
particle wave amplitudes: 


| — f 
lor , 


The obvious choice 
for Re 


(m+pu)* to @, 


where A is the center-of-mass momentum 


now assume suitable 


cos#)M (W?, cosé) P 


cos§). 


is a cut plane of analyticity, where 


cut is along the real axis from 


holds to 


fourth order 
holds 


to obtain results analogous to 


property 


in perturbation theory. We assume that this 


t 
generally. It is possible 
] 


the following ones for smaller regions of analyticity 
bounded by suitable intervals of the real 
We have branch points at HW m+n)? for 
Fig. 1 he amplitude satisfies C;(W?) 

retarded amplitude is 


axis. 
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C,(W?) tends 
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where 6,(W?) is a real function of W? on the real axis for 
W?2>(m+y)*. We can now write (2.6) in the simple 
form: 


Ci(W2)=C,(W?) exp[2i8,(W2)]. (2.8) 


This agrees with a result derived by Fubini, Nambu, 
and Wataghin® for W® real, and more recently by 
Omnés.® The factor e*” for real W? is just the element 
of the S matrix corresponding to the /th partial wave, 
as it is diagonal in the angular momentum represen- 
tation. We note that at a pole of C?(W*) we have 
Im 6(W?)=— ~, so that the S-matrix element S,;(W*™) 
at the conjugate point vanishes. 

The continuation into the next higher sheet can be 
written as 

CP(W*) =Ci (W*)+21A n(W?), (2.9) 
where A;,;(W7?) is the three particle contribution to the 
abscrptive part for physical W*. The problem of 
proving the continuation is deferred until Sec. 5, but it 
is clear that the poles already present in the first sheet 
will be present in all the sheets obtained by continuing 
around the higher branch points. 

We now use the analytic properties of the absorptive 
part as expressed in (2.5) to show how the contour of 
integration in a dispersion relation for C,;(W*) can be 
deformed so as to include the contribution from the 
poles in the unphysical sheets. We have the dispersion 
relation, neglecting subtractions, 


1 pt? AW") 
f dw”. 
- ww? 


£ 


CW?) (2.10) 


Let z= W” where A,(W?) is the complete absorptive 
part. Writing A;=Anw+A," we may transform the 
dispersion integral involving Ai for z2 (m+ y)* to a 
contour just below the cut. We are here using the fact 
that Aj(z) has an analytic continuation from the cut 


z>(m-+uy)* into the lower half plane, given by (2.5). 


(m +m) 








Fic. 2. Deformation of contour of integration in z plane for 
2.11). The limit as the radius of the semicircle C tends to infinity 
is understood. 
§S. Fubini, Y. Nambu, and V. Wataghin, Phys. Rev. 111, 329 
1958) 
*R. Omnés preprint (to be published). 
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We may close the contour of integration in the lower 
half z plane by a large semicircle C (Fig. 2) and a line 
just below the real axis from — © to (m+ )*. Assuming 


no contribution from the integral round C, we have 


1 ae 
R(2,) 


dz+2i> ; 
z—W?) i 2,-W? 


A(z) 
|G 
(s—W?) 


co 
“ 


(2.11) 


R(z,) is the residue of A,»‘*(z) at the pole z; in the lower 
half z plane and A,.“)(z) is the continuation of A 12(z) 
from the cut (m+)? to ~. For a pole z,; close to the 
real axis, the most rapidly varying term in C;(W*) for 
W? near Re (z,) will come from the last term of (2.11). 
This term gives a Breit-Wigner resonance type contri- 
bution to scattering cross sections. By a similar pro- 
cedure, we may show that poles in higher unphysical 
sheets give the same resonance behavior, and also in the 
case when we must use the subtracted form of the 
dispe rsion relation. 


3. ANALYTICITY IN MOMENTUM TRANSFER 


In the previous section we considered only partial 
wave amplitudes. The analyticity assumed for them is 
implied by the Mandelstam representation for 
M (W?,A*). If we now assume that this representation 
holds for our theory, the partial wave expansion (2.1) 
is uniformly convergent inside a certain domain in the 
space of the two complex variables W? and A’. This 
domain intersects the planes W?= constant in the usual 
ellipse of convergence of the Legendre series. The 
corresponding series in the first unphysical sheet, 

W « 
M'(W?,A?) =8"— >> (2/+1 
K i-o 
(W?) 
x P, (cos), 
1—2iC;(W?) 


(3.1) 


can be proved to be uniformly convergent in the same 
domain by direct comparison with the series (2.1). 
This makes use of the inequality: 

<2)C; Ww? or <4 


C,(W?) (3.2) 


1—2:iC (Vv 
for sufficiently large / and fixed W*. Continuation to the 
whole of the usual domain of the Mandelstam represen- 
tation except for the extra poles is not possible. This 
will be discussed elsewhere. 


4. VERTEX FUNCTION AND PROPAGATOR 


We assume that a local field ,(x) and current J,(x) 
can be constructed to describe an unstable particle of 
spin 1. The field is in general multicomponent and 
transforms as the spin / representation of the homoge- 
neous Lorentz group. With suitable conditions on the 





1124 GUNSON 
spectrum of masses to which the particles are coupled, 
the vertex function I’,(W?) = (p’,k’| J,(0)|0) is analytic 
in the W? plane with a cut from (m+)? to ~. We can 
now continue into the first unphysical sheet by the 
methods of Sec. 2. The equations corresponding to 
(2.4), (2.5), and (2.6) are 


D,(W*) =2,(W*)+2iG,(W?), 
G,(W?)=Ci*(W2)0,(W2) [W?2> (m+u)*], 
r,'(W?)=1,(W*)/[1—2iC,(W*)]. 


(4.1) 
(4.2) 
(4.3) 


Moreover, the particle propagator has the same 
singularities in the unphysical sheet, as the two particle 
contribution to the weight function in the Lehmann 
spectral representation possesses analytic properties. 
This can be seen from the relation 


a(W)= > 


(ptk)*=W? 


(O|@(0) | p,k)(p,k|®(0)|0) (4.4) 
in which both terms of the product can be continued 
into the lower half plane, one of them containing the 
correct factor [1—2iC,(W*)]}", the other being 
analytic there. 


5. CONTINUATION TO HIGHER 
UNPHYSICAL SHEETS 


The problem of continuing the two-particle scattering 
amplitude into higher sheets differs from the problem 
of the first unphysical sheet in that the unitarity 


condition involves higher order amplitudes. This 
requires that we treat it as part of the more general 
problem; the continuation of all possible scattering 
amplitudes into unphysical sheets, i.e., amplitudes 
describing processes with an arbitrary number of 
incoming and outgoing particles. This implies that we 
already have suitable analytic properties for these 
amplitudes on the physical sheets; at least analyticity 
in the cut W® (total center of mass energy square) 
plane, when we hold all the other independent variables 
fixed at physically possible values. 

The formal expression for continuation into the pth 
unphysical sheet (denoted by an index p) of the 
amplitude for m incoming and m outgoing particles is 


M?(qu' y+ + Gn’ 5 Gis" * *Gm) 
= M?*(9y',+ + +n’ 5 Qs" * Gm) 
+ 2A (p41) (qr, “Gn 3 Qiy** 
where A (41) is the (+1) particle contribution to the 
absorptive part of the total amplitude for W?= (3; q,)? 
= (>>; 9:’)? real and above threshold. It can be written 


*Gm); (5.1) 


— 
“On 5 Q1°* *Om) 


fen: . Phi d . Ge q— >. k;) 
‘ i 


‘dn’; i,*° 


A (p41) (G1 = 


, ; 
< M(q1',-: 


xX M ?(k,,- . *Rpsi3 Qi° ° *Gm)s 


(5.2) 


AND 
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which could be continued 
lower half W? plane if we 


M*(k;-- 


immediately into the 
knew the continuation 
*hytt3 91°" Om) of the m particle to (p+1) 
particle scattering amplitude. The other factor 
M (qi'-- +n; ki: **kp41) is just the advanced function 
for p+1 particles to m particles, which has by assump- 
tion a continuation into the lower half plane. Thus we 
have reduced the problem to one of the continuation 
of M(k,-- Ros 1) 1° * *Gm) into the pth unphysic al 


sheet. For this amplitude we have 


M?(ki-+*Ryit3 gie** 
=MrP Rye ++ Roi; mg 


Xb (SS) gi — D7) M (Ri, + Rea rae + Ppt) 


i 


KM? (rie +5415. 91°°° Gm). (5.3) 
This is an integral equation for the unknown function 
M? which cannot be solved immediately. If, however, 
we restrict the range of W? temporarily to those values 
on the real axis where the physical sheet of M joins 
on to the pth unphysical sheet, we can make certain 
observations. 

Firstly, the matrix elements can be expressed as 
functions of 3N—10 independent Lorentz invariants 
which can be formed from the (V—1) independent 4 
momenta of an amplitude involving a total of N 
particles. We initially consider only the case where we 
have at least 4 particles on each side. As a typical case, 
element involving m incoming 


consider a matrix 


momenta 41, gm and (p+1) outgoing momenta 


T1°**fy41. The integration in (5.3) can then be trans- 
formed to one over the “physical’’ domain in the space 
of 3p—1 real invariants formed from the internal and 
external momenta. The invariants can be chosen as 
follows, where we work in the center-of-mass system 
for which r, 


vector r, (p—1) 


denotes the 3-momentum part of the 4 
‘Kip-1)*,  (2P—3) 
angles, consisting of the angle between r, and rz and 
(2p—2) angles 6;, ¢;, specifying the 
f;, ‘** Ff, in the spherical polar coordinate system with 
the 
3—4) invariants by 


lengths ri; r?? 
directions of 


Yr; as axis and azimuthal angle measured from 
(1,82) plane. We denote these 
a,’, and corresponding sets formed from the k, and q; by 
a; and c;, respectively. We note that r,? can be expressed 
in terms of the a; and W?. 

The remaining 3 invariants connect incoming and 


outgoing momenta. Suitable ones are obtained by 
considering the orthogonal transformation between the 
coordinate systems constructed above for the q; and rj. 


In particular we may regard this transformation as a 
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rotation through an angle W about an axis with co- 
ordinates 6, ¢ in the coordinate system of the q,;. We 
denote these invariants by 6’, and the corresponding 
sets formed from the k, and qj, k, and r;, by 6 and d. 

The integration over intermediate momenta in (5.3) 
is now over the a,’ and 5,’, the Jacobian of the change 
of variables being a function J(W?,a,’) of W? and a,’ 
only. (5.3) now becomes 


M?(W?,a,b,c) = M”-(W?,a,b,c) +24 f da'an's W?,a’) 


<M (W?,a,a' .d)M”( W?,a’,b’c). 


(5.4) 


Regarding the d; as functions of the 6; and },’, we 
obtain 


M?(W?,a,b,c)=M?-"( Wa.) +2i f de'av 


(5.5) 


< K (W?,a,b,a’,b’)M (W?,a’,b’,c), 
where 


K(W?,a,b,a’,b’) = J (W?,a’)M (W?,a,a' ,d(b,b’)). 


This is in the form of a Fredholm equation in several! 
real variables, for which the solution can be written 
down immediately if we know that the kernel K has 
suitable properties of uniform continuity in the variables 
a, b, a’, b’. 

Secondly, we can show that the kernel is uniformly 
continuous if we use an inductive process of continua- 
tion. In effect, we assume that we have continued 
separately into all the unphysical sheets up to the 
(p—1)th in each of the (2%"—N—1) “energy” 
variables (>; p,)* of the general amplitude involving N 
particles. As we restricted W? in (5.3) to an interval 
just above the (p+1) particle branch point, the matrix 
element M( W?,a,a’,d) is already a continuous function 
of the other invariants in view of the analytic properties 
on the real axis already proved, if we restrict the range 
of these variables to the physical phase space over which 
we integrate. This holds because the a, }, a’, b’ can be 
expressed as continuous functions of the “total energy 
variables (-7;)?, etc., none of which can exceed the 
value of W? at the (p+1) particle branch point. In 
addition, the branch points introduce discontinuities 
only into the derivatives of this kernel. 
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The general solution of (5.7) can now be expressed, 
M?(W?,a,6,c) 


D(W?,a,b,a’,b’) 
=Mr-(W?,a.b,c)+4 eva - - 
A(W*) 


x MP"(W?,a’,b’,c), (5.6) 


where A, D, are the Fredholm determinant and the 
first minor, respectively. This completes one step in 
the inductive process. We have shown earlier in the 
paper how to continue into the first unphysical sheet 
of the total two-particle scattering amplitude under 
certain assumptions ; this generalizes readily to the first 
unphysical sheets of the general amplitude. The above 
argument has to be modified slightly when fewer than 
four particles is involved in one or more of the incoming, 
intermediate, or outgoing states. 

This shows that for fixed a, }, a’, b’, D(W*) and A(W?) 
will each be analytic in a cut W? plane, with cuts 
determined by those of M(W*) and J(W*). Hence 
M*(W*) will be analytic in a cut plane except for 
isolated poles arising from possible zeros of A(W*) and 
poles already present in M”~'(W?). These poles we 
interpret as in section 2. The cuts in J(W?) are on the 
real axis for unphysical values of W’, being purely 
kinematic. 


6. CONCLUSION 


We have not discussed the important question of 
continuation of the scattering amplitudes simul- 
taneously in all the possible invariants to unphysical 
sheets. We can conjecture on the basis of suitable 
analyticity in the invariants simultaneously and 
unitarity that we may continue on to the complete 
Riemann surface, meeting only isolated poles on the 
way there, in addition to the expected cuts. This will 
be discussed elsewhere. 

We interpret all these complex poles as being as- 
with unstable particles or resonances. A 
discussion of an extended Lee model! seemed to indicate 
that one of these poles cannot be so interpreted. A more 
detailed analysis of this model shows that this spurious 
pole coincides with the expected unstable particle pole. 


sociated 
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angular momentum of the two-pion system is J=0 where kinax=m,c/0.7h. Perhaps it is worth observing 
(S wave), or at least that the S wave is dominant. If that the E.F. is larger at low momenta, when the S 
we had an appreciable amount of | AI/=} part inthe wave is more likely to be dominant, than at high 
transition amplitude, the system of final pions could 
reach the state J=2, J=0. The enhancement factor 
(E.F.) in this state as obtained by the Fermi method 
and given in reference 4 is 


momenta. Combining these results with the pion 
spectrum given by Mathur,’ we see that the ratio (2) 
may be enhanced by two orders of magnitude leading 
again to a value ~10~. Therefore, the fact that the 
cots 1 5 1 K.« decay has not yet been observed implies in this 
f + ee 4 ; kcoté ’ case that the | AI! =} part plays an insignificant role 
= — in K,, modes. So if we insist on the standpoint (II), 


E.F.= 
1+cot*é 


where 6 is the pion-pion phase shift in the 7=2, J=0 the leptonic decay modes of the K meson must satisfy 

state (dao being the corresponding scattering length), the approximate, if not strict, | AI =4 rule. 

a is the radius of interaction of the outgoing particles, 

and k the relative momentum of the pions. With the 

same value of parameters chosen in reference 4, this 

formula leads to We would like to thank Professor G. A. Snow, 
Professor J. Sucher, and J. C. Pati for their helpful 


discussions. 
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Some Remarks on the Vertex Function 


A. Mincuzzi AND R. F. STREATER 
CERN, Geneva, Switzerland 
(Received March 28, 1960) 


It is noted that the integral representations for matrix elements derived in three papers, (1) Dyson, (2) 
Deser, Gilbert, and Sudarshan, and (3) Fainberg, do not give the most general functions satisfying the condi- 
tions stated. It is shown that in (1) and (2) the convergence of certain integrals was not treated rigorously, 
while in (3) there was a misunderstanding of the Jost-Lehmann-Dyson representation 


WE wish to point out that the integral represen- showing this to be, for fixed y’>0, a regular function of 
tations for matrix elements derived in three x*, (x+y)* except “to the right” of the S curve, as 
papers'* do not give the most general functions shown with horizontal shading in Fig. 1. But the most 
satisfying the conditions stated. general form‘ for (2) is 


Dyson’s representation for the double commutator is 


(O|A x)[B(O ,Cl—y |. 0 f W(s,LA; Rk) 


(0 [A(x), [B(0), C(—y) J] 9) 
. “ , K Ag ly) A (x, x+-v; 5,1,A)dsdidddk, 
f as auf dr $(5,1,r)5(y?— P )e(yo) 
0 0 ) 


K5((x+Ay)*—s*)e(x+Ay). (1) 


This is not the most general form for a function with 

the properties of the double commutator. For, Eq. (1) 

implies Fic. 1. Diagram show 
ing singularities of the 

(QO A x)[ B(O), C(—y)] 0 function (0 A(x) B(0), 


( ] 0 
r, x 1 8(y’—F)e(yo)p(s,t,r) 
f asf af dx » (2) 
q (x+ry)?—8? 


' F. J. Dyson, Phys. Rev. 111, 1717 (1958) 
2S. Deser, W. Gilbert, and E. Sudarshan, Phys. Rev. 115, 731 ’ 

os : Pll 
*V. Ya. Fainberg, Zhur. Eksp. i Teoret. Fiz. 36, 1503 (1959) 

(Translation: Soviet Phys.—JETP 36(9), 1066 (1959) } ‘R. F. Streater, Proc. Roy. Soc. (to be published). 
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which has singularities also in the upper half-plane 
(vertical shading). The reason why (1) does 
these singularitie 
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perturbation theory) is that, in going from Eq. (17) to 
Eq. (6) of reference 1, Dyson write 
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which is not always valid. The weight function v( y2,,) 
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y’ or t, unless the Jost-Lehmann weight functions %, 
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which come, by the way, 


and &, from which v was 
conditions. These conditions have no physical meaning, 
since they are not satisfied in perturbation theory. This 
was shown by Symanzik,’ who computed »v(y) and 
found it had exponential dependence on y at ©. The 
Hankel transform (3) will therefore not exist in general. 

In the appendix to their paper, Deser, Gilbert, and 
Sudarshan make use of the transformation (16) 
of reference 1, and then perform a Hankel transform 
with respect to the 


same 
( variable. They themselves remark 
that it is not always valid. The integral representation 


they get for the retarded vertex function is equivalent to 


. ra p p’,a,k) 
f ak f de , (4) 
0 v4 (p—aq )?— 
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function x leads to a tempered distribution for the 
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